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Abstract

The paper deals with bounds on the prohahility values
D?IB random varieble in such a case, when informaticn
about the distribution of the variate is cnly scantily
available. The best known result in this area is the
celebrated TchébycheFF's inequality, which only assumes
that the first and second moments (or the expectation
and the variance) of the distribution must exist. The

customary form of this ineguality is

(1) P{|X-p| 2 ka} < »i? ,

where 1 = E(X) is the expectation and o = D(X) the
standard deviation of the distribution, and k is an arbi-
trary positive number. Although the result of Tcheby-
cheff's inequality cannot be improved in the general
case, There exists a lot of stronger inequalities, when
more information about the distribution is availabls.
The most extensive results are those which depend on a

knowledge of some higher moments or smoothness of the

distribution.



The present work obtains one-sided generalizations o
insquality (1) by assuming further information of the
distribution, the information heing as sCarce as poss—'
inle, however. The method is based on the gaometTy

of the aumulativa distribution function: the admissible
cdf's, i.e. the cdf's fulfilling the assumptions set,
can pass only through certaln parts of the (x,F(x))-
plane. The boundaries of the admissible cdf-region
lead to certain extremal distributions., and hence To
the reguired inequalities.

The new inegualities are moTe gfficient than 1) in two

senses, Viz.

19 we can obtailn [nan—trivial] one-sided bounds ©OfF
the type (1) alsc for all values of k less than 1
2% for the values of k hotween 1 and some kq (k1 > 1),

we get strongel one-sided hounds than those result-

ing fTrom (1),

The paper conftains new one-sided hounds for the follow-
ing general classes of distributions. 411 the distri-
hutions are, howevels asgumed to have A £inite expect-

ation and variance @S 15 the case 1in ineguality (13.

1. All distiibutions with finite mean and variance
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cor the values of % between O and A5 2, the one-sided
bounds (2] are stronger than the Dasic two-sided ine-

gualilty (1)



IT. Bistributions symmetrical about mean

1/2, when 0%k21
{3) P{X-u 2 ka} = P{X-pu £ -ko} =
1/2k2, when k>1

Inequality (3) is a direct cecnsequence from the symmetry
of the distribution and the one-sided bounds are stronger
than the two-sided bounds (1) for all values of k.

ITI. Distributions with semi-infinite range:

X € [u~ag, ©) or X € (-, u+ag)

For the case X € [pw-ac, =) we obtain, if 0 € a < 1,

-y > < _8
(4a) P{X-u 2 ko} = =g

and, if a > 1, we have

(. a , for 0 5 Kk S =
k+ea 32~1
(4b) P{X-u 2 kol %
2 T
LF a +ak£a;+1J—2a—k  for ks ;
ak a -1

Bounds (4a) and (4b) are stronger than the basic one-
sided bounds resulting from (1) for the values of k
between 0 and (1+¥1+4a%) /24 (inequality (4a)) or 0 and
k, (ineguality (4b)), where kg > 1 (the value of k, dep-
ends on the value of al. The bounds for the case

X € [-=, utac) are analogical *to the inequalities (4a)
and (4b),



