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1 Introduction

The fractional Brownian motion is a continuous zero mean Gaussian process
with stationary increments. The correlation of the increments is characterized by
means of the so-called Hurst index,H . Unlike the standard Brownian motion the
fractional one has long-range dependency property whenH > 1/2. This property
makes the fractional Brownian motion a plausible model in e.g. telecommunica-
tions and mathematical finance. In some empirical studies of financial time series
it has been demonstrated that the log-returns have this long-range dependence, cf.
Mandelbrot [7] and Shiryaev [12]. (For the use of the fractional Brownian motion
in telecommunication theory we refer to Norros [8].) The fractional Brownian
motion is not, however, a semimartingale whenH /= 1

2. Therefore, one may
suspect that a stock price model driven by it would admit arbitrage opportuni-
ties. Indeed, e.g. Dasgupta [4], Salopek [11] and Shiryaev [13] have constructed
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such opportunities by using the stochastic integration with respect to the frac-
tional Brownian motion. Rogers [10] constructed the arbitrage by using the path
properties of the fractional Brownian motion. In order to give a very simple ex-
ample of the arbitrage connected to the fractional Brownian motion we consider
a binary market model that appoximates the so-called fractional Black–Scholes
model, i.e. a Black–Scholes model where the dynamics of the stock prices are
not given by a standard Brownian motion, but a fractional one instead.

To construct the approximating binary market model we need a fractional
analogue of the Donsker’s theorem. This theorem, or the invariance principle,
states that the standard Brownian motion can be approximated as a random walk
consisting of i.i.d. random variables. In Sect. 2 we show that the fractional one can
be approximated similarly by a “disturbed” random walk. We clarify how to use
recent representations of the fractional Brownian motion in our approximation.
Using the approximation introduced in Sect. 2 we construct a fractional binary
market model in Sect. 3. We show that arbitrage opportunities exist even in
this approximating “semimartingale” model. One such opportunity is constructed
explicitly. The construction is based on the path properties of the “disturbed”
random walk. Moreover, in contrast to Rogers [10] whose construction is based
on the path information starting from minus infinity, we use information starting
from time point zero.

2 Fractional Brownian motion as a limit of a random walk

2.1 Fractional Brownian motion

The fractional Brownian motionZ with index H ∈ (0, 1) is a continuous zero
mean Gaussian process with stationary increments and covariance function

EZt Zs =
1
2

(
s2H + t2H − |s − t |2H

)
.

If H < 1
2 the increments of the process are negatively correlated. In case ofH >

1
2 they are positively correlated. WhenH = 1

2 we have the standard Brownian
motion W , i.e. independent increments. We assume that the self similarity index
H satisfiesH > 1

2. In this case we have the following kernel representation of
Z with respect to the standard Brownian motion

Zt =
∫ t

0
z (t , s) dWs (1)

with a deterministic kernel

z (t , s) = cH (H − 1
2)s

1
2−H

∫ t

s
uH − 1

2 (u − s)H − 3
2 du,

wherecH is the normalizing constant
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cH =

√
2H Γ ( 3

2 − H )

Γ (H + 1
2)Γ (2 − 2H )

.

The integral (1) is defined in the pathwise sense in spite of the singularity of the
kernel z at zero. This is possible because of the Hölder continuity of the paths
of Z andz . For details see [9]. We interpretz (t , s) to be zero whenevers ≥ t .

2.2 Analogue of the Donsker’s theorem

Weak convergence to the fractional Brownian motion has already been investi-
gated by Beran [1] and Taqqu [14]. Their approximation schemes involve normal
random variables. Dasgupta [4] proved an approximation using binary random
variables and Mandelbrot and Van Ness’s [6] representation of the fractional
Brownian motion. Cutland et. al. [3] also showed a result of this kind by us-
ing nonstandard analysis. However, using the integral representation (1) we are
able to provide a very simple approximation in terms of i.i.d. square integrable
random variables.

Let W be the standard Brownian motion andξ(n)
i i.i.d. random variables with

Eξ(n) = 0 andD2ξ(n) = 1. Denote

W (n)
t :=

1√
n

�nt�∑
i=1

ξ(n)
i ,

where�x� denotes the greatest integer not exceedingx . By Donsker’s theorem
W (n) converges weakly toW in the Skorohod space (see e.g. [2]). Set

Z (n)
t :=

∫ t

0
z (n)(t , s) dW (n)

s =
�nt�∑
i=1

n
∫ i

n

i−1
n

z ( �nt�
n , s) ds

1√
n

ξ(n)
i ,

wherez is the kernel that transforms the standard Brownian motion into a frac-
tional one and for allt the functionz (n)(t , ·) is an approximation toz (t , ·), viz.

z (n)(t , s) := n
∫ s

s− 1
n

z ( �nt�
n , u) du.

Theorem 1 The random walk Z (n) converges weakly to the fractional Brownian
motion.

Proof The proof consist of showing that the finite-dimensional distributions of
Z (n) converge to those ofZ and then showing thatZ (n) is tight.

Let us consider the limiting finite-dimensional distributions. For arbitrary
a1, . . . , ad ∈ R and t1, . . . , td ∈ [0, T ] we want to show that

Y (n) :=
d∑

k=1

ak Z (n)
tk
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converges to a normal distribution with varianceE(
∑d

k=1 ak Ztk )
2. Let us calculate

the limiting variance ofY (n). Denote (σ(n))2 := D2Y (n). Now

(σ(n))2 =
d∑

k ,l=1

ak al n
�nT�∑
i=1

∫ i
n

i−1
n

z ( �ntk �
n , s) ds

∫ i
n

i−1
n

z ( �ntl �
n , s) ds (2)

By the mean value theorem (2) is equal to

d∑
k ,l=1

ak al
1
n

�nT�∑
i=1

z ( �ntk �
n , s (n)

i ,k )z ( �ntl �
n , s (n)

i ,l ) (3)

for some s (n)
i ,k , s (n)

i ,l ∈ ( i−1
n , i

n ]. Since the functionsz (t , ·) are continuous and
decreasing in (0, T ] we obtain that the inner sum in Formula (3) is equal to

1
n

�nT�∑
i=1

z ( �ntk �
n , u (n)

i )z ( �ntl �
n , u (n)

i ) (4)

for some

u (n)
i ∈

[
min(s (n)

i ,k , s (n)
i ,l ), max(s (n)

i ,k , s (n)
i ,l )

]
⊆

(
i − 1

n
,

1
n

]
.

By using the fact that the kernelz is continuous with respect to both arguments
and that the mapst 
→ �nt�

n converge uniformly to the identity map in [0, T ]
we see that (4) is a Riemann type sum. It follows that (3), and hence (σ(n))2,
converges to

d∑
k ,l=1

ak al

∫ T

0
z (tk , s)z (tl , s) ds = E(

d∑
k=1

ak Ztk )
2.

Let us now writeY (n) as a sum ini .

Y (n) =
�nT�∑
i=1

√
nξ(n)

i

d∑
k=1

ak

∫ i
n

i−1
n

z ( �ntk �
n , s) ds =:

�nT�∑
i=1

Y (n)
i .

Lindeberg’s condition is satisfied if for allε > 0 we have

lim
n→∞

1
(σ(n))2

�nT�∑
i=1

E(Y (n)
i )21{|Y (n)

i |>εσ(n)} = 0. (5)

We give an upper bound for the random variables (Y (n)
i )2. By Cauchy–Schwartz

inequality and the facts thatz (·, s) is increasing andz (t , ·) is decreasing we obtain
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(Y (n)
i )2 = n(ξ(n)

i )2(
d∑

k=1

ak

∫ i
n

i−1
n

z ( �ntk �
n , s) ds)2

≤ n(ξ(n)
i )2A(

∫ i
n

i−1
n

z (T , s) ds)2

≤ (ξ(n)
i )2A

∫ i
n

i−1
n

z (T , s)2 ds

≤ (ξ(n)
i )2A

∫ 1
n

0
z (T , s)2 ds

= (ξ(n)
i )2Aδ(n), (6)

whereA := (
∑d

k=1 ak )2 andδ(n) :=
∫ 1/n

0 z (T , s)2 ds. We obtain{
|Y (n)

i | > εσ(n)
}

⊆
{

(ξ(n)
i )2Aδ(n) > ε2(σ(n))2

}
=: D (n)(ξ(n)

i ). (7)

Using inequality (6) and the inclusion (7) we obtain

E(Y (n)
i )21{|Y (n)

i |>εσ(n)} ≤ (σ(n)
i )2E(ξ(n)

i )21D (n)(ξ(n)
i ) =: (σ(n)

i )2Eξ21D (n) ,

whereξ := ξ(1)
1 , D (n) := D (n)(ξ(1)

1 ) and (σ(n)
i )2 := D2Y (n)

i . Using this upper bound
to the Lindeberg’s condition (5) we obtain

1
(σ(n))2

�nT�∑
i=1

E(Y (n)
i )21{|Y (n)

i |>εσ(n)} ≤
(σ(n)

1 )2 + · · · + (σ(n)
�nT�)2

(σ(n))2
Eξ21D (n)

= Eξ21D (n) .

Sincez (T , ·)2 is integrableδ(n), and consequentlyEξ21D (n) , tends to zero. Hence
(5) holds and the convergence of the finite-dimensional distributions follows.

It remains to prove the tightness. Lets < t be arbitrary time points. By using
Cauchy–Schwartz inequality we obtain

E(Z (n)
t − Z (n)

s )2 = E(
�nt�∑
i=1

√
n

∫ i
n

i−1
n

z ( �nt�
n , u) − z ( �ns�

n , u) du ξ(n)
i )2

=
�nt�∑
i=1

(
√

n
∫ i

n

i−1
n

z ( �nt�
n , u) − z ( �ns�

n , u) du)2

≤
�nt�∑
i=1

∫ i
n

i−1
n

(z ( �nt�
n , u) − z ( �ns�

n , u))2 du

≤
∫ t

0
(z ( �nt�

n , u) − z ( �ns�
n , u))2 du

=

∣∣∣∣�nt�
n

− �ns�
n

∣∣∣∣
2H

. (8)
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Let now s < t < u be arbitrary. Using Cauchy–Schwartz inequality again and
the bound (8) we obtain

E|Z (n)
t − Z (n)

s ||Z (n)
u − Z (n)

t | ≤
(

E(Z (n)
t − Z (n)

s )2
) 1

2
(

E(Z (n)
u − Z (n)

t )2
) 1

2

≤
∣∣∣∣�nt�

n
− �ns�

n

∣∣∣∣
H ∣∣∣∣�nu�

n
− �nt�

n

∣∣∣∣
H

≤
∣∣∣∣�nu�

n
− �ns�

n

∣∣∣∣
2H

If now u − s ≥ 1
n we have

E|Z (n)
t − Z (n)

s ||Z (n)
u − Z (n)

t | ≤ |2(u − s)|2H . (9)

If on the other handu − s < 1
n then eithers and t or t and u lie in the same

subinterval [mn , m+1
n ) for somem. Thus the left hand side of (9) is zero. Therefore

(9) holds for alls < t < u. Recalling now thatH > 1
2 and by Theorem 15.6 of

Billingsley [2] we have the tightness ofZ (n). ��
Note that the increments of the random walkZ (n) are not independent. Also,

note that the approximating kernelz (n) can be changed to

z̃ (n)(t , s) :=
�nt�∑
i=1

z ( �nt�
n , s (n)

i )1( i−1
n , i

n ] (s),

wheres (n)
i ’s are real numbers belonging to the intervals (i−1

n , i
n ], respectively.

Denote by∆X and [X ] the jump and quadratic variation process of a random
walk X , respectively, i.e.

∆Xt := Xt − lim
s↑t

Xs and [X ]t :=
∑
s≤t

(∆Xs )
2.

Theorem 2 The process [Z (n)] converges to zero in L1(P × Leb), where Leb is
the Lebesgue measure on the interval [0, T ].

Proof Using the bound (8) from the proof of the Theorem 1 we obtain

E(∆Z (n)
t )2 ≤ E(Z (n)

t − Z (n)
t− 1

n
)2 ≤ n−2H .

Hence
E|Z (n)]t =

∑
s≤t

E(∆Z (n)
t )2 ≤ nt · n−2H = tn1−2H .

Since [Z (n)] is a non-negative and increasing process we obtain∫ T

0
E[Z (n)]t dt ≤

∫ T

0
E[Z (n)]T dt ≤ T 2n1−2H .

Recall thatH > 1
2 and the claim follows. ��
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Corollary 1 The processes ∆Z (n) and [Z (n)] converge to zero in probability.

Consider the processS (n) defined by

S (n)
t :=

∏
s≤t

(1 +∆Z (n)
s ).

Our aim is to prove that the processS (n) converges weakly to the geometric
fractional Brownian motion. Since the big jumps of the processZ (n) are somewhat
of a nuisance we shall consider them separately. Namely, define the processes
Z (1,n) andZ (2,n) as follows

Z (1,n)
t :=

∑
s≤t

∆Z (n)1{|∆Z (n)
s |< 1

2} (10)

Z (2,n)
t :=

∑
s≤t

∆Z (n)1{|∆Z (n)
s |≥ 1

2}. (11)

In view of Corollary 1 and Theorem 4.1 of Billingsley [2] the following
lemma is obvious.

Lemma 1 The process Z (2,n) converges to zero in probability and hence Z (1,n)

converges weakly to Z .

Theorem 3 The process S (n) converges weakly to the geometric fractional Brown-
ian motion eZ .

Proof Write
S (n) = S (1,n)S (2,n),

where
S (i ,n)

t :=
∏
s≤t

(1 +∆Z (i ,n))

for i = 1, 2 and the processesZ (i ,n) are as in (10) – (11).
By Theorem 4.1 and Problem 1 p. 28 of Billingsley [2] it is enough to show

that S (1,n) converges weakly toeZ andS (2,n) converges to 1 in probability.
Let us first consider the processS (2,n). Let ε > 0. Then

P(sup
t≤T

|S (2,n)
t − 1| ≥ ε) = P(sup

t≤T
|
∏
s≤t

(1 +∆Z (2,n)
s ) − 1| ≥ ε)

≤ P(sup
t≤T

|∆Z (2,n)
t | > 0)

= P(sup
t≤T

|∆Z (n)
t | > 1

2).

Since the process∆Z (n) converges to zero in probability by Corollary 1 the
convergence ofS (2,n) to one in probability follows.

It remains to prove thatS (1,n) converges weakly toeZ . Let us first prove that
logS (1,n) converges weakly toZ . Since|∆Z (1,n)

t | < 1
2 for all t ≤ T the logarithm

of S (1,n) is well defined. According to Taylor’s theorem
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log(1 +x ) = x − 1
2

x2 + r(x )x2,

wherer(x ) tends to zero asx tends to zero. Hence

logS (1,n)
t =

∑
s≤t

(
∆Z (1,n)

s − 1
2

(∆Z (1,n)
s )2 + r(∆Z (1,n)

s )(∆Z (1,n)
s )2

)

= Z (1,n)
t − 1

2
[Z (1,n)]t +

∑
s≤t

r(∆Z (1,n)
s )(∆Z (1,n)

s )2.

Now [Z (n)] converges to zero in probability by Corollary 1. Obviously [Z (1,n)] ≤
[Z (n)]. So, [Z (1,n)] also converges to zero in probability. Since∆Z (1,n)

t < 1
2 the

remainderr is uniformly bounded. Hence the third term converges also to zero
in probability by using the Corollary 1 again. Hence we obtain, by using the
Theorem 4.1 of Billingley [2] and Lemma 1, that logS (1,n) converges weakly to
Z .

Finally, since the exponential is a continuous functional (in the Skorokhod
topology) the theorem follows. ��

3 Fractional Brownian motion and binary market models

3.1 Fractional Black–Scholes model

Consider two assets, or securities, that are traded continuously over the time
interval [0, T ]. Here 0 is the current date and the terminal dateT is fixed.

Denote byB the riskless asset, orbond. The dynamics of the assetB are

dBt = rt dtBt , (1)

wherer is a deterministic interest rate.
The risky asset,stock, is denoted byS and has the dynamics

dSt = (at dt + σdZt )St , (2)

whereσ > 0 is a constant andZ is a fractional Brownian motion with index
H > 1

2. The functiona is the deterministic drift of the stock.
Assume thatr and a are continuously differentiable on the interval [0, T ]

then the solutions of the (stochastic) differential Eqs. (1) – (2) are given by

Bt = B0 exp(
∫ t

0
rs ds) and St = S0 exp(

∫ t

0
as ds + σZt ),

respectively. For details we refer to Zähle [15].
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3.2 Binary market models in general

Let us briefly define what we mean by binary market models. For a detailed
treatment of this subject we refer to [5] and Sect. II.1e of Shiryaev [12].

Consider a securities market in which the two assets are traded at successive
time periods 0 =t0 < t1 · · · < tN = T . The dynamics of the bond and stock are
now given as

Bn = (1 + rn )Bn−1 (3)

and
Sn = (an + (1 +Xn )) Sn−1, (4)

respectively. HereBn andSn are is the values of the bond and stock, respectively,
over the time interval [tn , tn+1). Similarly rn and an are the interest rate and
the drift of the stock, respectively, in the corresponding interval. The sequence
X = (Xn ) is a stochastic process such that at each time pointn the random
variable Xn has two possible valuesun and dn where dn < un . Note that the
values ofun anddn may depend on the path ofX up to timen − 1. So the stock
price Sn occupies one of the 2n states at timen. Note that all the states are not
necessarily different. However, there are 2n different possible paths for the stock
price to evolve up to timen.

By Proposition 3.6.2 of Dzhaparidze [5] a binary market excludes arbitrage
opportunities if and only if for alln = 1, . . . , N we have

dn < rn − an < un . (5)

This is connected to the existence of the so-called “equivalent martingale mea-
sure” in the following way. LetP be the law ofX in (4). We want to find a
probability measureQ equivalent toP such thatS

B is a Q-martingale. It is easy
to see that suchQ must satisfy

Q(Xn = un |X1, . . . , Xn−1) =
rn − an − dn

un − dn
∈ (0, 1). (6)

Obviously, the conditions (5) and (6) are the same. Moreover, condition (6)
defines a unique martingale measure, i.e. the binary market models are complete.
For details, see Chap. 3 of Dzhaparidze [5]

3.3 Fractional binary market model

We define a binary model that approximates the fractional Black–Scholes model
described in Sect. 3.1. In particular, we construct sequencesB (N ) andS (N ) cor-
responding to the bond and stock dynamics given in Formulas (3) – (4) that
converge weakly to the dynamics given in Formulas (1) – (2) asN tends to
infinity.

We introduce some notations. Denote
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k (n, i ) := k (N )(n, i ) :=
√

N
∫ i

N

i−1
N

z ( n
N , s) ds,

wherez is the kernel introduced in Sect. 2. Define the stochastic processX in
Formula (4) by

Xn := X (N )
n := σ∆Z (N )

Tn/N ,

whereZ (N ) is the approximation of fractional Brownian motion defined in Sect. 2.
The constantσ > 0 is the volatility of the stock in the Formula (2). Let us write
the processX by using the kernelk .

Xn = σ

n∑
i=1

(k (n, i ) − k (n − 1, i )) ξi , (7)

where the random variablesξi = ξ(N )
i are i.i.d. and binary, i.e. for alli

P(ξi = 1) =
1
2

= P(ξi = −1).

Setting

fn−1(x1, . . . , xn−1) = σ

n−1∑
i=1

(k (n, i ) − k (n − 1, i )) xi

to denote the contribution of then − 1 first jumps of the random walk and

gn (x ) = σk (n, n)x

to denote the contribution of the last jump we can write

Xn = fn−1(ξ1, . . . , ξn−1) + gn (ξn ),

whenn ≥ 1 using the conversionf0 = 0. Since theξi ’s are a binary we obtain

un = un (ξ1, . . . , ξn−1) = fn−1(ξ1, . . . , ξn−1) + gn (1)

dn = dn (ξ1, . . . , ξn−1) = fn−1(ξ1, . . . , ξn−1) + gn (−1).

Define the deterministic sequencesr (N ) anda (N ) in the Formulas (3) – (4) by

r (N )
n :=

1
N

rTn/N and a (N )
n :=

1
N

aTn/N ,

respectively, wherer anda are as in the fractional Black–Scholes model.
In view of Theorem 3 it is now clear that this model approximates the frac-

tional Black–Scholes model in the following sense.

Theorem 4 The price processes B (N ) and S (N ) converge weakly to the corre-
sponding price processes B and S in the fractional Black–Scholes model.

Let us now show that even this approximative model is not free of arbitrage.
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Theorem 5 The fractional binary market admits arbitrage opportunities.

Proof It is enough to show that condition (5) does not hold, i.e. the condition

fn−1(ξ1, . . . , ξn−1) + gn (−1) < rn − an < fn−1(ξ1, . . . , ξn−1) + gn (1)

fails for some sequence (ξ1, . . . , ξn ). In particular, by symmetry it is enough to
show that

fn−1(1, . . . , 1) − gn (1) ≥ 0

for somen ≥ 2 or

n−1∑
i=1

∫ i
N

i−1
N

z ( n
N , s) − z ( n−1

N , s) ds −
∫ n

N

n−1
N

z ( n
N , s) ds ≥ 0. (8)

Let us first give a lower bound for the integral term under the sum in inequality
(8). DenoteC := cH (H − 1

2) andα := H − 1
2.

∫ i
N

i−1
N

z ( n
N , s) − z ( n−1

N , s) ds

= C
∫ i

N

i−1
N

s−α

∫ n
N

n−1
N

uα(u − s)α−1 du ds

≥ C
α

(
n − 1

N

)α ∫ i
N

i−1
N

s−α

{( n
N

− s
)α

−
(

n − 1
N

− s

)α}
ds

≥ C
α

(
n − 1

N

)α {(
n − i

N

)α

−
(

n − 1 − i
N

)α} ∫ i
N

i−1
N

s−α ds

≥ C
αN

(
n − 1

N

)α {(
n + 1− i

i

)α

−
(

n − i
i

)α}
. (9)

By using the lower bound (9) we obtain

n−1∑
i=1

∫ i
N

i−1
N

z ( n
N , s) − z ( n−1

N , s) ds

≥
n−1∑
i=1

C
αN

(
n − 1

N

)α {(
n + 1− i

i

)α

−
(

n − i
i

)α}

≥ C
αN

(
n − 1

N

)α

(n − 1)−α
n−1∑
i=1

{(n + 1− i )α − (n − i )α}

=
C
α

N −α−1(nα − 1). (10)

We give an upper bound for the latter term in the right hand side of (8).
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∫ n
N

n−1
N

z ( n
N , s) ds = C

∫ n
N

n−1
N

s−α

∫ n
N

s
uα(u − s)α−1 du ds

≤ C
∫ n

N

n−1
N

s−α
( n

N

)α
∫ n

N

s
(u − s)α−1 du ds

=
C
α

∫ n
N

n−1
N

s−α
( n

N

)α ( n
N

− s
)α

ds

≤ C
α(α + 1)

(
n

n − 1

)α

N −α−1. (11)

Since (10) tends to infinity and (11) tends toC
α(α+1)N

−α−1 we obtain (8) for
all n ≥ nH and the theorem follows. ��

Note thatnH grows to infinity asH tends to1
2. In particular, whenH = 0.6

we havenH ≈ 350. This estimate was obtained by using the bounds (9) and
(11).

Let us construct one arbitrage opportunity explicitly. Suppose first that the
discounted drift ˜a := a − r satisfies ˜an0 < 0 for somen0 ≥ nH . In this case do
as follows: if the stock price only takes jumps down up to timen0 − 1, sell short
M stocks and put the money into the bond. Since nowun0 < 0 by (8) we have

MSn0+1 < MSn0(1 + ãn ) < MSn0.

Hence your wealth at timen0 + 1 is positive. If on the other hand ˜a remains
non-negative, construct the strategy as follows: if the stock price has taken only
upward jumps up to timen ≥ nH − 1, buy M stocks. Nowdn > 0 by (8). We
obtain

MSn+1 > MSn .

Your wealth is positive a timen + 1.
Finally, note that up to timenH there are at least two paths admitting arbitrage

opportunities, viz. (−1, . . . ,−1) and (1, . . . , 1). Since these paths do not depend
on N , providedN ≥ nH , we obtain that

lim
N →∞

# abritrage paths
2N

≥ 2
2nH −1

= 22−nH > 0.

4 Conclusions

Our binary approximation of the fractional Black–Scholes model admits arbi-
trage opportunities. This is due to the long-range dependence of the fractional
Brownian motion withH > 1

2. Heuristically, if the stock price had an upward
trend long enough it will keep increasing for some time. Note that using (5) one
can always determine from the data whether there is an arbitrage opportunity at
hand or not.

In order to get an arbitrage free fractional Black–Scholes model we must
introduce e.g. transaction costs or costly information. One can also introduce a
suitable predictable interest rate. For some discussion we refer to [11].
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