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Abstract We study the maximum likelihood estimator for stochastic equations with addi-
tive fractional Brownian sheet. We use the Girsanov transform for the the two-parame-
ter fractional Brownian motion, as well as the Malliavin calculus and Gaussian regularity
theory.
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1 Introduction

The recent development in the stochastic calculus with respect to the fractional Brownian
motion has led to the study of parameter estimation problems for stochastic equations driven
by this process. Several authors has studied these aspects; see e.g. Kleptsyna et al. (2000),
Kleptsyna and Le Breton (2002), Kukush et al. (2005), Prakasa Rao (2003), Tudor and Viens
(2005). An obvious extension is to study the two-parameter case. Elements of the stochas-
tic calculus with respect to the fractional Brownian sheet has recently been considered by
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Tudor and Viens (2003, 2004) and stochastic equations with fractional Brownian sheet has
emerged in Erraoui et al. (2003) and Sottinen and Tudor (2005).

The aim of this work is to construct and to study the asymptotic behavior of the maximum
likelihood estimator (MLE) for the parameter 6 in the equation

t s
X5 = 0/ / b(X,.) dudv + WP, 1,5 €0, T], (1.1)
0 Jo

where W®# is a fractional Brownian sheet with Hurst parameters «, B € (0,1) and b is a
Lipschitz function. Our construction of the estimator is based on the Girsanov transform and
uses the connection between the fractional Brownian sheet and the standard one, Malliavin
calculus, and Gaussian regularity theory. A related work on a two-parameter model with
standard Brownian sheet is the paper (Dorogovcep and Knopov 1979).

Besides its theoretical interest situation in the context of the stochastic calculus for
Gaussian processes and fields, our work is also motivated by practical aspects. Models of the
form (1.1) traditionally appears in signal estimation problem: the coefficient of the signal 6
is unobservable and it has to be estimated from the observation of the process X which repre-
sents the signal plus the noise. Such two-dimensional models where the noise has fractional
behavior has been recently considered in satellite imaging (Pesquet-Popescu and Lévy Véhel
2002): the transmitted image is disturbed by external factors whose properties are related
to those of fractional Brownian sheet. Other areas where such models driven by fractional
Brownian sheets appear are: radar image data classification (Jung Lae and Chyi-Chying
1997), the classification and segmentation of hydrological basins (Maitre and Pinciroli 1999)
medical applications like early detection of osteoroposis from X-ray images (Leger 2001,
Jennane et al. 2001).

The paper is organized as follows. Section 2 contains some preliminaries on the fractional
Brownian sheet. In Sect. 3, using the techniques of the Malliavin calculus, we prove that the
solution is sub-Gaussian. Section 4 contains the proof of the existence of the MLE for the
parameter € and we separate this proof following the values of « and f. Finally, in Sect. 5,
we present a different expression of the MLE that relates our work with the approach of
Kleptsyna and Le Breton (2002). This form of the estimator will be used to obtain the the
strong consistency of the MLE in the linear case b(x) = x.

2 Fractional Brownian sheet as a Volterra sheet
Let T > 0. The Brownian sheet is a two-parameter Gaussian process (W; ) se[0, 7], starting
from zero, with mean zero and covariance function

E (Wi Wou)= @AV Au), t,s,v,uel0T]

The (anisotropic) fractional Brownian sheet with Hurst index («, 8) € (0, 1)? is a two-param-
eter Gaussian process (Wtoi;ﬂ )i.sel0,T] » starting from zero, with mean zero and covariance
function

1 I
E (WP WD) = 5 (02 0 — 1= oP) 5 (2 402 — Is —ulP).
t,s,v,u €0, T].

We recall how the fractional Brownian sheet W*# can be represented by a standard

Brownian sheet W = W%% that is constructed from it. For details and references, see Sotti-
nen (2003), Sottinen and Tudor (2005).
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We start with the one-parameter case. Define a Volterra kernel (i.e. a kernel which vanishes
if the second variable is greater than the first one)

£\ 2 1 1\ 1, [" 42 _1
Ka(t,s):ca((s) (t —s)“ 2—(a—§)s2 O‘/ u*"2(u —s5)* 2du),

where the normalising constant is

Qo+ Hrd —w
[+ )2 - 2a)

Cq =

and I" is the Euler’s gamma function. It was shown in Norros et al. (1999) that the fractional
Brownian motion W* with Hurst index o € (0, 1) can be represented by using a standard

Brownian motion W = W% as
t
wy =/ Ky (t,s)dWs.
0

This Wiener integral can be understood both in pathwise and L2-sense. The Brownian motion
W is actually constructed from the fractional one by the (pathwise or L2) integral

t
W, :/ K, (@, s)dwe.
0

Here the Volterra kernel K, ! is

Kt s) = ((z)“% (t—s)7 % — (a - 1) 537 /t W3 (4 — 5)1@ du)
a L,S)=Cy 5 5 s ,

T(a+ HrE -2a)

/

“ B —a)/a+ Hrd —a)

C,

and B is the beta function.
Now we turn to the two-parameter case. Let

Ko p(t,s;v,u) = Ko(t,v)Kg(s, u),
K(;/ls(t, s;v,u) = Ka_l(t, v)K;l(s, u).

The kernels K g and K, ;3 are of Volterra type: they vanish if v > ¢ or u > s. Then from the
one-parameter case it follows that we have the following (pathwise and L2-sense) transfor-
mations connecting the fractional Brownian sheet W*# and the standard one W = Wil

t s
W,‘f;f:/ofo Ko p(t.s:v,u)dW, ., @2.1)

t s
Wi :// Ko p(t, 50, u) dWEP. (2.2)
0 Jo ' '

We shall use this connection in the following way: The fractional Brownian sheet W*# is
assumed to be given, the standard Brownian sheet W is constructed from the fractional one
WP by the formula (2.2), and then W*# is represented in terms of W by the formula (2.1).
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In what follows we shall denote by K g also the operator on L2([0, T1?) induced by the
kernel Ky g:

t N
Ko gl f1t, 5) :/ / Ky p(t,s;v,u)f(v,u)dudv,
0 Jo

and similarly for K, }3 Note that as an operator K, }3 is indeed the inverse of the operator
Ko p-
Finally, we note the following connection with deterministic fractional calculus. The frac-
tional Riemann-Liouville integral of order y > 0 is
1

C'(y)
The fractional Weyl derivative of order y € (0, 1) is

t —
1711 = F(%y) [M+y/0 Mdv]_

ty (t —v)rt!

t
I"[f1(0) = /0 (t — )" f(v)dv.

The mixed fractional integral-differential operator /7" acts on two-argument functions
f = [, s)argumentwise: IV"[ f1(z, ) = IV [ f; (-, $)1(2), where f, (¢, s) = I"[ f (2, )](s).
Now, we have the representation (Erraoui et al. 2003).

_1 poamd gl gl gl 1 g 1_g 3 f
Ka,ﬁ[f](t,s):ca,ﬂt 2gP72[27%2 127 %s2 3735 (t,9), 2.3)

where ¢, p 1s a certain normalising constant.

3 On the solution

Now we shall focus our attention to the stochastic differential equation
t ps
Xis = 9/ / b(Xy,,) dudv + W;ff, t,s €[0,T]. 3.1
0 Jo

The Eq. 3.1 has been considered in Erraoui et al. (2003) for parameters («, 8) € (0, %)2
in the more general context b(x) = b(t, s; x) with ¢, s € [0, T']. It has been proved that, if b
satisfy the linear growth condition

bz, s; x)| = C(A + [x])

then (3.1) admits a unique weak solution, and if b is nondecreasing in the second variable
and bounded, then (3.1) has a unique strong solution.

We are here interesting in the case when the drift coefficient b is Lipschitz (more exactly,
we will assume that b is differentiable with bounded derivative). It is clear that in this case the
method of standard Picard iterations can be applied to obtain the existence and the uniqueness
of the solution for all Hurst parameters «, 8 belonging to (0, 1). As far as we know there are
not existence and uniqueness results in the non-Lipschitz case if « or B are bigger than %

Since our main objective is the construction of a maximum likehood estimator from the
observation of the trajectory of the process X that satisfies (3.1), we will need some estimates
on the supremum of this processes, and even more generally, on the variations of this process.
For this purpose, we follow the ideas developped in Tudor and Viens (2005) to prove that the
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solution of (3.1) is a sub-Gaussian process with respect to a certain canonical metric. The
proof is based on the Poincaré inequality and uses some elements of the Malliavin calculus.
We make the following assumption on the drift b throughout the rest of the paper:

b is dif ferentiable with bounded derivative. (CDH

Denote by D the Malliavin derivative with respect to the Brownian sheet W. We refer to
Nualart (1995) details of Malliavin calculus and just recall two basic facts:

(i) If F is a Wiener integral of the form

T T
F=/ / f,s)dWs,
0o Jo

D;F = f(t,s).

with f € L%([0, T1?) then

(ii) If F is a random variable differentiable in the Malliavin sense and b is a function sat-
isfying the condition (C1) then b(F') is Malliavin differentiable and we have the chain
rule

D, sb(F) = b (F)D, sF.
We will need two auxiliary lemmas.

Lemma 3.2 There exists a constant Cy depending on T, «, B, ||b'| oo and the parameter 6
such that for every t, s € [0, T] we have the bound

”D',‘XI,S”%‘Z(QX[()’T]Z) = C9~ (33)

Proof Taking Malliavin derivatives D, , on the both sides of the Eq. 3.1 we obtain

t s
Dy X5 = 9/ / b'(Xy w) Dy u Xy du'dv’ + Ko p(t, 530, 1).
v u

T T 2 t ps 2
Mt,s :/ / ’Dv,uXt,s‘ dudv :/ / |Dv,uXt,s dudv.
0 0 0 Jo

Then, by Fubini theorem and the estimate (x + y)2 <2x2 4+ 2y2, we obtain

t S
wo=o [ |
0 Jo
t S 12 s
< 267 / / / / b (X ) Doy Xy o du’dv’
0 Jo v Ju

t s
+2/ / Ka,ﬂ(t,s;v,u)zdudv
0 Jo

Denote

2

12 N
/ / b/(Xv’,u’)Dv,uXv’,u’ du'dv’ + Ka,ﬂ(f, S; v, U) dudv
v Ju

2
dudv
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) ) t S t S
< 20210112, / / [ / / Dy X
0 0 v u
5 5 t ps voopu!
— 207152, / / / / Dy X
0 JO 0 0

t s
= 2021 / / My dudd’ + 26252,
0 Jo

2 du’dv’] dudv + 21258

2 dudv] du'dv’ + 212528

So, the claim follows by a two-parameter version of the Gronwall lemma. O

Lemma 3.4 Let X be the unique solution of (3.1). Then there exists a constant Cy depending
onT,a, B, ||V |lco and the parameter 0 such that for every s < s',t < t’ it holds that

ID.. (Xir 5 — Xi5) ) < Collt — 712 s — s'1%P). (3.5)

”iz(Qx[O,T]Z
Proof Forevery s <s'andr < t’, we have

Xt’,.v’ - Xt,s - Xt’,s/ - Xt,x/ + Xt,s’ - XI,S'
So, it is enough to show that

ID.. (Xys — Xi5)

2
|t 2axio.rp < Collt =112, (3.6)

Now
t s
Xpy— Xy =0 / / b(Xy) dudv + Wil — Wil
t 0
and thus
v s
Da,b [Xt’,s/ - Xt,s/] = 91 A b/(Xv,u)Da,va,u dudv

FKp(s b)(Ka(t’, a) — Kot a)).

By using the fact that

T
/ (Kot a) — Ko, a))2 da = |’ — 1>
0

we obtain

T T
E [/ / |Da’b [XI/,S/ —_ X[,S/]
0 0
t' ps’ 2
/ / b/(Xu,u)Da,qu,u dudv
t 0

T T
< 20%|b'|2,E [/ / |Da,hxv,u|2 dbda] (t — ) + 2P| — 1>
0 0

2 dbda]

<20°E dbda | +2(sH?P)t — 1>

The claim follows now from Lemma 3.2 and the fact that o, 8 < 1. O

Recall that a sheet X is sub-Gaussian with respect to metric § if forall A € R

2
E[exp{’ (Xis — Xv5)}] < exp [%8(1‘, s;t, s’)Z] .
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Proposition 3.7 Suppose that b satisfies condition (CI). Then the solution X of (3.1) is a
sub-Gaussian process with respect to the metric § given by

8(t.5:1', 5" = Co (It = 1P +1s = 5'I7),
where the constant Cg comes from Lemma 3.4.

Proof Recall the Poincaré inequality (Ustunel 1985, p. 76): if F is a functional of the Brown-
ian sheet W, then

2
T
E [exp{F}] S E |:exp [? ”DF”iZ([O,T]Z) ]:I .
The claim follows from this and Lemma 3.4. ]

Proposition 3.7 says that, in the case of the Lipschitz coefficient b, the variations of the
process X are dominated, in distribution, by those of the Gaussian process with canonical
metric (3.8); this prcosess is actually the so-called isotropic fractional Brownian sheet. As
a consequence, the sub-Gaussian regularity theory (see Fernique 1974 or Ledoux and Tala-
grand 1990) can be applied to obtain supremum estimates on the process X. As an immediate
consequence, we get, using the results in Ledoux and Talagrand (1990), Chapter 12 and the
methods in Tudor and Viens (2005)).

E| sup |XW[] < Cov/12® + 525, (3.8)

LV=<t,u<s

and, for any positive ag = a(w, 8, T, ||V ||, &) small enough,

t,s€[0,T]

E exp[ae sup ‘Xm‘z]]<oo. 3.9)

These estimates will be explicitly used in the next section.

4 Maximum likelihood estimator
First we recall how the Girsanov theorem for the shifted fractional Brownian sheet

- t N

WP =wif 4+ / / .y dudv 4.1)

0 Jo
can be recovered from the Girsanov theorem for the standard shifted Brownian sheet by the
correspondence (2.1)—(2.2).
1

Since the shift term in (4.1) is differentiable we can operate pathwise with the kernel K, p)
on the both sides of the Eq. 4.1. So, we can set

t N
Wi =/ / Ko p(t, 550, u) AW 4.2)
o Jo ' '

and we have the following inverse relation for the transfer (4.2):
B t s ~
WP =/ / Ko p(t,s;v,u)dW, . (4.3)
0 Jo
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Now we want to find a shift b such that
t N
Wis = W5+ / / by dudv, 4.4)
0 Jo

where W is a standard Brownian sheet constructed from the fractional one W*# by

t N
W = / / Ko p(t, 50, u)dWeP. (4.5)
0 Jo ’ '

Comparing Egs. (4.1)—(4.5) we see that the connection is

t N t
/ / ay,y dudv = / Ky p(t,s;v,u)by, dudv
0 Jo 0

So, we conclude that

t A v u
bm:/ / Ko p(t, 550, u) (/ / a,,/,u/du/dv’) dudv (4.6)
0 Jo ’ 0 Jo

or, in operator notation,
. .o
b= Ka,ﬁ |:/ / ars dsdt] .
Jo Jo

Now, comparing (4.1)—(4.4) with the connection (4.6) we obtain the following Girsanov
theorem from the classical Girsanov theorem for the shifted standard Brownian sheet.

Theorem 4.7 Let WP be a fractional Brownian sheet and let a be a process adapted to the
filtration generated by W*PB. Let W be a standard Brownian sheet constructed from WP
by (2.2) and let b be constructed from a by (4.6).

Assume that b € L*(Q x [0, T]2), and E[Vr 1] = 1 where

T T 1 T T
Vr.r =exp[—/ / by s AWy, —7/ / b}, dsdt].
o Jo 2Jo Jo

Then under the new probability P with g = Vr 1 the process w given by (4.2) is a Brownian
sheet and the process web given by (4.1) is a fractional Brownian sheet.

The rest of this paper is devoted to construct a maximum likelihood estimator for the
parameter 6 in (3.1) by using the Girsanov theorem (Theorem 4.7). The existence and the
expression of this MLE are given by the following result.

Proposition 4.8 Assume that one of the following holds:

(i) At least one of the parameters a and  belongs to (0, %) and b satisfies (CI)
(ii) The parameters o and B both belong to (%, 1) and b is linear.

Denote

Qs =K} [/'/'b(xv,u)dudv] t,s). 4.9)
' 0 Jo

Then given observation over [0, t1* the MLE for 0 in (3.1) is

o Jo QuwdWa

Gt = Tt 5 .
fO fo 03, dudv

(4.10)
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Before going into the proof of Proposition 4.8 let us note that we can also write

_ fot f(; QU,M dWM,U )
f(; fot Q3 , dudv

This shows that the estimator can be deduced by the observed process X since

t s
Wi s =/ / Ka_/lg(t,s; v, u)dXy y.
0 Jo '

Proof Let us denote by Py the law of the process X; ; that is the unique solution of (3.1).
Then the MLE is obtained by taking the sup, Fy, where

_dpy
T dpy’

The conclusion (4.9) then follows by the Girsanov theorem (Theorem 4.7) if we show that
Vi1 1s well-defined and E[V; ;] = 1. The proof is separated into three cases. In what follows

¢q,p is a generic constant depending on « and B that may change even within a line.
1

The case «, B € (O, %): In this case we use the expression (2.3) with /%~ 2 B-1 as a double
fractional integral. We get

0, 4.11)

Fy

L1 [TfF g 1l _l_g 1_
Qrs = capt® 2sP 2/ / (t—v) 27 %2 % s —u) 2 Pur"Ph(X, ) dudv.
0 Jo
Since |b(x)| < |b(x) — b(0)| + |b(0)| < K (|x| + K'), we see that

Q15| < cap (K+ sup IXu,ul)- 4.12)
u=<t,v<s
Clearly (4.12) and the estimates (3.8), (3.9) show that Q € L*([0, T]?) and so V, ; is well-
defined. To prove that E[V; ;] = 1, it suffices to invoke Theorem 1.1, in Frieman (1975,
p- 152) and to note that, by (4.12), there exists a > 0 such that
sup E[exp{aQ; ,}] < cc.
v<t,u<s

The case o, B € (%, 1): In this case we use the operator I"‘_%’ﬁ_% in the expression (2.3)

is a double fractional derivative. We get

1 1

"127%b(X,5) —v2TYb(X

Ors = ca,ﬁt%—as%—ﬁb(x,,s)+ca,ﬁz“—%s%—ﬂ/ Kig) =2 0Hos) g,
0 (t —v)*t2

s AP Lo
+ca,ﬂt%*°‘sﬂ*%/ s2 Tb(Xry) —uz ; bX1w) du
0 (s —u)Ptz

t N
-+ca¢sJ/ j/ [PFmo0d (X, ) = 03703 P b(X ) — 27 UT P B(X, )
0 Jo

+ u%—“u%—ﬂb(xv,u)} ((r ) (s — u)—ﬂ—%) dudv
= A1(t,5) + Ax(t, 5) + Az(t, 5) + Aq(t, s).

The term A (¢, s) can be easily treated, since by (C1),

1_, 1_
JAL(t, $)] < capt?2™%s27P (K + [ X]lo0)
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which is finite by (4.12). The term A, (¢, s) and A3 (t, s) are rather similar to those appearing
in the one-parameter case (Nualart and Ouknine 2002; Tudor and Viens 2005). For the sake
of completeness, we illustrate how to treat them. For A, (¢, s) write

11 ! t%_a — U%_a
Ay(t,s) = cup t"‘_fsf_ﬁb(Xz,s)/ —dv
0 (r— v)a""?
"h(Xss) — b(X
+Ca,/3 la_%sé_ / ( t,s) ( lv,s) dv
0 (t — v)a+§

=: A21(t, s) + An(t, 5).
Since
1 1
L= _ 7o
/ ————dv=cup =2
0 (r— U)a""f

the summand A (¢, s) is clearly almost surely finite using condition (C1). The second sum-
mand A, can be bounded as follows: for ¢ small enough,

1 Xs— Xos| ] /7 1
Axn(t,8)| < cqpt® 252 Poup | —2——200 / W )1t dy
| 22 )| - vflt) |: (t —v)*—¢ 0 ( )

By the Fernique theorem the supremum above has exponential moments. So, it follows that
the Novikov criterium is satisfied. Let us study now the term A4(z, s). It is not difficult to see
that the expression

[ =122 Pp(X, ) — v2 %2 Ph(X,,)
2y Pp(X, ) + u U Ph(X, )
can be written as
1= (e —ud ) b(x, ) (577 - 0i )
+ ([%_a — u%_a) v%_ (b(Xt,s) - b(Xt,v))
+u%*°‘ (séfﬂ - Uéiﬁ) (b(X,,s) - b(Xu,s))
1, 1

+u2 %2 ﬁ(b(Xz,s) —b(Xr) — b(Xus) + b(th”))'

This gives a decomposition of the term A4(¢, s) in four summands; The first three summands
can be handled by using similar arguments to those already used throughout this proof. For
the last term actually we need to assume the linearity of the function b (and obviously the
solution of (3.1) is then Gaussian). If b is linear, then

b(X;t5) — b(Xi ) — b(Xys) +b(Xvu)
= X5 — Xt — Xos + Xou
t s
= / / Xp.qdbda + WP ((z, /1)
v u

where WP ((z, 7/]) denotes the planar increments of W*P between z = (v, u) and 7/ =
(z, s). We finish again by an application of the Fernique theorem and observing that the pro-
cess WP (and thus X) is Holder continuous of order (o, B) (see Proposition 5 in Ayache
et al. (2002)).
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The case @ € (0, %), B e (%, 1): In this case, it is not difficult to see that
ast [ caml 1
Ors =capt” 2| (t—v) " 202
0

1 1
Sbh(Xys)s2 P —b(X 1A
X S%_ﬁb(Xv,s)‘FCa,ﬂSﬁ_%/ (Xo.5)s 1( vl du | dv.
0 (s — u)erﬂ

Clearly, this case can be handled by combining the methods used in the first two cases. The
only thing we need to note here is that the Fernique theorem holds for the sub-Gaussian
process X (actually, here we can use the fact that for each v, the process s — X, s is sub-
Gaussian with respect the metric |s’ — s|#, see the proof of Lemma 2). O

5 Alternative form of the estimator

We will try to relate here our approach with the one considered by Kleptsyna and Le Breton
(2002) in the one-parameter scale.

As in the one-parameter case (see Norros et al. 1999) one can associate to the fractional
Brownian sheet a two-parameter martingale (the so-called fundamental martingale). We
refer to Tudor and Tudor (2002) for the two-parameter case. More precisely, let us define the
deterministic function

1 1y 14 3 1
ko(t,u) =cy u2™ " —u)2™%, cq =2all E—a Mo+ =

2
and
M3 —2a)l (o + 3
w? _ k;ll272a, Ay = ( 3(1) (a 2).
F(i — a)
Then the process
t N
mr :/ / ko (1, )k (s, 1) AWEE (5.1)
0 Jo

is a two-parameter Gaussian (strong) martingale with quadratic variation equal to wf wf (the
stochastic integral in (5.1) can be defined in a Wiener sense with respect to the fractional
Brownian sheet). The filtration generated by M%# coincides to the one generated by W%#.

Let us integrate the deterministic kernel ky (t, v)kg(s, u) with respect to both sides of
(3.1). We get

t s
Zts = / / ko (2, V)kg (s, u)dXy
0 JO
t s
= / / ke (1, 0)kg (s, 0)b(X, ) dudv + MEF (5.2)
0 Jo

Remarks 5.3 Moreover, for o, g > %, it follows from Kleptsyna et al. (2000) and Tudor and
Tudor (2002) that if we denote

t
Ko(t,v) = aa — 1)/ r2e=l — v)"‘_% dr
v
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then it holds that Lo
X5 :/ / Ko(t, v)Kg(s,u)dZ, . (5.4)
0 Jo

Denote

ts =

/ / ko (2, V)kg (5, 0)b(X,,,) dudv. (5.5)

dwt da)

Then we have the following:

e Forevery (a, 8) € (0, 1) and if b is Lipschitz, the sample paths of the process R given
by (5.5) belong to L%([0, 113, 0* ® wﬂ). This can be viewed in the same way as in
Theorem 2.

e Clearly, the process R is related to the process Q (4.9) by

Ris = capt® 257210, (5.6)
From (5.2) and (5.5) we obtain that

Zm—e/ / Ry dwfde® +M“ﬂ. (5.7)
and then the MLE for the parameter 6 in (3.1) can be written as

Jo Jo RoudMil
f(; f()t v,u du)u dwa

In order to prove the strong consistency of the MLE, we derive an easier expression for
the process R (or, equivalently, for the process Q) appearing in the expression of the MLE
in the linear case. In this case we have

6 = — (5.8)

ts =

/ / ke (£, v)kg (s, ) Xy, dudv. (5.9)

dwt da)

We need first a more suitable expression of the process R given by (5.9).

Proposition 5.10 For every a, B it holds that

*)»*
R,Y—k——// (2! o2y (27 442 dz, (5.11)

with 1 = 5.

Proof We will restrict ourselves to the case «, 8 < % By (5.4) and (5.9) it holds that

t ps Lors vt
/ / Ry dof do® = / / ko (2, vV)kg (s, u) (/ / Ko (v, D)Kp(u, a) dZ“’b) dudv
o Jo 0 Jo 0 0
t s
:/ / Aa(b, I)Aﬁ(b,s)dza,b
0 JO

t
Ay(b, 1) =/ ko (t, vV)Ky (v, b) dv.
b

where
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Let us suppose a function &, (b, r) such that for every b < t,

t
/ @y (b, r) do? = Ay (b, 1).
b

Then it holds that

13 S t N t N
//Rv,udwfdwg:// (/ @a(b,r)dw‘r") (/ q)ﬁ(a,r/)da)rﬂ,) dZap
0 JO 0 Jo b a
tops roopr!
=// / / Oy (b, )P (a, 1) dZap |debdot?.
0 Jo 0 JO

tops
Ry s :/ / Dy (t, v)Dp (s, u)dZy, .
0 Jo

On the other hand it has been proved in Lemma 3.1. of Kleptsyna and Le Breton (2002) that

As a consequence

*

A
o1, v) = (Pt o2l
The conclusion follows easily. O

Let us finally discuss the asymptotic behavior of the estimator (5.8). We will actually prove
the strong consistency of the MLEin the linear case b(x) = x by trying to take advantage
from the results contained in Kleptsyna and Le Breton (2002) (Proposition 2.2).

We first give the form of the solution in the case of linear drift.

Proposition 5.12 Let X be the solution of the equation

13 s
Xt = 0/ / Xy, dudv + Wff;ﬁ, t,s €[0,T]. (5.13)
0 JO
Then it holds that
T T wp
Xis =/0 /0 f (o, so,t,8) dW, ' (5.14)
where

£, 50,1, 8) = 110.1(t0) 1[0.51(50) 6" W

n>0

(5.15)

Proof We use the kernel identification method as used for example recently in Nourdin and
Tudor (2006). The solution X, ; is Gaussian and it admits the representation

t N
Xis 2/ / S (10, s0, I,S)dW;;:sﬂo
0 Jo

and thus the kernel f satisfies

t s
f(to, s0,t,5) = 9/ / f (o, s0, v, u) dvdu + 11,1 (t0) 110,51 (50)- (5.16)
0 Jo

forevery s, t, so, to € [0, T]. It is known (but one can check it easily) that the Eq. 5.16 admits
the solution (5.15). ]
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To prove the strong consistency, we will further assume that W“ p =W/ Wf; where W¢
and W# are two independent one-parameter fractional Brownian motion with Hurst index
a, B € (0, 1) (clearly both processes have the same law).

Theorem 5.17 The MLE defined by (5.8) is strongly consistent, i.e for any real 0
0 > 00 b, a.s.
Proof One can write

I
fot f(; Ry dof dw?
One the other hand one has by a version of the strong law of large numbers for two-parameters

. Ry M,
martingales that the quantity mﬁ
o Jo Rvudwydof

t s
/ / Ry dwfdw‘j
0 Jo

converges almost surely to infinity as ¢, s — oo. This fact will be showed in the rest of this

proof.
By Proposition 5.12 we have

Xis = D 0"An(t)Bu(s)

n>0

0, —

converges to zero almost surely as ¢, s — oo if

where

n!

t s
Zis = / / ko (t, v)kg (s, u) dXy
0 JO
Z@” (/ ko (2, v) dA,,(v)) (/ kg(s,u) dBn(u))
0

n>0

= D 0"Ca()Dy(s).

n>0

A,,(z):/ @ —v)" dW® and B, (s)_/ Sl dWﬂ.
0

Therefore

Now, Proposition 5.10 implies that

‘=A*A*// el 4 2aml) (261 4 261 47, |

=: ZG”E,,(t)F,,(s)
n>0
where
)\‘* t
E,(t) = 7“/ (1~ 0?71 dC, (v)
0
and

*

A s
Fu(s) = Tﬂ/o (s~ +u?~1) dDy (w).
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We obtain that

2
t S t S
// Rv,udwfdw;e// ZG”E,,(U)F,,(M) dof dw?
0 JO 0 JO

n>0

t N
= > 0" (/ En(v)Em(u)dw;j) (/ F,,(u)Fm(u)dwf).
0 0

n,m>0

But the result of Kleptsyna and Le Breton (2002) (Proposition 2.2) implies that

t
> 9"0’"/ Ey(0)Ep(0)do® =00 00 a.s

n,m=>0 0
and
N
Z o"o™ / F,(u) Fyy, (1) dwf —> 00 00 a.S.
n,m=>0 0
and this gives the convergence of (5.18) to infinity almost surely as ¢, s — oo. O
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