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Abstract. In the paper the basic properties and behaviour of
discrete finite-node (-state) Markov processes are dealt with.
The processes to be considered are of general time-varying type:
the transition probabilities may change from one transition to
the next.
In the paper a system theoretic approach to the theory of Markov
processes is introduced. It is shown that the basic concepts of
general system theory have meaningful equivalents among the
gquantities of Markov processes. For the basic concepts of system
theory the following form and purport will be derived.
1°. Input is a sequence of transition probability matrices P (t)
over the observation period EtO,tT]: uz{P(tO)yeaﬁpP(tT_l)}.
2°. Output is a sequence of node probability vectors n(t) over
the observation period [tO,tT]: y=£ﬁétl}g.s,,n€tT)]@
37, (a) Initial state of the system is the node probability vector
at time tg: H(tg);{ﬁl(to>,Wzgtg)ganegﬁN(to)]a
(b) State of the system at an arbitrary time tk € {togtTl is

shown to be the pair (n(to),u k), where u is the

tg,t tosti

fragment [P(tOQQQ.@gP(tk_l)} of the input u.
It is further shown that, with a fixed initial state HOQ the input
uniguely determines the output, i.e. mapping r(n®y: f{u) - {yl is
a function. Furthermore it is shown that the state of the system
acts as the memory of the system: by knowing the state of the
system and the future input into it, the future behaviour (output)
of the system is determined. In the end, interpretations of the

system presentation will be dealt with.



1. INTRODUCTION

This paper deals with basic properties and behaviour of a discrete
finite-node Markov process. The topic is approached from the point
of view of general system theory. At the same time the paper is

a description about elementary system theory within the frame-
work of an easily manageable mathematical model. The contents of
the paper is based on the theory of discrete Markov processes
presented in R.A. HOWARD s book "Dynamic Probabilistic Systems,
Volume I: Markov Models";g Howard”s theory is now translated into
the language of general system theory. In this translation the

2 and P, MALASKA’S3 papers

formalisms introduced in S. SALOVAARA s
are adapted. The considerations are carried out in rather a high
level of abstraction, although interpretation of concepts and

results, and possibilities to apply the theory are at least to

some extent referred to.

2. DISCRETE FINITE-NODE MARKOV PROCESSES

Let s consider a certain, as vet more closely nonspecified

phenomenon ("the real system"), which is observed or at least

1. R.A. Howard: Dynamic Probabilistic Systems, Volume I: Markov
Models, John Wiley & Sons, Inc., New York 1971.

2. 5. Salovaara: On set theoretical basic concepts of system
theory, a discourse in a collogquium in University of Helsinki
14.3.J1968 (in finnish).

3. P. Malaska: An economic model as an example of system theory,

a discussion paper in a seminar in The Turku School of Economics

1973 (in finnish).



can be thought to become observed at discrete time points t_,
tlf@@o;tng@a@ An exact description of the phenomenon at time tn
(n=05l955m} is usually called the state of the phenomenon at that
time. The state canp be expressed €.9. as a verbal description,

a8 values of the variables relevant to considerations etc. In

the following we assume that the phenomenon has only a finite

number of possible states, These states are numbered 1,2,...,N.

When time goes from tn to the next observation instant tn+l the
values of the state variables change in general, the state of

the phenomenon changes. This kind of change is called a {(state)
transition. Further it is assumed that the phenomenon is stochas-
tic by nature, whereupon the transitions are governed by certain

probability laws, the transition probabilities. In s deneral

case, the transitignxprobabilities at a time tn depend on both
the time tn and the states of the phenomenon at the times tQ#
tlgaasgtn@ When we denote by symbol X the quantity that shows the

state of the phenomenon at any time tn’ i.e.

(1) X(tn); the state of the phenomenon at time t, (n=0,1,...)

is x(tr)y where x(tn)mliz,gssyN,

SO we can state that ¥ is a random variable, the distribution of
which is determined on the basis of the transition probabilities,
In the general case, the transition probabilities are conditional

probabilities
(2) P{X(t  1)=] §X{tn)=in,X(tnml)=in_‘laa.wx(tg)zio},

where n=0,1, .., and lfig,il,eaagin,jﬁNe The infinitewdimensional

random variable

(3) X:S zx(tg}px(tl}p%@ayx(tn)ﬁgﬁmﬁ



with the transition probabilities given in (2), is called a

stochastic process corresponding to the phenomenon in question.

Any observed sequence of states, corresponding successive time

points to,tlygwgytny@@eg
(4) [x(to)px(tl)gcaesz{tn}y@as}ﬁ
is a trajectory of this process.

From expression (2) we can see that the amount of information
needed for managing the process is, in the general case, very
large. Because of this considerations are often limited to Markov
processes: it is assumed that the future behaviour of the process
is only affected by the last state occupied by the process.

Under this'assumptian it is

(5) Pix(e  )=3|X(t )=i ,X(t

n+l i nml>=lnml’@”“9x(t0)=l0} =

PiX(t  ,)=3|X(t )=i_ }.

So the transition probabilities of a Markov process are of the

form
(6) PUx(t  ,)=3|X(t =1} = p, (t), 1gi,jzN, n=0,1,...
The transition probabilities can also be shown as a matrix

- -
pllgtn) plZ(tn) Tl plN(tn)

Popltn) Poplty ) wee poylt))
(7) Pﬁtn) = {pij(tn}}: . . .

® L] @
@ @ ®

Py (En) Pp () +e Py (E)

Each matrix P(tn)y n=0,1,..., is naturally a stochastic matrix,

the elements fulfill conditions
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<1, 1<i,j<N, n=0,1,...

W
]

N
(9) Z p. lg i=l;25aa@§N§ nzcglgs@e

Markov processes are usually illustrated by graphs, to each

transition probability matrix corresponds a transition diagram

(cf. Fig.l.). The nodes of the graph correspond to the states of
the phenomenon and the branches between the nodes correspond to

the transitions and the transition probabilities,

Figure 1. Transition diagram corresponding to a Markov process
at time t
n
Later on, when we turn to system theoretical considerations of
the Markov process, the state of the system has quite a special
meaning. In order to avoid confusion we now give up using the
term state in the previous sense and call this concept a node

in the following sections. We can sitate arguments for this term



The multistep transition probabilities describe the transition
of the process from one node to another within a given time
interval. When we want information merely of which node the
process at any given time, independently of the nodes previously

occupied by the process, occupies, we use node probabilities

(16) Wi(tn) = P{X(tn)=i}; i=l,2500.,N, n=0,1,...
The vector of these node probabilities is denoted by
(17) H(tn) = [Wl(tn}yﬁz(tn)pge@yﬁN(tn)jg nSOylpma@

The node probabilities at time tn can be determined, when the

node probabilities at time t and the transition probabilities

O&’

at times tgytlgaamytn or, alternatively, the multistep transit-

-1

ion probabilities @ijgte,tn)y l<i,j<N, are known:

(18) H(tn) = H(tO)@gtO”tn) = H(tO}P(tQ}“gﬁP(t ), n=l?25@ae

n-1
3., SYSTEMS ANALYSIS OF MARKOV PROCESSES

3.1. Set theoretical basic concepts in system theory

Figure 2 shows a graphical representation of a system, the system

diagram:

Figure 2. A system

In the diagram S is the system, u is the input and y the output.



The system is uniquely defined, when the set U = {u} of all the
possible inputg, the set Y = {y} of all the possible outputs and
a relation S, that gives the inputs and outputs which within

this system can be in relation with each others, are known. In

set theory terms the system is so a relation
(19) s = {(u,y)|w€Uu,ye¥,usy},

where notation u-»y means that y can appear as an output when u
is the input. In Fig.3 Yy is one of the possible outputs vy,
when input u, is introduced into the system. All other possible

outputs corresponding to u, are shown with broken lines.

s
sty

L
<

Figure 3. System as a relation

Now we proceed by constructing these basic gquantities for the

Markov process. Let us assume that the process is observed at

discrete time instants tO’tlf“*"tT’ so0 that the observation
period is 7 = [to,tT]. As the input of the system we choose

a sequence of the process” transition probability matrices:
(20)  uw = [P(t)),P(ty), . eu Pty ()],

where each P(ti), i=0,1,...,T=1, is a NxN stochastic matrix in

accordance with conditions {8) and {(9). Let J@ be the set of



the NxN stochastic matrices. Then the set of the inputs is
(1) Ultg,ty) = (ul © PxPx ooe x P = PV,
As the output we choose a sequence of node probability vectors:
(22)  y = [W(e) () pone e, ],
The set of the outputs is so
T

(23)  Y(t,,t,) = {y} ¢ ExIxT--+ xI =T,

where I stands for the set of vectors which are of the form

Z

(24) I = {(xs%,,00.,%)|0<x,<1, iil x, = 1}.

Evidently L « RNQ Output vy and input u are related according to
equation (18). The system corresponding to a Markov process is

thus
— 728
(25) S = {gugy)!uﬁu(toﬁtm),yey(to,tT)g (18) holds, when t €71},

In relation S one input may have several different outputs.
Especially, in the case of the Markov process the output corres-
ponding to an input composed of a sequence of transition probabil-
ity matrices is not uniquely determined until the initial node
probability wvector H(to) is known. An explanation for the fact
that the system with the same input has at different times a

different output, is called an initial state of the system. When

the initial state has been fixed, the input uniquely determines
the output. In the case of the Markov process the initial state

is clearly the node probability wvector H(to) at time tQ,

With a fixed initial state 1° = H(to) € * equation (18) defines

a2 mapping



10
(26) ygnob P Uty tg) > Y(Eg,tn),
where

(27)  r(u°) = {(u,y) [u€U (£, t,)  YEY (E ), u and y obey (18)1},

0ty
This mapping is a function, i.e. each u € U(togtT} has one and

isg
only one y € Y(to’tT) (whichféetermined through equation (18})).

The function F(HQ} has properties
(28) r(1°) csg, v1°ezx
and

(29) u (1% = s.
1%esx

The set Z which contains all the possible initial states, is

called the initial state space of the system. On the basis of

the initial states the set § has become divided into subsets
F(Hm)g each one of which is a function and which together form
a covering for S. In each element T(HQ) of the covering any input

determines an unigue output. This can be denoted
(30) vy = 1(1%) (u).

Function T (1°) is scematically presented in Fig.4:

Y

yo=r (1%) (u;)

Figure 4. System with a fixed initial state
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Now the family of ﬁunétions

{r(n% |n%x}

(31) &

is on the basis of (28) and (29) a covering of §. For each
initial state 1° € ¥ there is one and only one r(uo} e &,

Thus T can also be interpreted as a function from £ to & :

{32} r :+ ¥ - &,

3.2. State of the system at an arbitrary time =

In the following our objective is to define and construct a
state for the system at an arbitrary time t, € [tO’tT]° We want
that this state concept has the same properties as the initial
state H(tO): when the state at time tk is fixed, so in the inter-
val [tk,tT] there is one uniquely determined output-subseguence
for each input-subsequence. The function in connection with the
state and the covering formed by these functions must also be so
constructed that corresponding quantities of the original system

have been used.

Denote
(33)  u, = (et ),e. Pt ;) ], O<menc<T,
m n
(34) yt gt = [H(tm+l)yeoepn(tn)]g? 0§m<n§T5
m N
i.e. u and y are the subinput and suboutput in the
tm’tn tm,tn

interval [tmgtn] formed out of the input u € U(tO'tT) and the
output y € y(tO,tT), respectively. With the help of S8 we now

form two new relations by taking apart of the input-output pairs
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Next we will construct one natural solution for the problem of

table 1.
o . . . .
17. Relation St N has already become defined in equation (36).
kfT
Clearly the relation has been constructed using the original §,

as the objective was.

2°, The state of the system at time ty is defined as a pair of
the initial state 1° and the subinput utgﬁtkin the interval
Eto,tk};
(37) 1= (%u, . ), 1°9€ %, u€ Ult.,t).

Eopck. 0" T

Taking definition (33) into account, state Hk becomes

k _ o}
(38) o= (T, [P L) o PLEg)see e, PUE 1))

The state at time tk is so composed of the node probability

vector at time t, and of the transition probability matrices at

0

3 4~
times %0,.@e,tk_le

3%, The state space at time t, is thereafter

k

™M
i
iy
-]
=3
=1
m
M
[
m
<
P
-f
(24
it
L——

(39)

i
oty
o~
peam

o

. k , .
47 . Next the function rk(n Yy o U(tk,tT) -+ Y(tk,tT) will be

constructed. Let the state Hk € Zk be fixed and let » be an

arbitrary subinput in the interval [tkﬁtT], i.e.

(40) o= [Pl )saee Plty )]

T is now defined with the help of T as follows:
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Knowledge of the node probability vector H(tk) and the multistep
transition probability matrix @(to’tk) is not sufficient for

determining the state of the system at time tk.

In the following some properties of the state will be more closely
considered. Let the initial state I° € T and the input u € U(tgﬁtT}

be fixed, For each time point tk in the observation period J~

there is now one unigquely determined state Hk = (Hggu ) E L.,
tegtk k

Thus the state can be interpreted as a function

T
(49) vy + T+ U Ty
k=1 °
where
_ =k _ o} 7
(50) \,’(tk) — H b (H gutogtk) g Xky L tk ﬁ \/ @

The state is so a quantity comparable with the output, proceeding
in a fully prescribed manner after the initial state of the
system is fixed and a given input acts on the system. The state
can also be interpreted asamemory of the system. It preserves
information of the initial state of the system (HO) and inform-
ation of previous environmental factors of the system (the sub-

input u in the interval [to,tk])m Because of this the

toptk

future behaviour of the system (the output Ve ¢ in the interval
k’oT

[tkytT]) can be derived on the basis of the present state

{Hc,u ) and the future environmental factors of the system

Bortx
{(the input utk,t

Kk T
T, has wholly equivalent properties with JT? = [tk,tTB as

in the interval [tk’tT])“ So the state at time

tkg

an observation period as the initial state 1° has with 7 =
[toptT) as an observation period. The only thing that must be

done is to turn to use the k-indexed quantities given in table 1,

T

K instead of J is concerned.

when
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Next we will construct one natural solution for the problem of

table 1.

o . . . .

17. Relation St N has already become defined in equation (36).
k’"T

Clearly the relation has been constructed using the original §,

as the objective was.

2°. The state of the system at time ty is defined as a pair of
the initial state 1° and the subinput u, o in the interval
0’ "k
gtoit’kl H
(37 1= @®u, . ), 1%€ 3%, ue U, t).
thety 0’ T

Taking definition (33) into account, state Hk becomes

k _ o}
(38) 10 = (T, [Pl ), Plty),eee,PlE,_4)])

The state at time t, is so composed of the node probability

k

vector at time t. and of the transition probability matrices at

0
times +.,5::,L R
0’ R T}

O

3. The state space at time £y is thereafter
s, = ((1°,u ) I1%z%, ueu(t, ,t )}
(39) k torty o’
0 o
= {(n ,x)|n"€x, xeu{togtk}}ﬁ
o

, k , .
47, Next the function ?k(H y o U(tk,tT) - Y(tk’tT) will be

constructed. Let the state Hk € Xk be fixed and let r be an

arbitrary subinput in the interval [t ,t_1, i.e.

kK*r

(40) r = {p(tk},,u,ipst )1,

T=1

?k is now defined with the help of T as follows:
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8

r (1) (£) = 1 (1%,x) (1)

it

o B
(41) Fk(n #[pg»‘}} .?sg@gpitkal) ]) QEP(tk) gsss;P(tT__’l} ]}

]

i

[r(n®) (Ix,x1) 1,

& !
1, ¢ m
B EXN

where notation [ means that only the fragment correspond-

]
ty oty

ing to the iﬁterval EtkgtT] is taken out of the output in the
brackets, and notation [x%,r] stands for a vector, the components
of which are the components of % and r put after one another.

Because T is a function, it follows from definition (41) that Fk

also is a function. Clearly it also is FL(Hk) clr(n®) ., and
K Ekg L,T
Hwﬁik c S . Thus we have

ketT tkﬁtT

k
(42) r.(m’)y s .

505 In the end it will be shown that the family of functions

jfg = {Tk(nkjiﬂkﬁzk} is a covering for S . In paragraph 4°

tk@tw

we have already shown that all Fk(ﬁk}’s are functions and subsets

of St £ Thus, what we still must show, is, that they cover
k? o
' St £ i.e. that eqguation

k’oT

k
W k( ) t,t
n“gzk B
holds. Because it is clear on the basis of {42) that relation

g
&

U r (nk} < 8 holds, it is sufficient for proving (43}

ﬁkgx k tk’tT

to s%ow that also relation S < g r (Hk) holds. Let {(x,p)

P o k k

kT ez
N , composed of a subinput and
k’"T

suboutput of S. According to (36) there exist an element (u,y)€S

be an arbitrary element of S

such that

(44) (rop) = (u, \ +¥, ), or

k' Ep T Bty

{r © 4
%..‘ (H } (iP(to) isa@yP(tk_l) PP(tk) ’QQQFP(tT".‘L) ]) }t

ki

t
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{45) r = u ¢ and p = Ve Lt

B r By K b
Because it is OU F(HQ) = §, there exists HO € Z such that
e
{u,y) € rgHQ) or v = F(HO}(U)Q Now we choose x = Uy and
0’ "k
= (n°,x). Then we have u = [x,r] and
o [}
=y = [r(n7) (u)] = [r(n) (Ix,x])]
(46) k' Er LB Epety

]

rk(n %) (xr) = rkéﬂ y{x),

which in other words means (r,p) € Fk(nk)g This further indicates

g T (Hk}g Combining all the results in paragraph

that St t < ¥ X
o kT i €Zk X K
57 we can see that family ji; = {Fk(n )y ezk} forms a covering
for 8
tk’tT“
. @C k . o} .
Family K had 1™ or the pair (I Uy g } as a parameter. This
0’7k

pair is called the state of the system S at time tk (when the
initial state 1° and the input u are fixed). The state of the

system at time t, is so composed of the initial state n° and of

k
the "history" of the input in the interval EtQ,tk]@ In the case
of the Markov process this means the node probability vector

O

n- = H(to} at the initial time t, and the sequence u =

0 toptk
[P(tq);maagpétk ;)1 of transition probability matrices. It can

L b 8
further be noted that knowing the state at time tk means knowing
the node probabilities ﬁj(tk}, i=1,2,.0.,N, and multistep

transition probabilities @ij(to,tk), i,3=1,2,...,N, at the same

time. For, according to (11) and (18), it is

{(47) E(tk) = H(tO)P(tO} e P(L )

k=1
and

(48) oty et ) = PlEg) <o Pt ).

The inverse result does not, however, hold in the general case.
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Knowledge of the node probability vector H(tk) and the multistep
transition probability matrix @(to,tk} is not sufficient for

determining the state of the system at time tk‘

In the follow

ing some properties of the state will be more closely

considered. Let the initial state 1° € £ and the input u € U(tO”tT)
be fixed. For each time point tk in the observation period J~

Yy € X
k

there is now one uniquely determined state Hk = iﬂogut N K *
0.57

Thus the state can be interpreted as a function

T
k=1
where
_ ok _ o] 7
(50) y(tk) = 1 = (I ath@tk) € Xk” v ot e U,

The state is so a guantity comparable with the output, proceeding
in a fully prescribed manner after the initial state of the
system is fixed and a given input acts on the system. The state
can also be interpreted asamemory of the system. It preserves
information of the initial state of the system (HQ) and inform-
ation of previous environmental factors of the system {the sub-
input utoitk in the interval Eto

future behaviour of the system (the output Ye in the interval
kT
[tkytT}) can be derived on the basis of the present state

,tkl)g Because of this the

&Hc,ut £ ) and the future environmental factors of the system

0’ "k
(the input utk’tT
tys Hk, has wholly equivalent properties with 57% = {tk,tTl as

in the interval [tk’tT])“ So the state at time

an observation period as the initial state 1° has with J =
[toytT} as an observation period. The only thing that must be

done is to turn to use the k-indexed quantities given in table 1,

a

y instead of J is concerned.

when
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transition probability matrices have an exogenous nature. Let

the phenomenon under consideration be, for instance, the behaviour
of a consumer, when he repeatedly chooses between brands of a
given product group. The nodes of the Markov process are in this
case different brands, the transitions are choices concerning
these brands. The transition probability matrices are now clearly
exogenous by nature, for their forms are greatly influenced by
several factors originating in the environment of the consumer
price and quality of the brands, fashion, season, consumer inform-
ation, advertising etc.). These factors represent both controll-

able and non-controllable quantities.

As the structure of the Markov system it sc remains, after the
transition probability matrices have been fixed as the input,
the law given in the form of eguation (18). With fixed initial
state and input, this law wholly uniquely determines the output.
The structure answering equation (18) comes straightly from the
Markovian property of the process. Eguation (18) presumes and
on the other hand is a consequence of assumption (5): the choice
of the next node is only affected by the moment of the choice

and by the node occupied by the process at the present time.
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3.3. On interpretation of the system presentation

In the foregoing sections a system presentation was formulated
for the discrete finite-node Markov process, using principles

of general system theory. In this presentation the basic quant-
ities of the system got the following purport (not necessarily
the only possible however). For the input of the system we chose
a sequence of transition probability matrices. The output got a
form of a sequence of node probability vectors. The initial
state of the system was defined as the node probability wvector
at the initial time, the state at an arbitrary time tk composed
of the initial state and of the input advanced into the system

before time tks

Most of the quantities mentioned above have gquite a natural
interpretation in accordance with properties of the real pheno-
menon. The initial state describes the nature of the phenomenon
at the initial time tQQ For, the node probability vector Higg)
determines a distribution for the random variable that gives
the running number of the node occupied by the process at time
tO@ The output of the system describes changing of this distri-
bution zlong with time, i.e. it lets one know what the node

probabilities at each time point are.

The most difficult quantity to interprete is the input which
consists of a seguence of transition probability matrices. Input
is usually understood as a purely exogenous quantity, either
controllable or non-controllable, while the transition probability
matrix has the idea of an endogenous quantity describing the
structure of the phenomenon. It is not, however, impossible to

find out examples of phenomena, in the description of which the



