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1 Introduction

The fractional Brownian motion is a continuous zero mean Gaussian process
with stationary increments. The correlation of the increments is characterized by
means of the so-called Hurst indeéx, Unlike the standard Brownian motion the
fractional one has long-range dependency property when 1/2. This property
makes the fractional Brownian motion a plausible model in e.g. telecommunica-
tions and mathematical finance. In some empirical studies of financial time series
it has been demonstrated that the log-returns have this long-range dependence, cf.
Mandelbrot [7] and Shiryaev [12]. (For the use of the fractional Brownian motion
in telecommunication theory we refer to Norros [8].) The fractional Brownian
motion is not, however, a semimartingale whidn # % Therefore, one may
suspect that a stock price model driven by it would admit arbitrage opportuni-
ties. Indeed, e.g. Dasgupta [4], Salopek [11] and Shiryaev [13] have constructed
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such opportunities by using the stochastic integration with respect to the frac-
tional Brownian motion. Rogers [10] constructed the arbitrage by using the path
properties of the fractional Brownian motion. In order to give a very simple ex-
ample of the arbitrage connected to the fractional Brownian motion we consider
a binary market model that appoximates the so-called fractional Black—Scholes
model, i.e. a Black—Scholes model where the dynamics of the stock prices are
not given by a standard Brownian motion, but a fractional one instead.

To construct the approximating binary market model we need a fractional
analogue of the Donsker’'s theorem. This theorem, or the invariance principle,
states that the standard Brownian motion can be approximated as a random walk
consisting of i.i.d. random variables. In Sect. 2 we show that the fractional one can
be approximated similarly by a “disturbed” random walk. We clarify how to use
recent representations of the fractional Brownian motion in our approximation.
Using the approximation introduced in Sect. 2 we construct a fractional binary
market model in Sect. 3. We show that arbitrage opportunities exist even in
this approximating “semimartingale” model. One such opportunity is constructed
explicitly. The construction is based on the path properties of the “disturbed”
random walk. Moreover, in contrast to Rogers [10] whose construction is based
on the path information starting from minus infinity, we use information starting
from time point zero.

2 Fractional Brownian motion as a limit of a random walk

2.1 Fractional Brownian motion

The fractional Brownian motioZ with indexH € (0,1) is a continuous zero
mean Gaussian process with stationary increments and covariance function

1
EZ.Z; = 5 (s +t —|s— ).

IfH < % the increments of the process are negatively correlated. In caseof

1 they are positively correlated. Wheth = 1 we have the standard Brownian
motion W, i.e. independent increments. We assume that the self similarity index
H satisfiesH > % In this case we have the following kernel representation of
Z with respect to the standard Brownian motion

t
z = / 2(t, 5) AW &N
0
with a deterministic kernel

ot 1
z(t,s) = cy (H f%)s%*H/ u" 2 (u— )" 2 du,

S

wherecy is the normalizing constant
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_ 2HI(3 —H)
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The integral (1) is defined in the pathwise sense in spite of the singularity of the
kernelz at zero. This is possible because of théld¢r continuity of the paths
of Z andz. For details see [9]. We interpre(t, s) to be zero wheneves > t.

2.2 Analogue of the Donsker’ s theorem

Weak convergence to the fractional Brownian motion has already been investi-
gated by Beran [1] and Taqqu [14]. Their approximation schemes involve normal
random variables. Dasgupta [4] proved an approximation using binary random
variables and Mandelbrot and Van Ness'’s [6] representation of the fractional
Brownian motion. Cutland et. al. [3] also showed a result of this kind by us-
ing nonstandard analysis. However, using the integral representation (1) we are
able to provide a very simple approximation in terms of i.i.d. square integrable
random variables.

Let W be the standard Brownian motion ag{f i.i.d. random variables with
E¢™ =0 andD2¢™ = 1. Denote

L
W= LS
ﬁ i=1

where | x| denotes the greatest integer not exceedin8y Donsker’s theorem
W™ converges weakly t& in the Skorohod space (see e.g. [2]). Set

t [nt] i
n 1
zM = / zM(t,s)dw™ = n/ z(I gy ds —¢™
t | 20, s W, zlj L, 20 9ds ag
wherez is the kernel that transforms the standard Brownian motion into a frac-
tional one and for alt the functionz(™(t, -) is an approximation ta(t, -), viz.

S
z(t,s) = n/ z(" ) du.
s—%
Theorem 1 The random walk Z(™ converges weakly to the fractional Brownian
motion.

Proof The proof consist of showing that the finite-dimensional distributions of
Z™ converge to those & and then showing that™ is tight.

Let us consider the limiting finite-dimensional distributions. For arbitrary
a,...,a4 € R andty,...,tg €0, T] we want to show that

d
Y=Y az
k=1
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converges to a normal distribution with variarE:(slzg=1 axZ, )%. Let us calculate
the limiting variance ofY ™. Denote ¢M)? := D?Y ™. Now

[nT| i

(0™M)? = Zaka n Z / z(\% ) ds / z(\) 's) ds 2)

k,1=1 n

By the mean value theorem (2) is equal to

LnTJ

d
> aa Z 2(15 sQz(1R 5 (3)

k,I=1

for someg(”k),g(r}) € (=1, L. Since the functiong(t,-) are continuous and
decreasing in (,OT] we obtain that the inner sum in Formula (3) is equal to

LnT]

1
o2 2R (R u) (4)

n
i=1

for some
. i—11
u® e [min@s, s7), maxgR, 57| (]

By using the fact that the kernelis continuous with respect to both arguments
and that the maps — % converge uniformly to the identity map in [0]

we see that (4) is a Riemann type sum. It follows that (3), and hen&8%
converges to

d T d
Z aa /0 zZ(t, s)z(t), s) ds = E(Z aZy, )’

k=1 k=1

Let us now writeY ™ as a sumini.

[nT] [nT|

Y® = Z\/Eé(n)zak/i z(1d s)ds = v,

Lindeberg’s condition is satisfied if for adl > 0 we have

L
(n)y2 _
M, oy Z B Ly cqm) =0 (5)
=1

We give an upper bound for the random variabl’ﬁg‘)()z. By Cauchy-Schwartz
inequality and the facts thaf-, s) is increasing and(t, -) is decreasing we obtain
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d i
™2 = nE™?O " a / jl 10l 5) ds)?
k=1

n
|

n(g<”>)2A( 2(T,9) ds)?

IN

n
i

€™y2A / " 2(T,s)%ds

IN

Sie :

_(n) 2 Zd
< (@ )A/o 2(T,s)2 ds
= @M, (6)

1/n

whereA := (30 a)? and 5™ := Jy"" z(T,s)?ds. We obtain

{IY1> 00} ¢ {( PP > 2oL = pOE™). ()
Using inequality (6) and the inclusion (7) we obtain
EC L yo s eomy < O EE 1o eo) = (01" EE o0,
where¢ := ¢, DM := DM (M) and ¢™)? := D2Y,™. Using this upper bound

to the Lindeberg’s condition (5) we obtain

LnT |

(n)y2 (n) 2
1 O+ o)
W Z E(Yi(n))zl{\Yi(”)bsa(”)}
i=1

[T
(™M)

E&21pm

E21pm.

Sincez(T, )% is integrables™, and consequentl&?1pm, tends to zero. Hence
(5) holds and the convergence of the finite-dimensional distributions follows.

It remains to prove the tightness. L&k t be arbitrary time points. By using
Cauchy—Schwartz inequality we obtain

Int)
=@ -2 = EQ_ VA / 2048, 1) — 2(12L, ) du Y
LntJ
= Z(f/ Z(L”U Z(LnSJ u)du)2
Int)
< 3 / " @, u) - 2 w2
< / (1 z(L“SJ ) du

[nt] Lnsj
n n

8)
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Let nows < t < u be arbitrary. Using Cauchy—Schwartz inequality again and
the bound (8) we obtain

[N

1
E[z™ — 20|z — 2| < (E(Zt(”) _ Zs(n))z) 2 (E(ZLE”) _ Zt(”))z)
[nt] Ins)[*|nu)  [nt] |"
= n n n n
lnu] |ns] ™
- n n
If now u —s > 1 we have
ElZ™ — 2™z — 2| < ]2 — )| ©)

If on the other handi — s < % then eithers andt or t andu lie in the same

subinterval [, mT”) for somem. Thus the left hand side of (9) is zero. Therefore

(9) holds for alls < t < u. Recalling now thaH > % and by Theorem 15.6 of
Billingsley [2] we have the tightness @™, O

Note that the increments of the random wal) are not independent. Also,
note that the approximating kerngl can be changed to

[nt]
20(t,s) = > z(, (n))l(i%ﬂa](s)’
i=1

wheres(”)’s are real numbers belonging to the intervdl#(, ‘ﬁ], respectively.
Denote byAX and [X] the jump and quadratic variation process of a random
walk X, respectively, i.e.

AX =X —limXs and = AXg)?.
ti= X - limX Xl ;( s)

Theorem 2 The process [Z™] converges to zero in L(P x Leb), where Leb is
the Lebesgue measure on the interval [0, T].

Proof Using the bound (8) from the proof of the Theorem 1 we obtain
E(az)? < "™ -z,)? < n7.

Hence
ElZM = > EAZM)Y? < nton = it

s<t
Since £™] is a non-negative and increasing process we obtain
T T
/ E[z™M], dt < / E[ZM]tdt < T?nt2H.
0 0

Recall thatH > % and the claim follows. a
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Corollary 1 The processes AZ™ and [Z™] converge to zero in probability.

Consider the process™ defined by
s = [Ja+az).

s<t

Our aim is to prove that the proce§$" converges weakly to the geometric
fractional Brownian motion. Since the big jumps of the proc&ésare somewhat

of a nuisance we shall consider them separately. Namely, define the processes
Z@" andz®?" as follows

L) ._
Zt n = ZAZ(n)l{lAZS(n)|<%} (10)
s<t
@n ._
z@m = ZAZ(“)l{ngmz%}- (12)
s<t

In view of Corollary 1 and Theorem 4.1 of Billingsley [2] the following
lemma is obvious.

Lemma 1 The process Z™ converges to zero in probability and hence Z®:")
converges weakly to Z.

Theorem 3 The process S(" converges weakly to the geometric fractional Brown-
ian motion e*.

Proof Write
s = S(l,n)s(z,n)’

where ‘
st =TJ@+aztm)
s<t
fori = 1,2 and the process&’ " are as in (10) — (11).
By Theorem 4.1 and Problem 1 p. 28 of Billingsley [2] it is enough to show
that S&™ converges weakly te? andS?™ converges to 1 in probability.
Let us first consider the proceS&™. Let e > 0. Then

Psup| [ (1 +AZ&M) — 1] > ¢)
t<T

s<t

P(sup|S®™ — 1| > ¢)
t<T

IN

P(sup|AZ#™| > 0)
t<T

P(sup|AZ™| > ).
t<T

Since the process\Z(™ converges to zero in probability by Corollary 1 the
convergence 08@" to one in probability follows.

It remains to prove tha®" converges weakly te?. Let us first prove that
log S converges weakly t@. Since|AZ™"| < 1 for all t < T the logarithm
of S is well defined. According to Taylor's theorem
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log(1 +x) =x — %xz +r(x)x2,

wherer (x) tends to zero as tends to zero. Hence

0gS®7 = 3 Az - J(AZBOF +r(aZE ) Az

s<t

1
28 — S[ZOM+ Y (AZEM)(AZED).

s<t

Now [Z(™] converges to zero in probability by Corollary 1. ObviousB™] <
[Z™]. So, Z"] also converges to zero in probability. SincZ{"" < 1 the
remainderr is uniformly bounded. Hence the third term converges also to zero
in probability by using the Corollary 1 again. Hence we obtain, by using the
Theorem 4.1 of Billingley [2] and Lemma 1, that I&§™ converges weakly to
Z.

Finally, since the exponential is a continuous functional (in the Skorokhod
topology) the theorem follows. O

3 Fractional Brownian motion and binary market models
3.1 Fractional Black—Scholes model

Consider two assets, or securities, that are traded continuously over the time
interval [0, T]. Here 0 is the current date and the terminal dites fixed.
Denote byB the riskless asset, dond. The dynamics of the assBt are

dB; = r;dtB;, 1)

wherer is a deterministic interest rate.
The risky assetstock, is denoted bys and has the dynamics

ds = (adt + 0dZ)S, (2
whereo > 0 is a constant and is a fractional Brownian motion with index
H > % The functiona is the deterministic drift of the stock.

Assume thatr anda are continuously differentiable on the interval TQ
then the solutions of the (stochastic) differential Egs. (1) — (2) are given by

t t
B: =By exp(/ rsds) and § = S)exp(/ asds+07;),
0 0

respectively. For details we refer tc@Hle [15].
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3.2 Binary market models in general

Let us briefly define what we mean by binary market models. For a detailed
treatment of this subject we refer to [5] and Sect. Il.1e of Shiryaev [12].

Consider a securities market in which the two assets are traded at successive
time periods 0 5 < t;--- < ty = T. The dynamics of the bond and stock are
now given as

Bn=(1+rn)Bn_1 3)

and
S =@n+(1+X)) S, (4)

respectively. Her®, andS, are is the values of the bond and stock, respectively,
over the time intervaltf,t,+1). Similarly r, and a, are the interest rate and
the drift of the stock, respectively, in the corresponding interval. The sequence
X = (Xy) is a stochastic process such that at each time poitite random
variable X, has two possible values, and d, whered, < u,. Note that the
values ofu, andd, may depend on the path &f up to timen — 1. So the stock
price §, occupies one of the"2states at timen. Note that all the states are not
necessarily different. However, there afedifferent possible paths for the stock
price to evolve up to tima.

By Proposition 3.6.2 of Dzhaparidze [5] a binary market excludes arbitrage
opportunities if and only if foralh=1,... N we have

Ay <y — @y < Un. 5)

This is connected to the existence of the so-called “equivalent martingale mea-
sure” in the following way. LetP be the law ofX in (4). We want to find a
probability measur®) equivalent toP such that% is aQ-martingale. It is easy

to see that suck) must satisfy

' —an — oy

Q(xn = un|X17 B xnfl) = Uy — dn

€ (0,1). (6)
Obviously, the conditions (5) and (6) are the same. Moreover, condition (6)
defines a unique martingale measure, i.e. the binary market models are complete.
For details, see Chap. 3 of Dzhaparidze [5]

3.3 Fractional binary market model

We define a binary model that approximates the fractional Black—Scholes model
described in Sect. 3.1. In particular, we construct sequeB&8sand S™) cor-
responding to the bond and stock dynamics given in Formulas (3) — (4) that
converge weakly to the dynamics given in Formulas (1) — (2Nagends to
infinity.

We introduce some notations. Denote
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k(n,i) =k™(n,i) = VN [ z(2,s)ds,
i—1
N
wherez is the kernel introduced in Sect. 2. Define the stochastic proseiss
Formula (4) by
— — N
Xo 1= XMV 1= 0AZ{)

wherez™) is the approximation of fractional Brownian motion defined in Sect. 2.
The constant > 0 is the volatility of the stock in the Formula (2). Let us write
the proces« by using the kernek.

Xn=UZ(k(n,i)—k(n—1,i))€i, (7)
i=1

where the random variables = gi(N) are i.i.d. and binary, i.e. for all

1
PG =1) =5 = P& =-1).
Setting
n—1
faoa(a, . X1) =0 Y (k(n,i) —k(n = 1,i))%
i=1
to denote the contribution of the — 1 first jumps of the random walk and
gn(X) = ok(n,n)x
to denote the contribution of the last jump we can write
Xn = fnfl(glv .o 7£nfl) + gn(gn)»

whenn > 1 using the conversiofy = 0. Since theg;’s are a binary we obtain

Un(€1s -, &n—1) = fac1(€e, .- -, &n—1) + gn(1)
On(&1, -5 &n—1) = faal€e, - -, €n—1) + gn(—1).

Define the deterministic sequenad® anda®™) in the Formulas (3) — (4) by

Un
dn

1 1
rrgN) = NrTn/N and ar(1N) = NaTn/N;

respectively, where anda are as in the fractional Black—Scholes model.
In view of Theorem 3 it is now clear that this model approximates the frac-
tional Black—Scholes model in the following sense.

Theorem 4 The price processes BN) and S™) converge weakly to the corre-
sponding price processes B and S in the fractional Black—Scholes model.

Let us now show that even this approximative model is not free of arbitrage.
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Theorem 5 The fractional binary market admits arbitrage opportunities.
Proof It is enough to show that condition (5) does not hold, i.e. the condition

fao1(€, - 6n—1) +gn(—1) <1y —an <f_1(€e, .- &én—1) + gn(1)

fails for some sequencéy(. .., &y). In particular, by symmetry it is enough to
show that

fao1(L,...,1)—gn(1) > O
for somen > 2 or

Z/ 2(2,s) — z(°L, s)ds_ﬂ 2(2,s)ds > O. @)

Let us first give a lower bound for the integral term under the sum in inequality
(8). DenoteC :=cy(H — 3) anda :=H — 1.

/i z(§,s) — z(°Ft, s) ds

= / /"‘(u s)* tduds
() Lo e (Bt ) e
() ()Y e
= () ) e

By using the lower bound (9) we obtain

n—1 i

N n n—1 d
> [ 29 - 205t 9
i=1 YN

v

c
«
c

>

n—1

> () - )
> j“(”;l) (-1 nzl{(nﬂ—l)“ (n—1)"}
= %N—“‘l(na—l). (10)

We give an upper bound for the latter term in the right hand side of (8).
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n

N
n =
/n;1 Z(,S)ds C

N

n

%
s / u®(u —s)*> tduds
S

‘ Zs
iR

z|s Z|

—a ny« ﬁ a—1
< C n%s (ﬁ) /S (u—s)*""duds
C (v _a/NM\® /N a
= 2l ({) (F9)
n \“. ..
< — a—d
< Saen (i) M @
Since (10) tends to infinity and (11) tendsggcm—l)N*a* we obtain (8) for
all n > ny and the theorem follows. a

Note thatny grows to infinity asH tends to%. In particular, wherH = 0.6
we haveny = 350 This estimate was obtained by using the bounds (9) and
(11).

Let us construct one arbitrage opportunity explicitly. Suppose first that the
discounted drifta™= a — r satisfiesap, < 0 for someny > ny. In this case do
as follows: if the stock price only takes jumps down up to tinge- 1, sell short
M stocks and put the money into the bond. Since ngy< 0 by (8) we have

MSy1 < MSy(1+4,) < MS,.

Hence your wealth at timeg + 1 is positive. If on the other hand femains
non-negative, construct the strategy as follows: if the stock price has taken only
upward jumps up to tim& > ny — 1, buy M stocks. Nowd, > 0 by (8). We
obtain

MS1 > MS,.
Your wealth is positive a tima + 1.

Finally, note that up to timey there are at least two paths admitting arbitrage
opportunities, viz.€1,...,—1) and (1...,1). Since these paths do not depend
on N, providedN > ny, we obtain that

. # abritrage paths 2
Nlinoo 2Ng : = 2 —1

= 22™ > 0

4 Conclusions

Our binary approximation of the fractional Black—Scholes model admits arbi-
trage opportunities. This is due to the long-range dependence of the fractional
Brownian motion withH > % Heuristically, if the stock price had an upward
trend long enough it will keep increasing for some time. Note that using (5) one
can always determine from the data whether there is an arbitrage opportunity at
hand or not.

In order to get an arbitrage free fractional Black—Scholes model we must
introduce e.g. transaction costs or costly information. One can also introduce a
suitable predictable interest rate. For some discussion we refer to [11].
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