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On Gaussian Processes Equivalent in Law to
Fractional Brownian Motion
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We consider Gaussian processes that are equivalent in law to the fractional
Brownian motion and their canonical representations. We prove a Hitsuda type
representation theorem for the fractional Brownian motion with Hurst index
H <3. For the case H >} we show that such a representation cannot hold. We
also consider briefly the connection between Hitsuda and Girsanov representa-
tions. Using the Hitsuda representation we consider a certain special kind of
Gaussian stochastic equation with fractional Brownian motion as noise.
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1. INTRODUCTION

The fractional Brownian motion Z = (Z),.[o,; with Hurst index H €
(0, 1) is a mean square continuous Gaussian process. Thus, we know that
every Gaussian process that is equivalent in law to it has a canonical
nonanticipative representation in the following sense (cf. Kallianpur,!®
Theorem 9.2.1 or Kallianpur and Oodaira®’): Any Gaussian process
Z= (Z),E[O, ;7 that is equivalent in law to the fractional Brownian motion
Z can be represented in terms of Z in the sense that

Zt € ‘%(Za t)

where #(Z, ) is the linear space generated by Z on the interval [0, 7]. We
shall call this the Kallianpur—Oodaira representation of Z.
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In the case of ordinary Brownian motion W the elements in the linear
space #, (W, t) can be considered as Wiener integrals

[, 1 am,

for some f e L*([0,1]) and the Kallianpur-Oodaira representation takes
a less abstract form known as the Hitsuda representation (cf. Hida and
Hitsuda,® Theorem 6.3’ or Hitsuda®): A Gaussian process W is equiva-
lent in law to the Brownian motion W if and only if there exists a Volterra
kernel ke L*([0,1]? and a function a € L*[0, 1]) such that W can be
represented as

W,:W,—jo’ jo k(s, u) dW, ds—fo’ a(s) ds. (1.1)

The Volterrra kernel £ and the function a are unique and the representa-
tion (1.1) is proper canonical in the sense that the processes W and W gen-
erate the same filtration: F” = F”. Moreover, the Brownian motion W is
constructed from W by

W, =W,— j ' j " H(s, w)(dW, — a(u) du) ds— j " a(s) ds (1.2)

where r € L*([0, 1]?) is the resolvent of k. By the resolvent of k we mean
the Volterra kernel r satisfying

j "1ty w) K(u, 5) du = r(z, 5)+k(t, 5) = j " k(t, u) r(u, s) du.

The existence and uniqueness of such a resolvent kernel follows from the
theory of integral equations (cf. Smithies,"® Chapter 2). In fact,  can be
represented as the Neumann series

r(ts S) =- Z k(n)(t9 S)
n=1
where
kW(t, 5) = k(z, 5),

k®)(t, 5) = j “k(t, ) k" O(u, 5) du.
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The Hitsuda representation (1.1) is connected to the Girsanov repre-
sentation of the density between Py and Py, in the following way (cf. Hida
and Hitsuda,® Theorem 6.3'):

ji_z Z, = exp (JO’ <J0s k(s, u) dW, +a(s)> aw,
_% t (J ks, w) <1Wu+a(s)>2 ds). (1.3)

In this paper we study to what extend one can have a fractional
version of the Hitsuda representation for the fractional Brownian motion,
i.e., is it possible to characterise all Gaussian processes Z that are equiva-
lent in law to the fractional Brownian motion Z with certain deterministic
kernels f and functions 4 such that

7 -7 fo £(t, 5) dZ, — A(2). (1.4)

(The terms in (1.4) are of different form than in (1.2), i.e., they are not
differentiable. The reason for this lies in the structure of the reproducing
kernel Hilbert space of fractional Brownian motion, cf. Proposition 1.) It
turns out that this is possible only in the case when the Hurst index H of
the fractional Brownian motion satisfies H < 1. For the case H >} we have
a partial result stating when a process Z given by (1.4) is equivalent in
law to the fractional Brownian motion. However, in this case there exist
Gaussian processes that are equivalent in law to the fractional Brownian
motion that do not admit the representation (1.4). The reason for the lack
of the representation theorem for H > 1 is that there are random variables
linear spaces #(Z,t), t€(0,1], that cannot be represented as Wiener
integrals with respect to the fractional Brownian motion Z (cf. Pipiras and
Taqqu,"® Theorem 5.1).

For H # a Girsanov representation like (1.3) can be constructed in
terms of a Brownian motion constructed from the fractional one. To con-
struct representation in terms of the fractional Brownian motion itself is
difficult due to the problems indicated in the paragraph above. Further-
more, the situation is now even more complicated than in the case of
representation (1.1) due to the double integral in (1.3). Thus, we have a
proper stochastic integral and there are at least two sensible (and different)
ways to understand it.

A Kallianpur-Oodaira representation for the fractional Brownian
motion is constructed with the help of an ordinary Brownian motion con-
structed from the fractional one.
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We study processes admitting continuous versions. Therefore, we work
in the canonical space Q = C([0, 1]). For details see Ref. 10, p. 6 ff.

The work is organised as follows. In Section 2 we recall some prelimi-
naries of deterministic fractional calculus and how one constructs Wiener
integrals with respect to the fractional Brownian motion. Representations,
especially the Hitsuda representation, with respect to the fractional Brownian
motion are considered in Section 3. Finally, in Section 4 we study a certain
kind of Gaussian stochastic equation by using the Hitsuda representation
theorem.

2. PRELIMINARIES
2.1. Fractional Integrals and Derivatives

We recall some preliminaries of fractional calculus. For details we
refer to Samko et al."”
Let f be a function over the interval [0, 1] and o > 0. Then

1)

ILf(t):= m) j =

are the Riemann—Liouville fractional integrals of order a. For a € (0, 1),

+1 d gt f(s)
T(l—o)dedo (1—5)2

are the Riemann—Liowville fractional derivatives of order a; I3 and DY are
identity operators.

If one ignores the troubles concerning divergent integrals and formally
changes the order of differentiation and integration one obtains

Dif(t):= ds

I;*=D5.

We shall take the above as the definition for fractional integral of negative
order.
By Samko et al.,"” Theorem 2.5, the composition formula

LItf =I5 f @.1)

is valid in any of the following cases.

() B=0,a+p>0, and fe L'([0,1]),
(i) B<0,0>0,and feI;*L'([0,1]),
(i) <0, x+p<0,and fel;**LY([0,17).
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2.2. Fractional Brownian Motion and Wiener Integrals

The fractional Brownian motion Z = (Z¥ )iero,17 With Hurst index
H e (0,1) is the (upto a multiplicative constant) unique centered H-self-
similar Gaussian process with stationary increments. By H-self-similarity
we mean that

(Z)sero 1 £ (@"Z,),. [0, 1]
for all a > 0 where d means equality in distributions. It follows that
EZZ =1+ —|t—s*)

and by Kolmogorov criterion Z admits a version with continuous sample
paths.

When H =} we have the ordinary Brownian motion: W =Z'2 If
H > then the increments of the fractional Brownian motion exhibit the
so-called long-range dependency property. The case H <% corresponds to
short-range dependence. For details of short and long-range dependence
and fractional Brownian motions we refer to Doukhan et al.”

Let us now briefly consider Wiener integrals with respect to fractional
Brownian motion. Details may be found in Pipiras and Taqqu."*'®

There exist Volterra kernels z and z* such that Z and W can be con-
structed from each others as

z,=| "2, 5) AW, 2.2)
0

W= "2, 5) dZ,. 2.3)

The integrals (2.2) and (2.3) are defined in the mean square sense as well as
improper w-by-w Riemann-Stieltjes integrals (cf. Norros et al."® for the
w-by-w interpretation).

Using the notions of fractional calculus we can write z and z* neatly as

H

(1, 5) = c,,s%’”<1_*%u”’%1[o, ,](u)> (s), 2.4)

1 g/ g g1
(9= (12_ u 21[0,,](u)>(s). 2.5)

H

The normalising constant ¢y is

B \/2H(H—;)F(H—;)2
T B(H-1,2—-2H)
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Representations (2.4) and (2.5) suggest to consider the operators

Kf (@) i=cut” (12735 21(9)) 0),

K*f(1) := é t%_H<IZ__HsH_% f(s)> (o).

Since the classical Wiener integral is defined for any f e L%[0, 1]) we may
define:

Definition 1. Set

A:={f:KfeL¥[0,1])}.

The Wiener integral of f € A with respect to fractional Brownian motion is

Ll f(t)dz, = Ll Kf(t) dw,.

The integral in Definition 1 can be considered as a limit of elementary
functions: by Theorems 4.1 and 4.2 of Ref. 16 the set A4 is a Pre-Hilbert
space with

{f,8r4:=<Kf, Kg>L2([0, 17)

and the set of elementary functions & is dense in A.

Obviously, if fe& then KK*f = f =K*Kf. Also, from the com-
position formula (2.1) is follows that for any f e L*[0,1]) we have
K*Kf = fif H>1and KK*f = f if H <1. However, we have the following.

Lemma 1. Let H > % Then there exist functions f € L*([0, 1]) such
that the equation

Kg=f (2.6)
has no solution in g.

The reason for the lack of solutions in (2.6) is that for H >1 the
operator K is a weighted fractional integral operator. So, one can differen-
tiate f fractionally (K* is a weighted fractional differential operator).
However, there are ““arbitrarily non-smooth” functions in L*([0, 1]). An
example of such a function is

@ ="y @.7)
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where  is the real part of the Weierstrass function
w*(t) — Z b—pneib”t,
n=1

b>1 and pe (0, H—}). For the rigorous proof of Lemma 1 see Ref. 16,
Lemma 5.3.

Recall that the reproducing kernel Hilbert space #(Z) of Z with
covariance function R is the closure of the linear span of {R(z,-):
t € [0, 1]} with respect to the inner product

<R(t= : )9 R(S, ' )>Jf(Z) = R(t’ S)'
The linear space #,(Z,t) is the set of random variables that can be
approximated in L*(Q, # %, P) by Wiener integrals of elementary functions
over the interval [0, ¢] with respect to Z . We shall denote briefly J# :=
H(Z,1) and # := #(Z). The mapping R(t,-) +— Z, extends to an isom-
etry between & and 4.

The space # can be described in the following way (cf. Decreusefond
and Ustiinel,® Theorem 3.3 and Remark 3.1).

Proposition 1. A function f € 5 if and only if it can be represented
as

f@) =] 2(t.5) J(9) s

for some f e LX([0, 1]). The scalar product {-,->,, on # is given by

S, &xr= <f, §>L2([0,1])-
Moreover, as a vector space
H = I"3(L¥([0, 17)).

It is desirable that also the space A is isometric to J#, i.e., one wants
to identify any F € #, with a single function f € A so that

F= [01 f(t)dzZ,.
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Obviously, this is possible if and only if A is complete. Otherwise A is iso-
metric to a proper subspace of #. Indeed, if H <1 then

A= {K*f: f e LA([0, 1])}.

In particular, 4 is complete and hence isometric to 5. On the other hand,
if H> 1 then Lemma 1 implies that 4 is not complete and hence isometric
to a proper subspace of .

Let us summarise the discussion above as a lemma.

Lemma 2. For H <1 the equality

[ a0 aw, = [ K (a7, 2.8)

holds for any ge L*([0, 1]). For H > the equality (2.8) holds only for
g € K(4) and the inclusion K(A) = L*([0, 1]) is strict.

Remark 1. It is tempting to extend Definition 1 to random f. This
turns out to be rather problematic, however. The problem is that while the
isometry

E <f01 Kf (1) dW, >2 _E jol (KF (1) dt

holds for deterministic f it fails for random f. This is due to the fact that
even though f were adapted Kf may not be, i.e., K “looks into the
future.” So, we are not in the domain of the classical Ito isometry and one
has to consider ‘“‘anticipative’ stochastic integrals (which has been done,
e.g., in Refs. 1 and 6).

3. REPRESENTATIONS

Let us denote by L:([0,1]?) the set of square integrable Volterra
kernels, i.e., the set of functions k: [0, 1]*> — R satisfying

fol jol k(t, 5)* ds dt < oo,

k(t,s) =0, whenever s> t.

Denote by P, the law of X. We say that a process X is equivalent in
law to a process X if their corresponding distributions are mutually abso-
lutely continuous, i.e., Py ~ P,.
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Let us introduce operators acting on Volterra kernels.

V(2 5) = L: Kl () K*k(u, - )(s) dus

VK(t, 5) := fol K* 1,0 (5) Kk(u, - )(s) du

Note that V* is defined for kernels k € L% ([0, 1])? with the property that
k(t,-)e A for all te[0,1]. If ke V*(L2 ([0, 1]?) then Vk exists. In par-
ticular, k= VV*k.

Our main theorem is the following.

Theorem 1. Let Z be a fractional Brownian motion with index
He(0,1).

(i) A Gaussian process Z given by
Z=27,- f(t,5)d4Z,—A0) 3.1)
0

is equivalent in law to Z if and only if

f e VXLA[0,11?),
A e I 3(L¥([0, 1])).

Moreover, the fractional Brownian motion Z is constructed from
Z by

Z, =7 — jo V*(t, s) dZ, — A(t) + jo V*(t, 5)dAGs)  (3.2)

where r is the resolvent of V£

(i) If H<} then a Gaussian process is equivalent to fractional
Brownian motion if and only if it is given by (3.1). For H >%
there are Gaussian processes equivalent in law to the fractional
Brownian motion that do not admit the representation (3.1).

Before going into the proof of Theorem 1 note that a straightforward
application of the Hitsuda representation theorem to the representations
(2.2) and (2.3) yields the following (cf. Ref. 8, Theorem 6.4).
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Proposition 2. A Gaussian process Z is equivalent in law to a frac-
tional Brownian motion Z if and only if it can be represented as

7, =7 j "2t ) f " k(s u) AW, ds— j " 2(t, 5) als) ds (3.3)

where W is a Brownian motion constructed from Z by (2.3), a e L*([0, 1])
and ke L,Z,([O,~ 1]1%). Moreover, the fractional Brownian motion Z is con-
structed from Z by

Z, =27, —K z(t, s) Ls r(s, u) dW, ds

+Jt z(t, s) {a(s)—js r(s, u) a(u) du} ds
0 0
~ t s ~ t
=Z, —j z(t, s) f r(s, w)(dW, —a(u) du) ds—j z(t, ) a(s) ds
0 0 0
where W is constructed from Z by
W= "2, 5) dZ,
0
and r € L ([0, 1]?) is the resolvent of k.

Using Proposition 1 we can rephrase (3.3) in Proposition 2.

Proposition 3. A Gaussian process Z is equivalent in law to a frac-
tional Brownian motion Z with index H if and only if it can be represented
as

Z, =2~ ft,9) dW,—A® (3.4)

where I is a Brownian motion constructed from Z by (2.3),
A=1"*1q
for some a € L*([0, 1]) and for all s € [0, 1]
SCos) =TIk, s)
for some ke L3 ([0, 11%).
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Remark 2. Equation (3.4) is a generalization of Hitsuda representa-
tion (1.1) in the sense that for the ordinary Brownian motion, i.e., in the
case H =1, the operator I”*'/> =] is an ordinary Lebesgue integral and
Eq. (1.1) can be obtained from (3.4) by changing the order of the Wiener
integral and the Lebesgue integral.

The obvious difference between the representations (1.1) and (3.3)
(or (3.4)) is that in the latter one needs to construct a Brownian motion
from Z in order to represent Z. Nevertheless, (3.3) and (3.4) are Kallianpur—
Oodaira representations of Z with respect to Z, since obviously Z, € #,(Z, 1).

In the case H <1 (and in this case only) we can use Lemma 2 to obtain
a representation without the auxiliary Brownian motion. This is the essence
of Theorem 1.

Proof of Theorem I. (i) The form of the drift 4 is obvious by
Proposmon 3. Consequently, in proving (3.1) we may well assume that the
process Z has mean zero. By Proposition 2 the Gaussian process Z is
equivalent in law to Z if and only if

Z=z— jo j 2(t, u) k(u, 5) du dW,

where W is a Brownian motion constructed from the fractional one Z by
(2.3), and ke L2([0, 1]%). On the other hand, for the Wiener integral in
(3.1), we have by Definition 1

jot S, 5) Az, =L: Kf(,-) (s) dW..

Thus,
Kf(t) () = " 2(t, u) k(u, 5) du.

Operating with K* on the both sides of the equation above and using
Fubini theorem we obtain

f(t,5)= <K j "2t u) k(w, ) du> (s)
- j " 2(t, ) K*k(u,-) (s) du

= "2t ) K*Kk(u,-) (s) du= V¥ (1, 5).
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Here we have used the fact that both z and k are Volterra kernels. We have
shown (3.1).

Let us show the inverse relation (3.2). Assume for the while that 4 = 0.
By Proposition 2 we have

Z,=2 j "2, 9) j " (s, ) AW, ds (3.5)
0 0
where r is the resolvent of k and
W= j 2%, 5)dZ2.
0

Thus, it remains to show that k(u,-) € K(A) implies r(u,-) € K(A4). If so,
we can invert (3.5) to get (3.2). But this follows from the resolvent relation
(defining the resolvent)

r(t, s) = —k(z, s)+ f "1t u) k(u, ) du.
Indeed, by Fubini theorem we see that
K*(t,) = —K*k(t, )+ [ "r(t, u) K*k(u, - ) du.

The integral in the right hand side of the equation above exists since k and
r are in L,2,~( [0, 1]%). The representation (3.2) follows now by adding in the
drift 4 of Z.

(i) If H<; then (3.4) can always be written as (3.1) by Lemma 2.
So, there are no Gaussian processes equivalent in law to the fractional
Brownian motion with H <3 without the representation (3.1).

Finally, let us construct a Gaussian process Z that is equivalent in law
to a fractional Brownian motion with index H >} that does not admit the
representation (3.1). Let g € L*([0, 1]) be given by (2.7). Now, by Proposi-
tion 2 the process

Z,:=7— JO (1, ) fo g(u) dW, ds (3.6)

is equivalent in law to the fractional Brownian motion Z. However, the
Wiener integral in (3.6) cannot be represented in terms of Z since the func-
tion K*g does not exist by Lemma 1. O
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Remark 3. Note that since each of the processes W, W, Z, and Z
can be constructed from each others the corresponding filtrations coincide:
F"=F" =F*=F~

Let us end this section by saying a few words on the connection to the
Girsanov representation.

Suppose that a Gaussian process Z is equivalent in law to a fractional

Brownian motion Z. If Z is given by (3.3) then the density is of course
given by (1.3):

dp;
dp,

F = exp <f0 <L k(s, u) dW, +a(s)> aw.,

1 pt

2
where the Brownian motion W is constructed from from the fractional one.
If Z is given by (3.1) then we know that the inner integral in (1.3) can be
represented in terms of the fractional Brownian motion Z. However, to
consider the outer integral we have to define what we mean by a stochastic

or multiple Wiener integral with respect to fractional Brownian motion. An
approach taken by Pérez-Abreu and Tudor™ is to define

j " k(s, w) dW, +a(s)>2 ds)

0

ke s)dz dz = [ [ Kok (4 s) dW dw, 3.7)
J 1, Jo L,

where
K,:=K®K
and the right hand side of (3.7) is a double Wiener integral in the sense of

Ito. So, one can define the fractional double Wiener integral for integrands
from the set

A, :={k: K, f e LX[0, 11)}.

The situation is here similar to the single Wiener integral case: If H <3 then
4, is complete and otherwise not (cf. Ref. 14). Thus, if H <3 we may
assume that Z is given by (3.1) and we have

ap,
dp,

F —exp < L’ L’ KXk (s, ) dZ, dZ, +j0t K*a (s) dZ,

1 rt
2 Jo \Jo

f "K*k(s,-) () AZ, + K*a (s) >2 ds> (3.8)
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where
K;:=K*®K*

k=Vf and 4=} z(-,s) a(s) ds. If H >} then there are processes Z that
are equivalent in law to the fractional Brownian motion Z that that do not
admit the representation (3.8) even if Z admits the representation (3.1).

Finally, let us note that the operators K, and K} do not preserve
Volterra kernels. So, it might be more natural to define the double Wiener
integral as a double Stratonovich—Wiener integral. This has been done for
H > by Dasgupta and Kallianpur.“® This definition leads into a Shepp-
type representation of the density. A general Shepp-type representation of
a density between two Volterra processes may be found in a recent work by
Baudoin and Nualart.®

4. APPLICATION TO STOCHASTIC EQUATIONS

We apply the Hitsuda representation theorem to a special kind of
Gaussian stochastic equation where the fractional Brownian motion Z is
the noise term. More general stochastic differential equations with respect
to the fractional Brownian motion have been studied, e.g., in Refs. 3
and 13 (with different notions of stochastic integrals).

Recall that we work in the canonical space Q= C([0,1]). The
measure P, is such that the coordinate process is Z.

Theorem 2. Let f:[0,1]xQ2 — R be a nonanticipative functional
satisfying

P, <we9:j01 ﬁ(t,co)2dt<oo>=l. @.1)

(1) Then the stochastic equation

&= #(t,5) s, 0 ds+ 2, (42)

0

has a Gaussian weak solution if and only if § is of the form

B(t, w) = L’ k(t, v) do*(u)  LebxP,-ae.
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where

w*(t) = L 24(t, 5) doo(s) 4.3)

and ke L2 ([0, 17%).

(i) If the index H of the fractional Brownian motion Z satisfies
H <1 then B can be written as

Bt @)= [ f(t.5) dex(s)

where f(t,-) =K*k(z,-). If H >1 then there are functionals f
that cannot be represented as an integral with respect to w.

(iii) If a Gaussian weak solution to (4.2) exists then so does a Gauss-
ian strong solution, and the latter is unique.

Remark 4. If H = then Theorem 2 is Theorem 9.4.2 of Ref. 10 and
(4.2) takes the form

d¢, = p(¢, ) de+dw,. 4.4

In the fractional case H #1 it is natural to replace the “differential drift”
B(¢, &) dt in (4.4) by a fractionally differentiable one of (4.2) (cf. Proposi-
tions 1 and 3). Note that for H >] the drift in (4.2) is differentiable.
Indeed, by (2.1) and the representation (2.4) we have

d

t t 0
3 | 209 B O ds = = (1.5) Bls. 0) ds.

Proof of Theorem 2. (i) and (iii) Define a nonanticipative func-
tional y by setting

y(t, @%) = (1, w)

where w* is defined by (4.3). The transformation w — ™ is well-defined for
P,-almost all w. Consider then the equation

dé, =y(z, &) de +dW,. 4.5)

We see that condition (4.1) for £ is just a restatement of condition (9.4.32)
of Ref. 10 with our choice of y. Consequently, by Theorem 9.4.2 of Ref. 10
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we know that (4.5) has a Gaussian (weak and strong) solution if and only
if

y(t, @) = Jot r(t, s) dw(s).

Since ¢ is equivalent in law to W and £ is a strong solution we can operate
with the kernel z on both sides of (4.5). But this yields Eq. (4.2). Also, we
see that a solution { of (4.2) must be equivalent in law to Z. Consequently,

L

0

is a strong solution to (4.2) and its uniqueness follows from the uniqueness
of &. The claims (i) and (iii) follow.

(ii)) In view of Theorem 1(ii) and Lemma 2 this claim is obvious. O
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