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Abstract. We consider simulation of Sub,,(€2)-processes that are weakly selfsimilar with stationary increments
in the sense that they have the covariance function

1
R(t,s) =5 (7 +5% — |1 = s

or some H € (0, 1). This means that the second order structure of the processes is that of the fractional
Brownian motion. Also, if H > % then the process is long-range dependent.

The simulation is based on a series expansion of the fractional Brownian motion due to Dzhaparidze and van
Zanten. We prove an estimate of the accuracy of the simulation in the space C([0, 1]) of continuous functions
equipped with the usual sup-norm. The result holds also for the fractional Brownian motion which may be
considered as a special case of a SubXZ/z(SZ)-process.

Keywords: fractional Brownian motion, (-sub-Gaussian processes, long-range dependence, self-similarity,
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1. Introduction

We consider simulation of centred second order processes defined on the interval [0, 1]
whose covariance function is

1
R(t,s) = 5 (t”’ + 2 - s|2H>7

and belong to the space Sub,,(£2). This space is defined later in Section 2. The parameter
H takes values in the interval (0, 1) the other cases being either uninteresting or impossible.
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The motivation to study processes with the second order structure given by R comes
from the notions of statistical self-similarity and long-range dependence. A square
integrable process with stationary increments is long-range dependent if its autocor-
relation function is not summable. A process Z is self-similar with index H if it satisfies
the scaling property

(Z0)i>0 £ (aiHZaf)zzo

for all @ > 0. Here d means equality in distributions. The self-similarity parameter H €
(0, 1), or Hurst index, has also the following role. If H ;é% then Z is a process with
dependent increments. There are %—self-similar processes with independent increments,
but these are not square integrable processes. If H > % then the increments of the process
Z are long-range dependent. The case H < J corresponds to short-range dependence.
These properties, self-similarity and long-range dependence, have been shown to be
charateristic in e.g., teletraffic and financial time series. See (Beran, 1994; Doukhan
et al., 2003; Embrechts and Maejima, 2002; Samorodnitsky and Taqqu, 1994) for refer-
ences to these studies and for self-similarity and long-range dependence in general.

Assume now that a process Z is H-self-similar, has stationary increments, and is
centred and square integrable. Then it is easy to see that Z has R as the covariance
function. So, if a process has the covariance function R we say that it is weakly self-
similar with stationary increments, or second order self-similar with stationary in-
crements. In the Gaussian case the properties of the weak self-similarity and the proper
one coincide. In this case Z is called the fractional Brownian motion, and, in particu-
lar, the Brownian motion if H :% The fractional Brownian motion was originally
defined and studied by Kolmogorov (1940) under the name “Wiener helix.” The name
“fractional Brownian motion” comes from Mandelbrot and Van Ness (1968).

Recently Dzhaparidze and van Zanten (2004) proved a series representation for the
fractional Brownian motion B:

o0

ZOC sin(x,?) Z 1 — cos(ynt)
n= n=

Here the X,’s and the Y,,’s are independent zero mean Gaussian random variables with
certain variances depending on H and n. The x,,’s are the positive real zeros of the Bessel
function J_j of the first kind and the y,’s are the positive real zeros of the Bessel
function J; —g. The series in (1.1) converge in mean square as well as uniformly on [0, 1]
with probability 1. Details of representation (1.1) are recalled later in Section 3.

In this paper we study the use of the expansion (1.1) in simulating processes with the
covariance function R. In particular, we study processes of the form (1.1) where the X,’s
and Y,’s are replaced by independent random variables from the space Sub,(2). The
fractional Brownian motion may be obtained as a special case with ¢(x) = x*/2.

Let us end this introduction by saying a few words of the pros and cons of using the
series expansion (1.1). The Hurst parameter H is roughly the Holder index of the process.
This means that, especially in the case of small H, the sample paths of the process are
very erratic. However, the coefficient functions in (1.1) are smooth. So, in order to have
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good accuracy in simulation one needs a large truncation point in the expansion. This is
the bad news. The good news is that once the coefficient functions are calculated we are
in no way restricted to any pregiven time grid. Indeed, unlike in some traditional simu-
lation methods, to calculate the value of the sample path in a new time point one does
not have to condition on the already calculated time points. The computational effort in
adding a new time point is always constant.

2. Space Sub, ()

We recall some basic facts about the space Sub,,(2) of y-sub-Gaussian (or generalised
sub-Gaussian) random variables. For details and proofs we refer to Buldygin and
Kozachenko (2000) and Krasnoselskii and Rutitskii (1958).

DerFNITION 2.1 (Krasnoselskii and Rutitskii, 1958) A continuous even convex function
u = {u(x),x € R} is an Orlicz N-function if it is strictly increasing for x > 0, u(0) = 0

@ao as x— 0 and ﬂ—>o<> as x — oo.
x X

ProposITION 2.2 (Krasnoselskii and Rutitskii, 1958) The function u is an Orlicz N-
function if and only if

Ix|

u(x) = / Iu)du, x€R,

0

where the density function [ is nondecreasing, right continuous, l(u) >0 as u >0, [(0)=0
and l(u) — © as u — .

DErINITION 2.3 Let u be an Orlicz N-function. The even function u* = {u*(x),x € R}
defined by the formula

w*(x) = sup(xy — u(y)),x = 0,
y>0

is the Young-Fenchel transformation of the function u.

ProrosITION 2.4 (Krasnoselskii and Rutitskii, 1958) The function u* is an Orlicz N-
function and for x > 0

w*(x) = xyo —u(yo) i yo =1"(x).
Here I is the generalised inverse function of , i.e.,

I7'(x) ;= sup{v > 0: /(v) < x}.
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DEFINITION 2.5 The assumption Q holds for an Orlicz N-function o if it is quadratic
around the origin, i.e., there exist such constants xo > 0 and C > 0 that p(x) = Cx° for
| X | < Xp.

ExampLE 2.6 The assumption Q holds for the following Orlicz N-functions

B e x> 1
@(X){”z " op> L

= it x| <1,
P

e % . 1/a
(x):{ ()" if ‘x|§(%)1 T 0<a<l.
exp{[l} if x> (2)""

Let (2, 7, P) be a standard probability space.

DEerFINITION 2.7 Let @ be an Orlicz N-function satisfying the assumption Q. A zero mean
random variable & belongs to the space Sub, (), the space of p-sub-Gaussian random
variables, if there exists a positive and finite constant a such that the inequality

Eexp{\{} < exp{¢(a))}
holds for all A € R.

REMARK 2.8 Note that like the Gaussian variables the ¢-sub-Gaussian random variables
also have light tails. In particular, they have moments of all orders.

ProposITION 2.9 (Buldygin and Kozachenko, 2000) The space Sub,(S?) is a Banach space
with respect to the norm

7,(§) = inf{a >0 : Eexp{\{} < exp{p(a))}, X € R}.

Moreover, for any \ € R we have

1 1
Eexp{\¢} < exp{p(A7,(€)) }, (E€?)” < (2C)*7,(8),
where C is the constant from the assumption Q.

DEFINITION 2.10 4 stochastic process X = (X)), < 0,17 is a Sub,(§2)-process if it is a
bounded family of Sub,(2) random variables: X, € Sub,(SY) for all t € [0, 1] and

sup 7,(X;) < o0.
te0,1]
The properties of random variables from the spaces Sub,(S2) were studied in the book
(Buldygin and Kozachenko, 2000).

REMARK 2.11 When ¢(x) = % the space Sub,, () is called the space of sub-Gaussian
random variables and is denoted by Sub((2). Centred Gaussian random variables ¢ belong
to the space Sub(£2), and in this case 7, (§) is just the standard deviation: (E€»)"2. Also, if
¢ is bounded, i.e., |£| < c as. then £ € Sub() and 7,(¢) < c.
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ProprosITION 2.12 Let ¢ be an Orlicz N-function satisfying the assumption Q. Assume
further that the function gp(\/_) is convex. Let &y, &,..., &, be independent random
variables from the space Sub,(SY). Then

7 (Xn: 5;‘) < Zn: T (&).

i=1 i=1

3. Series Representation

Let us now recall the Dzhaparidze—van Zanten series representation (1.1) in detail. Let J,
be the Bessel function of the first kind of order v, i.e.,

B 00 (_l)n(x/z)u+2n
Julx) = ;F(n + ) (v+n+1)

Here x > 0, v # —1, —2, ... and I" denotes the Euler Gamma function

I(z) = / £l dr.
0

It is well-known that for » > —1 the Bessel function J, has countable number of real
positive zeros tending to infinity. Denote by x,, the nth positive real zero of the Bessel
function J_g; v, is the nth positive real zero of J, — .

Let B be the fractional Brownian motion with index H. Then it may be represented as
the mean square convergent series

B, = Z cpsin(x, )X, + Zd"(l — c08(yat)) Y.

n=1 n=1
Here )~(,,, I7n, n=1,2,..., are independent and identically distributed zero mean
Gaussian random variables with EX> = EY? = | and
Ve 1,2 (3.1)
h=—F7—"—"—, n= .. .
n x{1{+1J1,H(Xn)7 b k)
H
2
dy = Hfl \/_c ’ n=12,... (32)
yn J—H(y")
T'(2H + 1)sin(wH
¢ = L@H + Dsin(rH) (3.3)

2HT1

We shall generalise the setting above in the following way: Define a process
Z = (Zt); < 10,17 by the expansion

Z, = i cnsin(x, )&, + i d,(1 — cos(ynt))nn, (3.4)

n=1 n=1
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where ¢, and d, are given by (3.1) and (3.2), &,, n,, n = 1, 2,..., are independent
identically distributed centred random variables from the space Sub,(Q) with E¢; =
En?=1,n=1,2,....Furthermore, we shall assume that the function ©(y/*) is convex.
Since p-sub-Gaussian random variables are square integrable we have the following
direct consequence of the series representation (1.1) for fractional Brownian motion.

ProprosITION 3.1 The series (3.4) converges in mean square and the covariance function
of the process Z is R.

In addition to the L*-convergence the spaces Sub,,(2) are nice enough to allow
uniform w-by-o convergence.

THEOREM 3.2 The series (3.4) converges uniformly with probability one and the process
Z is almost surely continuous on [0, 1]. Moreover, if Z is strongly self-similar with
stationary increments then it is (3-Hoélder continuous with any index 8 < H.

The continuity in Theorem 3.2 follows by using Hunt’s theorem (Hunt, 1951). The
Holder continuity comes from Kolmogorov’s criterion (Embrechts and Maejima, 2002),
Lemma 4.1.1. Let us also note that from the case of fractional Brownian motion we know
that in general we cannot have Holder continuity with index 3 = H, cf. (Decreusefond
and Ustiinel, 1999).

For the reader’s convenience we now recite a modification of Hunt’s theorem as a
lemma (cf. Buldygin and Kozachenko, 2000, Example 3.5.2).

LemMma 3.3 Suppose that (€,,), > 1 is a sequence of independent centred random variables

with Eff =1,n=1,2,.... Let (\,), > 1 be a sequence such that \, <\, . | and )\, — ©
as n — o,
If
> a(In(1+ )" < o0
n=1

for some 3> 0 then the series
Z aycos(M\1)E,  and Z aysin(\,1)&,
n=1 n=1

converge uniformly on [0,1] with probability one.

Proof of Theorem 3.2: Let us consider the almost sure uniform convergence first. Now,
from Watson (1944), p. 506, we have x,, ~ y,, ~ mn as n — oo. Also from (Watson, 1944),
p. 200, we have the following asymptotic relation for the Bessel function J, for v > —1:

2
J? J? ~=
v (x) + v+1 (x) ™
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for large |x | . Since the zeros x,, of J_;; and y, of J; — ; tend to infinity this yields

2
and JEH(yn) ~

J2 L (x,) ~
)~ -

as n — oo, Therefore,
2 _ ¢
n T RH+1

c

2
and d, ~— 5

C

(see (3.1)—(3.3)). Consequently, the series

> an(l+x,))' " and > di(In(l+y,))' *F

n=1 n=1
converge for all € > 0. The almost sure uniform convergence and the continuity of the
process follow now from Hunt’s theorem (Lemma 3.3), since almost sure uniform
convergence of the series >, d,cos(y,f)n, and almost sure convergence of the series
>0 dumy imply that >, d, (1 — cos(y,t))n, also converges uniformly on [0, 1] with
probability one.

To see the Holder continuity of Z just use strong self-similarity and the stationarity of

the increments together with the fact that Z has all moments. Indeed, for all n € N we
have

E|Z — Z|" = E|Z_,|" = |t — s|"E|Z,|",

and the claim follows from Kolmogorov’s criterion. u

4. Simulation, Accuracy and Reliability

We want to construct a model Z of the process Z, such that Z approximates Z with given
reliability and accuracy in the norm of some Banach space. In this paper we consider the
space C([0, 1]) equipped with the usual sup-norm.

DEFINITION 4.1 The model Z approximates the process Z with given reliability 1 — v, 0 <
v < 1, and accuracy 6 > 0 in C([0, 1]) if

P( sup |Zt—Z| >6> <.

te[0,1]

A natural model for Z, defined by the expansion (3.4), would be the truncated series
N

Z (ensin(x, )&, + dy (1 — cos(yut))nn)-

n=1
However, it is realistic to assume that the constants ¢, and d, and the zeros x,, y, are only
calculated approximately, especially since there are fast-to-compute asymptotic formulas
for the zeros x, and y, (cf. Watson, 1944, p. 506). Note that the constants ¢, and d,
depend on the zeros.
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Let ¢, and En be the approximated values of the ¢, and d,, respectively. Let

|En _cn‘ S FYZ,

|dn - dn‘ S PY:i,
n=1, ..., N. The errors 7S and ¢ are assumed to be known. Let X, and Vn be
approximations of the corresponding zeros x, and y, with error bounds

|}n - xn‘ S '-)/Y

B;n _yl’l| S /Yil/a

The error bounds ~; and ~; are also assumed to be known.
Then, the model of the process Z is

N

Z =Y (@sin@né, +d(1 = cos (o) )y ) (4.1)

n=1

The error in the simulation (model) is
A =27 -7
{(eusina) = @ sin(50))&+ (da(1 = cos(v0) — d(1 = c0s(Git)) ) |

Mz

n=1

+

i {cnsin(x,t)&, + dy(1 — cos(vut) )}

n=N+1
—. appr cut
—: ATPPT L ACHE

In order to bound the error A in C([0, 1]) we need estimates for 7,(A,) and
To(A; — Ay) for all s, ¢ € [0, 1]. The estimates are given in the following proposition.

ProposITION 4.2 Denote ay, := 7,(&:) = T,(1a) and

= afo Z (ci + 4df)7

n=N+1

N
= a2 > { (e + )+ (e +205)
n=1
Let a € (0, H) and denote

t . 222 22& 2. 2a
Aot = 2272 § +doyy),

n= N+1

appr = 232042 Z{ () 422 ()" + 27 2“(( 2 (5)° (L ;5”) +1)

F@) e (B
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Then we have for all s, t € [0, 1]

T2(A) < AP 4, (4.2)
T2(A = Ay) < (PP 42 e — s (43)

Proof: By Proposition 2.12 we know that
T;(A,) < Té(A?ppr) + 7'3) (Afm). (4.3)

For Té(A?p ') we obtain by using Proposition 2.12 and the mean value theorem that

M=

T (AP) < (cpsin(x,t) — ¢, (sin E,,t))zTé(fn)

n=1

+ ZN: (a1 = cos(rar)) = do(1 — cos(ynt)))zT;(n,,)

n=1

{Z (ca(sin(x,t) — sin(%,t)) + (cu — &y)sin(X,t))*

+
M=
—

d,(cos(ynt) — cos(yut)) + (dn — 3,,) (1 - cos(}nt)))z}
< a;{ZN: (CalXn = Xt + | (cn — Ey)sin(X,1)])?

N ~ 2
3 (@l =+ | (- 3,) 0~ costn)

N
<@ > { e+ +(d +240)°

Similarly we obtain

7'57 (A,c“t) < afg
n

(ca+4dy) =7 (4.4)
1

Il
=e

Recall the asymptotics of ¢,7 and d,? (3.5) to see that the series (4.4) above converges.
The estimate (4.2) follows.
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Now we shall estimate the incremental error Té(At — Ay). For the “cut-off” part
we have

Té(Af“t A“‘t ( Z ca(sin(x,t) — sin(x,s))&, + Z d,(cos(yps) — cos(yy ))n,,>

=N +1 n=N+1

< 22(1 ‘“)ai, Z (Ci(xnlt - S|)2{y+d,2,(yn‘t - S|)20)
=N

= 73— s (4.5)

Due to the asymptotics (3.5) and x,, ~ y, ~ 7n the series in (4.5) converge if o < H.
For the “approximating part” we have

7_2 (A?Ppr _ A?ppr)

é{z cn(sin(x,t) — sin(x,s)) — ¢, (sin(%,) — sin(%,s)))*

n=1
N 2

+ Z <dn cos(y,s) — cos(y,t)) — (cos(y,,s) — cos(nt ))) } (4.6)
n=1

By using the relations
lab — cd| < |a||b—d|+ |a—c||d|,

(a+b)* < 2d%+20,
xX+y
2

IA

L ox—y
s1n—2

sinx —sin y = 2cos

cos x — cos y = 2sin*TLsin Lo~

we obtain for the summand in (4.6) that
|en (sin(x,t) — sin(x,s)) — ¢, (sin(X,?) — sin(x,s))]

< |sin(x,t) — sin(x,s)||cy — €| + [sin(x,t) — sin(x,s) — sin(%,¢) + sin(X,s)|[c4],

- <xn<r2— s))cos(xno; ))’

xn(t—s)|”
2

sin(x,2) — sin(x,s)| =

<2
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and

[sin(x,¢) — sin(x,s) — sin(¥,?) + sin(x,s)|

= |(sin(x,#) — sin(x,2)) — (sin(x,s) — sin(x,s))|

- ’ 25in<(x" - xi)f> cos<(xn v; i")t)
- ZSin<(x” _an)s> COS((xn J;in)s)
s%«

+

zz( sin(@ ’25in<(x" +35n)(f+S)) Sin((xn+%n)(s—t))’
+‘ ZCOS((xn +’in)(t+s)> sin ((xn —}n)(t—s)) COS(@)

4 4
e} (xn_;c/n)(t_sﬂa
A=)

N(xy + %) (s — 1)
4

<27(y)" (w + 1) I — s

Hence

(esin () =sin () ) =i (i) —sin 5} )

< (2t 222 () (g 1 s |c,,|)2
) 2 (20" (B ) - o)
e (2 (25 1))
<= (2 e @ ) (225 +2) )
= lmsf (22 ()" 2 o) (2 1))

= 202 (32 () 2020 @) () (g 1) ).

¢

Sz(z

M
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In the same way
(dn(costrs) — cos(uut)) —dy(cos(Fis) — cosGiur)))
< (Icos(vns) —cos(vut)l|dy — d, ) = cos(yaf) = cos(s) + cos(3it)|
< (21l = sl + 272 () e = 5I° (Wy" +1)|d, D
< 202 e = o)+ 2(2220 () e = of" (252 4 1) )] )
<P (2 ) 12 () ()™ (z @";%: +2))
=2 s () + 270 (@) ) (25 4) ).

Thus, we obtain following estimate
2 ( ABPPT
U (AFPPT — Azprr)

N ~ \2a

< ai{ Z 23—2a|t _ s|20t (xia<72)2 +23—2u(En)2 (72>2a((xn ;?)z + 1))
n=1

n % 23—2a|t_s2a< ia(ﬁ)z_‘_zs—zar(%)z(%) ((vﬁyn) + 1))}

@)

+1

n=1

:23—2aaé|t ZGZ{XZQ(,V,') +y2a( )

s (o ) (52 )

. 2a
= APPre | — 5|

(4.7)
Estimate (4.3) follows now by collecting the estimates above and by using Proposition
2.12. "

Now we are ready to state, although not yet to prove, our main result.

THEOREM 4.3 Let b and « be such that 0 < b < o < H. Let 4P, ~2PP" ~" gnd ~2™ be as
in Proposition 4.2. Denote

Yo = /PP,

APPT cut
/7(1 a )

8= mln{'yo7 2ﬂ} (4.7
Let I be the density of .
The model Z, defined by (4.1), approximates the process Z, defined by (3.4), with given

reliability 1 — v, 0 < v < I, and accuracy 6 > 0 in C([0, 1]) if the following three
inequalities are satisfied:

Yo < 0, (4.8)
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bo_ b
Yo Za(exp{@(l)} - l)a ’

rorfo ()} (s G () ) =

The following lemma is our main tool for proving Theorem 4.3. For the proof of it we
refer to Kozachenko and Vasilik (1998), Lemma 3.3.

(4.9)

LemMma 4.4 Let X = (Xt); < 0, 17 be a separable random process from the space Sub,,(£2).
Let o: R, — R, be a strictly increasing continuous function such that o(h) — 0 as h —
0 and

sup 7,(X; — X;) < o(h).
[t —s|<h

Denote 7o = sup,;co1) 7,(X;) and let 3 be such a number that ﬂgo(%). Let

r:[l,00) = Ry be a nondecreasing continuous function such that r(1) = 0 and the
mapping u— r(e") is convex. Suppose that

8
/H(u)du < 00,
0

where

IR (Calt)
o) =020 = o N o )

and N(¢) is the minimum number of closed intervals of the radius € that is needed to

cover the interval [0,1] (note that N(e) < 2% +1).
Then for all A € R and p € (0, 1) we have

A A
Eexp { A sup |X;| S2€Xp{g0< 70)(1 —p)—l—(p(—ﬂ)p}
te0,1] I1-p 1-p

A
-1 P E— u)au . .
< r /\709(pﬁ)+(1_p)p0/ 0(u)d @11

REMARK 4.5 (Buldygin and Kozachenko, 2000) Random process X is called a separable
on (7, p) or p-separable, if there exist countable everywhere dense (with respect to
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pseudometric (metric) p) set S C T and a set 2y C Q: P(£2y) = 0, such that for any open
set U C T and for any closed set D C R we have

( ) X e D}) \( () {x(s) € D}) c Q.

seSNU seU

For any open set U C T the following relationships are true:

{supX(t) # sup X(t)} C ),

teU teSNU

{mxo 2 it xof con

where P(€)y) = 0. If a random process X is continuous with probability one then it is
separable (Buldygin and Kozachenko, 2000).

We have proved that the process Z is almost surely continuous on [0, 1]. Hence the
process A; = Z; — Z, is almost surely continuous on [0, 1] too. Therefore it is a separable
process. So we can apply Lemma 4.4 to A,.

Let us now reformulate Lemma 4.4 above for our case.

LEMMA 4.6 Let o, (3, g and 7y, be as in Theorem 4.3, and let r and 0 be as in Lemma 4.4.
Then for all A € R and p € (0, 1) we have

A
P( sup |A/ >6 SZeXp{—)\(S-HP( 70)}
te[0,1] l—p

Bp 2
a0 A
0

Proof: From Proposition 4.2 it follows that for the error process A we may take

Yo = /,yappr _;'_,ycut.

o(h) =7 h* = /7" + 450t - b

In the inequality (4.11) we put 8 = min{~o,2¢}. Since 3 < 7o we have

S0<1mop> (T=p)+ ‘P(%)p < so(%)

and
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So, it follows from the Chebyshev inequality and from (4.11) that for any 6 > 0 we have

P| sup |A] >6| < exp{—)\(S—l—gD( il )}'2]3,
t€[0,1] l—p

where we have used the denotation

A
= —_— u)du
I, = M08(pB) + (i _P)PO/ O(u)d

(e .
Since the function t»—>r(e“’<’)) is an Orlicz N-function then () :ﬁ increases
in #> 0 (cf. Krasnoselskii and Rutitskii, 1958). Therefore, (¢! (x)) = 1) increases

(%)
in x> 0. Consequently, 6 is a decreasing function. Thus, ’
1 Bp
0(pB) < ——— / 0 (u)du
(v5) Br(1 —p) ()
Bp?
and
A\ Bp
Yo
Mo0(ps3 S—/Oudu.
R s
Bp*
Since %" > 1 we have
\ Bp* \ Bp
Y0
Mo0(ps3 —&—7/ Gu)dug—i/Hudu.
B(ph) p(1=p) ) ( 5 p(=p)) )
The claim follows now from Lemma 4.4. u

Theorem 4.3 follows now by using the Young—Fenchel transformation and then
choosing suitable A, p and 7 in the inequality (4.12).

Proof of Theorem 4.3: By Proposition 2.4 we know that xy = @(x) + ¢*(y) when
x =1"'(y), where I is the generalised inverse function of the density / of ¢. Since

A A 6(1 — A
A — Y0\ _ A, ( P)_(p 20
l—p l-p Yo l-p

we have the equality

() (252)
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when

AN _ (5(1 —P)>.

l—-p Y0
So, we choose the following :

=)

Yo Yo

Setting this A in the inequality (4.12) we obtain

e mmgore) szl (U5 o (3 f o)
_ 2exp{<p* (5(17;1?)) } - (Vﬁo (1 ;)p) = (6(17;17)) o l_p) 79(u)du> 2

0
-soaf-o () (L (22) o)

Let us now consider the integral term above. In our case we have

Now, if the denominator satisfies

o <ln<% (%)L + 1)) > 1
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as u < fp, that is
p <

B2 (exp {p(1)} — 1)’
then we have

(4.13)
f@(u)du < jpr(; (77”)_ + 1>du.

the fact that (x + 1) — x” < 1, we obtain

Let us choose #(x) =x” — 1, where 0 < b < a.. Then, by using the estimate above and
Bp

1—-2
Thus, we have obtained the estimate

P| sup |A)] >6
te0,1]

) < 2exp{ (212

-1 (m—p)) 2 G
Bp Y0

_ 2€Xp{—g0* (5(1 -p)

For p we choose

2
20 1—r>
Lo
)} w1 (% (Bp)
Yo

v
a

2
71(6(1—17))
2(1-2) Yo )
_n
P=

(4.14)
(recall that o < 6) and we obtain the inequality
%(ﬂvn)*%
Pl sup 1A > 6] < 2expd —o# (2 — 1)V s -1 [ JOVT5) -1
<tel[(1)1,)1]| | ) xp{ ¥ ("/o )} 4 <2b( _g)
b 2
- 1 Yo\ (6
—1 | R 1 2
s (s () ()
1
0} (s (

; i
%6>ul“ (i— 1) +1
B Yo

The claim follows from the inequalities (4.13)—(4.15) and Lemma 4.6.

(4.15)
Let us now assume that the constants ¢, and d, and the zeros x, and y, are actually
correctly calculated.
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COROLLARY 4.7 Suppose that there is no approximation error, i.e., 75 =~9 =5 =~ =0.
Then the conditions (4.8)—(4.10) of Theorem 4.3 are satisfied if

szax{(%())l/ﬂ“; (Ao(exp{wé(l)}—l)”)l/ﬂg z(jj) } (4.16)

and
H
V> 2exp{—<p* (62[0 — 1)}
2 2Hb /o H b
(04a)* N+ )™ (SN DT ) ) (4.17)
26(1 — )4y N Ao
where

5
Ay = aw/% and A, =2""a,n" 7 i - (4.17)

Proof: Note that now yPPf = ~2PPr — (),
We shall use the asymptotics x, ~ y, ~ nm and ¢2 ~ d2 ~ —f in the expressions for
Cllt and ,Ycut

For v**' we get the upper bound

o0

P =a? (c2 +4d?)

2
©

T 2HN

For ¢ we obtain

o0

cut _ »n2— 2a 2 2a 2 2c
=2 E , )
N+1

2« 71_”)2&
~ 22 - 2(y
99 I’l2H + 1 nZH +1
1

n= +

n+1
< p2-2a 2 < 2eme / S
Z;V XZ(Hfa) 11

n
22 — 2(1a2 67.[.2&
¥

(H — a)N2H=a)”
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In the same way we get the lower bounds

cut > Sca%ﬁ
7= 2H(N + 1)
22 — Z(yaic,ﬂhy
T (H — a)(N +1)2)

Therefore, we have the following asymptotic bounds for -y, and ~, of Theorem 4.3:

cut

Yo

$< < 20

(N+ I)H_’VO_NHa
A e < Ao

(N+1)H70¢ *70‘7NH7(1'

If

1
Ao\
N>2(—
N (Aa>

then in Theorem 4.3 we have 3 = 7,. Now we see that the condition (4.8) is satisfied if

\/H
ve ()"

Similarly, (4.9) is satisfied if

NEC.EUE 1>‘*)”H i

Finally, we see that the condition (4.10) is satisfied if (4.17) holds. n

Theorem 4.3 and Corollary 4.7 are still rather general and not readily useful in
practice. Indeed, there are still the parameters « and b one has to optimise. If we choose
a specific form for the function ¢ we are able to give an applicable version of Corollary
4.7. The next corollary deals with the sub-Gaussian case, i.e., (x) = x*/2.

COROLLARY 4.8 If the process Z is sub-Gaussian then the conditions (4.16) and (4.17) of
Corollary 4.7 are satisfied if

a 5¢ v 22— %57
> L= : .
N > max <6 ’/ZH) + 1 - (4.18)
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and
2
1 SNH
2uexp| — —1| N" <y, (4.19)
ay 25_;1
where

= 722 A5 HAT( 8 7
C a‘P '

(4.19)
Proof: In the sub-Gaussian case we have ¢(x) = "72 So,
x2 !
o*(x) = ) and I(x) = ¢ (x) =x=1"(x).
Thus, the conditions (4.16) and (4.17) take the form
A\ Ap\*
N> max{ (60) + 1; 2(AZ> (4.20)
and
16N\
v > 2exp{—5 (A—O_ 1) }
7
b 2Hb /o H
6An )" 1 N+1
o | AW BN EDT ) (421)
26 (1 — L) Ay N5 Ao
Let’s take o =% and b = &
In this case dg = ap\/35, A = Ay = aym?2! ‘%\/% and from the inequality (4.20)
we get
I/H 4 1
a, |5c 22-w5H
N > Y 1;
= max <6 \/2H> T

Since N is large we have in (4.21)

b
o

2
(642 (N + 1 (s 1) o '
21—y GNEE Ao

The claim follows.

~ N,
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REmMARK 4.9 In Corollary 4.8 the condition (4.18) for N is in closed form. Condition
(4.19) is still implicit, but it may be solved easily using numerical methods. Corollary 4.8
is readily applicable for the fractional Brownian motion. Indeed, in this case a, = 1.

ExampLE 4.10 Let

P
= x>, p>2;
p
elx) =19 ,
X
—, ¥ <1
p

for x € [0, 1] and

x /1 1
*x =—, +1>, lx = ,)C :xpfl,lflx = xr-1
©*(x) . <p p (x) = ¢'(x) (x)

for x > 1.
Then for 0 < % — 1 <1 the condition (4.10) of Theorem 4.3 takes the form

1/6 2 1 b\ [ 6 G
Zexp{‘z(%‘l) }(M(ﬁ—%) (%‘Q“) ="

and for %f 1 > 1 we have

1/6 1 1 b\ (8 P '
=5 (51) }(M@—%) &) “) ="
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