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1. INTRODUCT ION
1.1 On the concept and use of entropy

The concept of entropy has heen widely used in physies and infor-
mation theory. Over the ygars the idea has been borrowed by
other discipliinegs and has been applied in several problem areas
within the social sciences, especiélly in statistics, economics,
business, geocgraphy and operational research, Entropy has bscome
an impmrtanﬁ tool for planning purposes in the wide and fast de-

valoping area of system modelling.

The concept of entropy originated in physics from the basic prin-
ciple of the second law of thermodynamics. One of the many poss-
ible statements of this law is expressed in entropy form: the
entropy of a physical system alwaye Increases. This statement
simply asserts that the system cannot receive more in energy than
the amount of externzal work supplied, and Ednvarzély; the system
cannat transfer more energy to its envirunment;‘in the form of
work, than 1t has eneregy avallable (for the use of entropy in
physics sse e.g. Van Wylen and Sonntag [81, pp. 193-265, see also
the discussion in Wilson (111, pp. 255-256). '

The form of the concept of entropy that has found the most appli-
cations in various branches of science originafted in information
thenry. Shannon (6] discovered that there was a unique, unambiqu-
ous criterion for the amount of uncertainty represented by a
discrete probability distribution, which agreed with the intuitive
nutions that a broad- distribution represents more uncertainty than
does a sharply peaked one and satisfied all other canditions which
made 1t reasonable. He defined this measures of unceftainty, call-

gd the entrapy of the probability distribution ﬂpﬂ,pz,...,pn], as

n
1.1 S(p1;D2,...,p ] = -k L p.log p



An important application of entropy in informaticn theory is its
Use as a measure of the expected information of a message and as

a tool for metching information streams with channel capacities.

Entropy ‘is also being used with increasing frequency in the analy-
sis of business and eceonomic data. This was initiated by Theil
[7] and followed up by a number of authors. Empirical applica-
tions have been presented in economics, as well as in each of

the major functional areas of business, viz. .accounting, finance,
management, marketing and production. A good survey and critique
of. the early business and sconomic spplications 1s feund e.g. in

Horowitz and Horowitz [1].

The concept of entropy has also been widely used in géography,
especially in building models for urban and rsgicral systems and -
for transportation. As a pioneer in this area may bg namsd

A.G. Wilson (see e.g. [10]1), who has also considered entropy as

a2 peneral tool of system modelling in the context of operasticnal

research (see [11]).

1.2 Entropy in statistics

The use of entropy in statistics has its origin in information
theory. Shannon's measure for uncertainty, for example, has been
introduced as a measure of dispersion for gualitative data. For
the connections between statistics and infarmation theory, see
Kullback [31].

For a gualitative variable X, the values [(symbols of the equival-
ence classes) of the variable may be quite arbitrary. The whole
information of the distribution is in the class freguencies or

probabilities. In order to get, for example, a location or dis-

persion index for the distribution, we have to use these prob-

ahilities. As a measure of the degree of dispersion of a distribu-

tion X: {py,p5,...,p ) the entropy af this distribution is used,

{see e.g. Vasama and Vartis [3] pp. 95-104]

(1.2) H = -
i

n 1

JPitogaP;

When we cumparé H with Shannon's original S given by (1.1), we
sea that the coefficient k in the expression of S has been fixed
by chnosing'the base of the logarithm as 2. It is easy to show
{see subsection 2.2 in this paper), that entraopy H is a well-

defined measure for the dispersion of the distribution: H is non-

negative, H = 0 i¥ and anly if some p, = 1, and H gets its maxi-
mum value for the uniform distribution, i.e. when Py o= Py
=, = 1/n.

It is possible to calculats entropy also for a two-dimensional
distribution of two gualitative variables, i.e. for s bivariate
distributicn given as a frequency table. This two-dimensional
entropy has been shown to reveal both the dispersion of the dis-

tributien and the dependence between the two varisbles (Theil

71, pp. 489-472, Malaska and Reponen [5), pp. 179-185). The

analysis of entropy as a measure of dependence has remained,

however, quite slight.

Dur aim is now.to carry out s detsiled analysis cof the concept

of entropy definred for two-wasy frequency tables. We also give
entropy an intergretation as the mean uncertainty appearing in

the tanle and demonstrate its definitional analogy with the zo-
variance of two guantitative varisbles. Further, we construct

an entropy-based messure for the degree of dependence and anzlyze
and interprete this measure. And finally, we scale this measurs
in order to get a measure of dependence that fulfills the reqguire-

ments set for a correlation coefficient.



2. ENTROPY CORRELATIOM
2.1 Notation

In the present paper we consider data which-are presented as
two-way freguency or contingency taebles. These tables are most
appropriate when the data are gualitative or categorical, but
may alsc be used for discrete but ordered or for continuous but
grouped data. The two varisbles, X and Y, to be considered are
classified into r and c categories, respectively. In the forma-
tion of the Frequeﬁcy tables we use the natatiun‘presented in

Table 2.1. We assume throughout the paper

YR F F L
X J
E,i N,H qu.. ng N1
g NS Nij"' Nic N1
I :'
f _Er Nr1 Nrj' Nrc Nr
z N 4 N.j' . N G [k

Table 2.1. The freqguency table of two

categorized wvariables X and Y.

that the cell freguencies Nij are theorstical or true frequencies,

i.e. that the whole population has been under classification.

From the two-way table we can as marginal fregquencies obtain

the class frequencies for the variables X and Y:

W3l

c
(2.1) N. o= BN, , i=1,2,...,r,
r
(2.2) N R P Jo=1.2,...,0.

The size of the population, N, is then

r 5] i ]
(2.3 N=XN, =I N, =1 £N...
_ I S T DU I P

By dividing the frequencies in Tabls 2.7 by the populatiaon size

N, we get the proporticnal frequencies or probabilities given

in Table 2.2. The cell probabilities
! F, F. F z
X 8 ¢
5y Paqre- B0 Pag Dy
%4 Piqres Pijees Pig Pi.
Er Pri prj‘ Pre Pr.
| p 8 9. D.j' 5o 1

Table 2.7. The joint probability distribution
' and the marginal distributions of

the random variables X and Y.



pij define the joint probability distribution of X and Y which
may now be considered as random variables. The ons-dimensional

distributions df X and Y are obtained as the marginal praobabil-

itiegs Py and p_j. The following relations ars evident
(2.4} Pyy ot Nij/N , i =1,2, T ] = 01,2, =N
{2.5) Py @ Ni./N . i= 1,2, , T,
(2.8) o= N i o= 1

3 _J/N , J $2, 2 Cy

c
(2.7} P = L pys oo i="1,2, . T
i. =1 ij

{2.8) g, o= .. i = iaa;
. p_J. éiqp” , 3 1.2, iC,

r c r b
(2.9} L EIp,:=Lp. =Lp ., =1

i=1 j=1 M q=rtr geq

In what follows, the symbol iog x is used to denote logox, i.e.
the logarithm of x to hase 2. There is no thsoretical or grace
tical reason to use particularly logarithms teo base 2, it is,

however, a tradition in information theory.

2.2 Coentropy of a two-dimensional distribution

As was polnted out in Section 1 zlready, the main roles of entropy
in statistics is its use as a measure of dispersion in connectiaon
with one-dimensional categorical varishles. Qur aim is now to

extend the concept of entropy for two dimensional distributians

in order to get an appropriste guantitative measure for the degres

of dependence (or association) appearing in a two-way freguency
table. The basic quantity in formulating this measure is ths
entropy of the joint distribution which can be shown to reveal
both the dispersion and the dependence existing in the distribu-

tien. We call this two-dimensional snirepy coentropy because

the pair antrépy-coentropy can be shown.to possess in connectian
with gualitative variables analogical relations and interpreta-
tion as the pair variance (or its sguare root standard deviation)
- govariance has in connection with measurable data. The defini-
tion of coentropy in a two-way frequency table is based on the
idsas presented by Theil ([7], pp. 469-472) and Malaska-Rapanen
({51, pp. 173-180). These avthars call, however, their two-di-

mensional entropies simply entropy (Theil also joint entropy).

Definition 2.1. ({Coentropy and marginal emtropies).
Let the hivariate distributieon and the marginal distributions of

X and Y be ‘as pressnted in Table 2.2. The entropies of the mar-

ginal distributions of X and Y are defined as

r
(2.10) Hy = -2 p; log p;,
. i=1
o
Z.11 H, = - ; .
( ) v qup'Jng P j

and the coentropy of the joint distribution of X and Y as

r c

(2.123) H = -I I p..log o,.
xY i=1 -1 ij ij

Mext we shall present some general properties of.entrapy and
coentropy. We begin with the bounds of the ons-dimensional

entropy.

Theorem Z2.1. Let Z be a random variable with the distribution

(BysPoseenspy). Then Hy > 0, with equality if and only if some
p.o= 1.
1

Procof. Theorem 2.1 follows immediately from the properties
of log x and the fact that 0 £ p, £ 1 for i = 1,...,M and

Pj * aee Py = 1.
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Thearem 2.1 thus states that entropy gets its minimum value Sroaf. Suppose first that p, > 0 for i = 1,...,M gy lemma
(= 0) when a1l the individuals in the populatian belong %o 2. )
exactly one class with respect to the variable Z in guestion, " M " ,
1
i.e, when there is no dispersion in the values of Z. O0Or, using (2.17) b pilgg p; - L p;log p; = I pylog ;i
probabilistic interpretstion, the entropy of a distribution i=1 Soit =1 e
equals rzero when there is no uncertainly connected with the M p? M
. i _ P -

distribution, the value (class) of the variable is known with S_Zﬂpi[ﬁf - 1ilog e = log Bizj(pi pi} =0

. i= i =

probébility one a'priori.

s

and the equality holds only if Py = P for all i TreaaaM.

Theorem 2.2 shows the dependance aof the maximum value of the .

) ) Suppose then that p, > 0,...,py > 0 and py,y = o0 = py = O
entropy on the number of classes of the distribution. Entropy . T, , .
] ) o lLet us write p’ = Zi_qp. and pl’= pi/p i=1,...,1.
reaches ifts maximum value, the logarithm of the number of classes, . 1 =171 L t
. . . : Then alsn Z.fqpf’ = 1. By (2.17) we have
vor unifaorm distribution. In the proof of the theorem we uss =i
two lemmas which we, therefore, present first. 1 1 1
(2.18) -z pilog P, < -I p;log pi' = -I p,leg pi + log p’
Lemma Z.1. For 211 x > 0 we have i=1 i=1 i=1
1 M [ : -
: < -k p,lo S+ I 0+1o = - p.log p! ,
(2.13) leg % £ (x-1) log e . . i:1P1 & P4 i=1+1 & Ps i=1 * 1

The squality holds anly £ = 1. .
5 Y y ror x and lemma 2.1 dis sesen to hold alse in this case.

Procf. Congider the funchtion - . . .
- Theorem 2.2. Let Z be & variable with the distribution

{Prsev-sDy). Then Hy £ log M and the eguelity bolds anly if
(2.12) Fix) = (x-1) log & - log x. i i Z .

Py = Py = «-- =Dy = 1/M.
Now {1} = 0 and by inspecting its derivative
v P & Proof. We use lemma Z.2 with pi = 1/M for 1 = 1,....,M, It
implies that
(2.15) (%) = logg & - IDE = p
M M 1
we see that flx} > 0 if x £ 1. {z.19) Hyo = 721pileg p; < 721Dilug 7 - log M
i= i=
Lemms 7.2. Consider two varishles 7 and Z' with distributions and that the esguality holds only if p; = aMod o= 1,0
Epw,...,pM) and {p%,.;.,pﬁ], respectively. Suppose that
p: > 0 for i = 1,...,M. Then . .. . . -
1 Entropy will thus be maximized when the population is uniformly
" digtributed intoc all of the classes of the variable 7, i.e. when
i M . .
(Z2.18) -7 DilOg By < 3 Dilog gi the dispersizn of the distribution is at largest. Using probabil-
i=1 i=1 istic interpretation we may alsa say that the uncertalnty connected
and the equality halds only if p, = no! Feor i = 1, 2 M
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with the distribution is then at its maximum: for a randomly

chosen individusl all the classes are equiprobable &’ prieri.

Fram the fullowihg theorem we can see that the upper bound for
the coentropy of a bivariate distributien is formed as the sum

of the entropiss of the marginal distributions. The theorsm

also shows that both the dispersion of the Jjoint distribution
(which is revealsd as the entropies of the marginal distributions)
and the degree of the independence of the two variables have a

contributian to the value of the cosntropy.

Thearem 2.3. For the coentropy HXY af the bivariate distribution

of X and Y and the entropies HX and HY of its marginal distribu-

tions we have

(z.20) H H, + H

<
XY - X Y

The equality in (2.20) holds only if X and Y are independent.

Proof. By definition 2Z.1

' r T C
(2.21} HX = T§ pi'lng Pi, T§ ‘anijlug B
1=1 i=1 =1
and
c c T
(2.22) H, = -Z g .log o . = -L L p,.log p .
Toger ] IR EA R T T =
Thus
) r C
(2.23) Hy + Hy = :? _§ pij[log py. * log D_j}
1 =1
r c
= -z I op..leglp, p ;]
=1 j= 1] 1 4
On the sother hand
[ r e
2.24) H = -7 L p..log py:
XY i=1 j=1 ij ij

Theorem 2.4. lLet H

i

Suppose first that all PP s > 0. An application of lemma 2.2

o
with PiPLy T pg then gives that
<
(2.25) ) HXY - HX = Hy
and that the equélity holds only if PPy " Pis i =1,
i =%, 0,2, 1,80 only if X and ¥ are independent. Suppose than
that some p, and p 3 sra zera. Since Py, = 0 or p 3 = 0 implies

that the corresponding row or column consists entirely of zeros
thess can he deleted and then lemma 2.2 applied to the reduced

table.

Theorem 2.4, -on the other hand, shows that the gntrapies of the
marginal distributlons can never exceed the coentropy of the joint

distribution.

%y be the coentropy of the distributions of
¥ and Y and H, and H, the entropises of the disktributions of X

and Y respectively. Then

>4 >
(2.28} Hyy 2 Hy and H ZH,

Proof. By symmetry it is enough to show that HXY z Hx.

Mow, far i = 1,...,r
c C
[2.27] jiqpijlmg Pij ~ qupij[log Pig ” log Di.] - Py log Py
5 Pi Pi 1 > 1
= *pi.j§1 Co log I - py log py, T 7Py log By
w——""_ﬂ
z 0



Thus
r C

r
(2.28) -z L opsslog pys 2 -0 opy log py
| i=1 j=1 p-q

as required.
By combining the results of the theorems Z.1 to 2.4 we obtain

the following corollary which gives the absolute numerical bounds

for the two-dimensional coentrepy.

Corollary 2.1. For the coentropy Hy, it holds
(2.29) 0% H £ log(rc).

XY

Next we shall present for the entropy and coentropy an interpre-
tation as the mesan uncertainty appearing in the distribution.
This interprététion clearly shows the analogy of the definitions
of entropy and coentropy with thaose of variance [er its square
root standard deviation) and covariance used in connection with

quantitative and measurable variables.

Let us first consider the entropy H, of an one-dimensiocnal dis-
z

tribution Z:[p1.pz,...,pm). We can write
#M
(2,301 Hy, = -I pylog gy
i=1
M
= I pilogtﬁ/pi]
i=1
Let us now consider a random variable H = H(Z) which has the

value ng ='1Dg[1/pi] when the value of the variahle 7 belongs

to the i’th class, 1 = 1,2,...,M. We can then write

13

(2.31] H, =

= ={H} ,

i.e. the entropy H is expressed as the mean valus of the random
variable H. The guantity n, o= log[i/pi] may be interpreted as
the uncertainty of the i’th class: the uncertainty of the class
equals zero, if Py equals one, the uncerteinty increases mono-
tonically when Py decreases, and asppreaches infinity when =N
approaches zero. Entropy H thus sxpresses the mean uncertainty
appearing in the distribetion. If we compare {2.31) with the
definition of the standard deviation of a guantitative variable

Z, i.8. with

(2.32) 0tz) = VE(z - EL21}°,

the analogy of these twa definitions is evident. The standard
deviation expresses the mean inaccuracy aeppearing in the distribu-
tion, the mean inaccuracy bsing measured as the root mean squars

daviation about the mean.

For the cdentropy (2.12) defined in a two-way Ffreauency table

we get analogously to (2.31)

r c

{2.33) HXY = TZ .E p.
i=1 j=1

i

uoiY

I p..log(i/p; ;)
1 =1 +J

r C

= I L opyinss &
i=1 j=1 Y

whare the quantitiss nij = log{ﬂ/pijl, 1= 1,2, 0,0, §5 = 12,504,

c, are now interpreted as the valuas of & two-dimensional random

variahle H{X,Y¥), as the uncertainty of the csalls in the tabls.



We have again

c

Lp
i=1 j=1

= E{H(X,Y}},

™~

(2.34) HXY =

1573
i.e. caentropy HXY may be interpreted as the mean anertainty
of the cells in the freguency table. The analogy with the covari-

anca of a two-dimensional guantitative variable [X.Y), viz.
(2.35) Cov(X,Y) = E{(X-E{X}I(Y-E{Y}}],

is apain evident.

2.3, Mean dependence Iinformation

As thecrem 2.3 shows, the coentropy measures both the disper-
sion of the joint distribution (which is due to the dispersion

of the marginal distributicons) and the degree of the independence
of the two variables in the marginals. In order to get an appro-
priate measure for the degree of dependence and for it only, we
must eliminate the effects of marginal entropies from the co-
entropy and move over to the opposite quantity. Becsuse we are
working with the logarithms, the natural way to carry out these
modifications is subtraction. We get a measurs of the degrse of
dependence, I, called the mean dependence Lngjoamaticn (Theil

- [71, p. 470, cells I,y the expected mutual information, the term
mean information hes been used e.g. by Kullback [3}, p. 5, in

somewhat more gensral information theoretical circumstancss).

Definition 2.2. {Mean dependence informaticn). The mean depend-

ence information of the bivariate distribution is defined as

(2.36} Tyy

The role of IXY as the mean dependence information can be

justified as follows. We write
(2.37) ' EXY = H>< + HY - ny
c ‘ r T
= ~-L p, logp, -~ Ep ;logp ;& I p,.log p
p=1 1 ST IRE doi-q je1 M 1
r  ©
= I L p,.loglp,: /p. 0 .}
o1 5o B i J
r c
= I I Py ,
i=1 j=1 =4 M
whsre 1, = log[pﬁj/pi ! j] is the dependence information of the
i i i 3 =
cell [Ei’Fj]' If it hoilds for a certain cell [Ei,Fj; Pij = P3P

{which is the rule for all the cells in the case of totally in-
dependent varisbles), the cell gives no information about the
dependence of the variables, otherwise s # 0 and there sxists
same dependsnce information in the cell. From {(2.37) we see that
Txy
Analogously to {2.31) and (2.34) we can write

is formed as the mean or expected value of this informatiaon.

oo
(2.38) Tu, = 5 T op.. t.; = ELICX,Y1),
XY i=1 =1 i 13
whare 7 = T(X,Y) is a two-dimensional random variable describing

the dependence information of the cells.

The following theorem considers the possible values of IXY and
shows that IXY can he used as a2 measure of the degrse aof depend-
ance.

Thegrem 2.5. The following statements hold for the mean depend-

ance information I
ar wy



< 7 < 1 u

(2.39) 0= Iyw = 3 [HX hY}

(2.40} 0 < Iyy < minf{log r,log c}

(2.41} : Iy =0 if and aonly if X and ¥ are independent
- : ! . :

{(2.42) Iyy = ﬁ(HX+HY] if and only if X and Y are completely
dependent, i.e. piijpizj = 0 if iy # is, = T,eevsl
and pijqpijz = B if jy # Jg, i=1,...,0T.

Proof. From (2.28) we find that
i >
.(2.43] HXY i max{HX,HY}

which in turn implies (2.33%). Combining (2.43) and (2.28) in
corollary 2.1 we obtain (2.40). The statement (2.47) follows
immediately fraom theorem 2.3. From thes inequality (2.43] and
the definition of IXY wa see that IXY = %[HX+HY) iF.and only if
HXY = HX = Hy' From (2.27) in the proof of theorem 2.4 we see
that this happens solely in %£he case in which there is at most

one nonzero cell in esach row and column of the freguency table.

From (2.38) we can see that the definition of the mean dependence
information is guite analogous to the definition of the product
moment ceorrelatian cosfficient p(X,¥) defined for guantitative

variables:

(2.44) p(x,¥) = EOVIK T

The quantitiss I, and p(X,Y) are formed with the help of the
two-dimensional coentropy (covariance) and the ons-dimensional

marginal entropies [varianses). In {(2.38) we, howsver, instead

17

of multiplication and division use addition and subtraction.
This is, of course, due to the use af logarithms in tha defini-

tion of the entropy quantities.

2.4, Entropy correlation coefficient

In the préviaua subsection we considered the quanﬁity IXY’ the
mean dependence infarmation, as a measure of the degree of depend-
ence of two fgualitative variables and demonstrated its defini-
tional analeagy with the product moment correlation coefficient

af guantitative variables. As a measure of dependence, }XY has,
however, some disadvantages. I& is not satisfactorily scaled

(we prefer scaling hetween 0 and 1). The maximum value of L.y
depends on the size and type of the frequency tabls (we require
independence on the formation of the tablie). And at last, reach-
ing of the maximum value of IXY determined by tﬁe table depends
on the marginal distributions (we reguirs reaching of the maximum
value independently of the marginal distributiﬁﬁs in the case of

complete dependencel}. We define, therefore, a new derived measure

for dependence that fulfills all the reqguirements presented above.

We .call this measurs of the degree of dependence entropy co&&afa-
tion coefficient. The definition of the zntropy correlation co-
afficient is based on the idea presented by Malaska and Reponen
(51, p. 182). They have introduced a guantity called the index
of infarmation which turns ocut to he one half of our entropy cor-
relation cﬁe?{icient. Malaska and Repon=n have not, however,
much analyzed their index, e.g. they da not know i1ts maximum

value.

ODefinition 2.3. (Entropy correlation coefficient]. The entropy

correlation coefficient between two varishles X and Y, the joint

distribution of which is given by Table 2.2, is definesd as
I H
(2.45) by = T = 201 - R
§[ﬁX+HY] XY
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theorem 2.6 preésents the properties of the entropy corralation
coefficient as a well-behaving measure of the degree of depend-
ence. The thearem is a direct consequence from the properties

of the mean dependence information IXY (Theorem 2.5 J.

Thzorem 2.6. For the sntropy correlsation coefficient Oy it hnolds:

(1) Q< oy, <4
(2.48) < [ii) op = o 1iff Pig = By Py v i = 1,2, .,
J o= 1.2, .G
P, p, . =0, v i,1 £ 15,
. B i3 Tiad 2
\‘(111] PH 1 iff 1 2 5= 1,2, ...,
. N
pij Dij P NERENE
1 2 R
i=1,2, , T

Theorem 2.8 -thus shows that Py has been scaled between 0 and 1
{property (1)), 0 indicating full independencé {property (1i))
andg 1 complete depandsnce [property (iii)). By complets depend-
ence we here mean the highest degree of dependence: if we for an
individual know the class of X we also know the class of Y it
belongs to, and vice versa (thers exists at most one positive
pij in each row and in each column). This degree of dependence
is sometimes calied absolute dependence (see e.g. Kendall and
Stuart [2], p. 5703. From the properties (i1} and [1ii) we can
also see that the values of p, are independent of the size and

type of the table: can reach all the valuss between 0 and 1

8]
both in sguare and r:ctangular tables. Further, the values of

oy are independent of the forms of marginal distributions {of

the number classes in thess, of the shape, e.g. location and
dispersion iﬁdices of these etc.): there are no special require-
ments for the marginal probabilities Py, and P to reach the end
values O and 1, for instance. And at last, the population size

M has no effect on the values of Py From the paint of view af

mathematics, it is interesting ta note that Oy does not depend

on the base of the logarithm to be ussd. For, from the latter
farm of squation (2.45) we see that the module of the base of

the logarithm appearing in the entropy gquantities is cancelled
out in the division. As a summary of the propertises of Py we

can state that for gualitative catesgorical variables it is diffi-
cult to find another measure of the degree of dependence that
fulfills all the properties verified for oy, above [cf. for ex-

ample the discussien in Kendasll and Stuart [2]1, pp. 5B6-590).

2.5 An example

The following table (From Luoma and Taanonen [£], p. 9) shows the
distribution of 87 students of Vaasa School eof Economics who were

classified [X) according to their drinking habits and (Y) accords

ing to their smoking habits. The standards in the first ars
51 = drinks never or seldom, E2 = drinks sometimes, E3 = drinks
often and the standards in the latter are F,1 = does not smcke,
F2 = smokes someLtimas, F3 = gmokes heavily.
\ -
\ T o Fa L

E1 34 9 4 47

E2 7 5 5] 16

E3 g 3 10 22

) 50 17 20 a7z

Table 2.3. The population of 87 students of
Yaasa Scheol of Economics cross-tabulated
according %o their drinking and smoking habits.
From a frequency ftable the sntropies are most easily calculated

by the ?ollowing formulae

=| =

LN, log Ny
1
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(2.48) H, = log N -

{2.49) H

From Table 2.3 we have

{2.50) Hy = 1.452
{(2.513 HY = 1.407
(2.52) Hyy = 2.732

From these the mean dependence infeormation is obtalned
(2,53} I = H, + H, - H = 0.126

We have seen above that the mean dependence information variss
between 9 and % [HX * HY], the first being attained when X and

Y are independent and the sscond bsing attained when X and Y

are completely dependent, i.e. when the class of X campletely
determines the class of Y and vice versa. Entropy correlation
coefficient Py was defined as the ratioc of me=an dependence infor-

mation and its maximal value. From Table 2.3 we have

{2.54) = = 0.088

The value of entropy correlation cosfficient appears to be small
compared for instance to Pearsons coefficient of contingency
which for these data is approximately 0.38. 0On the other hand,
it is difficult to say which numerical value of & measure of
dependence best corresponds tc cur intuitive idea of the degree

of dependence. The consistent behaviocur of the measure 1s more
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important. Alsc, if there is a generally accepted standard, it
is easy to modify the measure to meet the standard by a suitable
algebraic operation. In coanectiaon with the measurss of depend-
ence it. has been customary tao take a sguare root, an operation

which tremendously magnifies variations near zero.
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