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Abstract

The paper deals with the concepts and characteristics of system reliability, es-
pecially in such a case when the system has several different levels of perform-.
ance. This kind of-a situation for example arises when the failure of a component

or subsystem only reduces the efficiency of the system instead of making the sys- ;‘

Tem completely inoperable. The fraditional concepts of reliabitity are shown to
be too narrow in extent in order 1o cover these systems with many possible levels
of performance. In order Yo remove-this deficiency, a new definition with an ex--
tension:in content is given for the concepts of reliability. The conceptual ex-
Tension is carried out in detail for the characteristic 'avaitability'. As a re-
sult of this analysis two generalized availability characteristics are obtained.

Also properties and empirical
cussed.

. INTRODUCTION

Numerous problems concerning the improvement of the

efficiency of a production system have acquired
special ‘importance in the last few decades. Central
‘among these efficiency problems is that of the abil-
ity of the system to function in the way intended
kby the user in advance. This general property of
the system is commonly calied the 'reliability of

the system'.

This paper deals with some problems of definition

and interpretation that appear in connection with

the content of the concept ‘reliability', especial-
ly with the quantitative characteristics of the re-
[iability of certain kinds of systems. New definit-
ions for the concepts of reliability, o extend

their intension and extension, turn out to be es-
sential in order to be able to make é valid relia-
bility analysis for systems with states of reduced
efficiency, i.e. for systems which after a failure,

_ instead of becoming totally inoperable, may be able

interpretations of these characteristics arc dis="

to operate, at a level of decreased performance how~

‘ever.

In-section 2 we consider the definition and charac-

teristics of fraditional réliébilify, i.e. reliabil=

' ity that has been defined for two-stage operable or

inopéréble sysTemS (the components of the system
and the whole system are assumed to be either fail{
ure-free and thus capable of full performahce or
failed and thus totally inoperable). The section
also contains a geheral mathematical definition of
reliability which covers all the quanfiTafive char-~
acteristics of reliability: the characteristics can
be obtained as particular cases of this mathematical.

definition.

In section 3 the traditional concepts of reliability
are shown to be too narrow in both intension and ex-
tension:-the reliability of those systems, which as
a consequence of failures have several possible le=

vels of performance, remains on the basis of these
definitions unresolved or gets a.value that contra-
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dicts empirical observafibn;'ThéMéoHCepTé’offreli—
ability are now extended so that these deficiencies
are removed. Explicitly the extension is carried

out for the characteristic 'availability'.
tension is supported on the empirical interpretat-
‘ion of ‘availability and so +ha+ the new character-
‘Istics preserve in ordinary operable or inoperable
systems their previous content and meaning. Furthe,
‘all the time within the framework of the general

mathematical definion of reliability will be stayed
. 2. ON THE TRADITIONAL CONCEPTS OF RELIABILITY
32.! THE QUALITATIVE DEFINITION OF RELIABILITY

:Definifions of reliability are in general based on
the occurrence or non-occurrence of a failure at a
Zgiven Time or during a given time infervél. Accord-
‘ing to their main features the definitions are di-
vided into two groups, qualitative and quantitative
definitions. The following is a typical-represent-
:afivé of the group of -qualitative definitions of
;reliabilify: "Reliability is the ability of the
‘equipment to preserve its output characteristics
(parameters) within established {imits in gfven
conditions of operation" ([5], p. I). Similar de-
finitions, only slightly differently worded, are
given e.g. in [11, p. 6, [2], p. 6, [3], p. 70, and
141, p. 20.

In the qualitative definition the measurement and
‘rendering of refiability stiil remain fo éome ex—
tent unresolved. The final specification of relia-:
“bility is made in the form of quantitative definit-

fons or quantitative characteristics.
2.2 QUANTITATIVE CHARACTERISTICS OF RELIABILITY

The number of quantitative characteristics of reli-
‘ability is quite large, different indices playing
the determining role when different systems or their
different uses are considered. In the following,
the three most general and important quantitative

characteristics of reliability are presented.

The (pointwise) availability of the system at time
<, A(t), is the probability (see e.g. [2], p. 7 and
{61, p. 239):

Alt) = Pr{*he system is operable at time f}. )

The availability of a system thus depends, not only

The ex=

on Thé'ébilify'of Théﬂéyéfém”TbAopeféTe without

failures, but also on the efficiency with which the
repair of the system has been arranged. Availability
Att) is thus typically a characteristic of repair-

able systems.

The reliability function or in shdrT the reliability
of a system at time t, R(+), is the probability (see
e.g. [2]1, p. 7 and [3], p. 79):

R(t) = Pr{fhe system does not fail .in [O,T]}. (2)

Reliability R(+) is typically a characteristic of
systems that are non-repairable or are considered
as non-repairable. We are only interested in the
first failure of the system ;nd the time of its oc-

currence.

Mean time to system failure, T, is, as its name

shows, the expected value of the time that the sys-
tem operates uninterruptedly without failing (see
e.g. [3]1, p. 77 and [6], p. 240). As far as the
characteristic T is concerned, we can consider the
tTime before the first system failure as well as the
time from the completion of the repair of a failure
to the occurrence of the next failure. Thus T is a
characteristic of reliability both for a repairable

and for a non-repairable system.

2.3 THE GENERAL MATHEMATICAL DEF INITION OF RELIA=
BILITY ‘

dn this section we present the generaf mathematical
definition of reliability. The presentation follows

the formulation  of GNEDENKO (see [3], pp. .74 -78).

Generally, let S = {s} be tThe set of all the differ-
ent possible states of the system, called the phase
space of the system. With the passage of time, vari-
ous changes may take place in the consTITuehT parts
of the system; the state of the system changes. Let
x{1) denote the state of the system at the instant
t. Then x(+) € S for all values of t (+ > 0). The
stochastic state at time t or the state distribut-
ion at time T is described by the random variablie
X(+). Then each x(t) observed or possible at time +
is a single (sample) value of X(1). The ordered set
X = (X{(+)|+>0), indexed to the time variable t, is
then a stochastic process. describing the course of

the states in time. A time series X = (x () 11>0) is
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a realization or trajectory of this stochastic pro-

cess. The set of these trajectories we denote by 2.

After definition of the phase space S and the sto-
chastic process X we can formulate the general math-
ematical definition of reliability. Let ¢ be.a func-
tional defined on the trajectories of the process
X (on the seft ?), whereupon fo every trajectory &
there corresponds a unique reai number @(Q}.kThe
feliabilify @ is now defined as the expected value
of that functional : : k

© = E{@(Q)}. 3
The final specification of reliability, i.e. the
.choice of the quantitative characteristic to be

used, thus remains dependent on the definition of
the functional &.

Let S° be a subset of the phase spacé S such that
the system is inoperable, when its state x(1) be-
1longs to $° and operable otherwise. Let the func-

11iona| ® be defined as follows

0, if &) es®

: R I's . B B !
o(R) = Jt (4

i, if &+t)res - s°.
jThen we have

E{@(fb} = Pr{@(f&)=|} = Pr{X(T)ES—SO} (5)
Pr{The system is operable at time T} = ACH),

0

]

‘and we have achieved the characteristic availabil-
ity as a special case of the definition (3). Ifcan
be shown (see [7], pp. 28-30) that also the other

" characteristics can be obtained using the definit-
jon (3). '

3. THE EXTENDED CONCEPTS OF RELIABILITY

3.1 PROBLEMS. CONCERNING THE CONCEPT OF SYSTEM REL-

ABILITY WHEN THE SYSTEM HAS LEVELS OF REDUCED
PERFORMANCE

In section 2 we considered reliability from the
point of view of the traditional approach: the sys-
tem is at every moment regarded either as operable
or inoperable. At the occurrence of any phenomenon
differing from the system”s normal operation, for
example, this means, that the phenomenon must be
classified either as a failure or a factor having
no infiuence on the operability of the system.

Among production systems there exists, however, se-

veral examples which show that the ordinary concepts
of reliability are too narrow to cover all kinds of
systems. The problematic situation comes from the
fact that the system is able after failure fto oper-
ate with reduced efficiency or at a level of reduc-
ed performance, instead of becoming wholly inoper-
able due that failure: An example is given by an
electric power system, where a power block can be
in operation at a lower level of performance than
the maximum: a failure of a smoke ventilator leads

to @ reduction in available power, but the block is

still operating. Generally, the reduction in the

fevel of performance may be a consequence of the
property of an individual component (the component

operates, but is e.g. retarded) or of the type of

. the composition of the components (there are par-

allel branches in the system, some of the -branches

having failed).

I+ is evident that the efficiency of a system which,

i“as a consequence of failure, has operated at a level

of reduced performance cannot be -as high as the ef-
ficiency of a similar system which has all the time
operated normally. On the other hand, its efficiency
is higher than that of a similar system which, dur-
ing The time in question, has been totally inoper-
able. Circumstances l|ike this.ought also to be in-
cluded In the reliability of the system: the relia-
bility of the system should decrease due to the
faiture, but not, however, as much as in the case
of total system failure. But when the traditional
Concepfs of reliability are used, the situation eit-
her remains unresolved (there exist situations when
the system is neither fully operable nor fully in-
operable, so that reliability cannot be determined
at all), or it is incorrectly treated (if operation
with reduced efficiency is regarded as normal ope-
ration, too high reliability is obtained; if @ re-
duction in efficiency is regarded as total inoper-

ability, too low reliability is obtained).

In this paper we extend the concepts of reiiability
in order to make it possible to determine also the

reliability of systems with states of reduced effic-
iency. In making the extension we take care that it
is done in a theoretically wellfounded and empiric-

ally adequate way. Furthermore it is not done any
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Eviolafioh“of‘fhe traditional concepts. THesecondit- =

jons will be fulfilled by setting for.the new con-
reepfs the following requirements: f
1) Failures having a limiting effect on the. effic-
fency of the system are referred to facfors,;'
which decrease the reliabilify of the system, -
and do this to.an extent that .is dependent on
seriousness of the consequences of the failure.
}(2) When the new extended concepts are applied to
general systems with many levels of performance

we-get empirical interpretations analogical to

those which result when the Tradifionaiconcest :

of reliabitity are applied To‘ordihary operable’

or inoperable systems.

7(3) When a two-stage operable or indperable system

is under consideration the new-concepts result: -

in the same characteristics as the traditional
ones. SN

i(4) The definition of the new concepts can be given

‘in the form of the general mathematical defin-

ition of reliability, i.e. using (3).

(5) The numerical value of reliability can be de- .

termined directly from the behaviour of the

system, e.g. from the state probabilities.

73.2 THE GENERALIZED-AVAILABILITY CHARACTERISTICS

Zéxplicifly we carry out the extension of:the:relia=-
fbilify cencep+s for the characTerisTic'avaiIabifify
only. In the course of the derivation of the geneﬁ?
Lalized "availabilities" the main principles of. the
\:exTension procedure will be given, however. Follow—
iing these principles analogical extensions for the
:ofher characteristics of traditional reliability
;can be accomplished (see [7], pp. 44 — 48, where
analogical generalized concepts for the tradition-
-al-reliability and mean time to system failure are

presented).

3.2.1 “Notation

Let us assume, that the possible levels of perform-
ance of the system are CprCpaer+sCys where c0=0

stands for total inoperability, cK=C indicates full
operability (C is the capacity of the system), and
<, to Ck-y are levels of reduced performance caused
by one or more simultaneous failures. The respect-
ive proportional levels of performance are denoted

by wo,w',...,wK. Then we have w.=0, w_ =1, and

0 K

10w, <1, when k=1,2, .0 KeTL

‘revealed. Further,

Between the performance levels and the states of

the system there is an obvious relation. For each

state there is a uniquely determined level of per-
formance; several states, on the other hand may
lead fo one and the same performance level. Let the
possible states of the system be numbered as folows
the states corresponding to the performance level
c. are sil,s.z,...,sini. Let the seT ofthesesifkﬁ

i i
be denoted by Si' So we have Si={5' 1S sy [

i i

- The state probabilities of the system we denote by

the symbol PiJ(T), where

,PiJ(T) = Pr{fhe state of the system at time +

is siJ » 120, 1,0, Kyg= 1,2, 0 ,n (6)

By means of this notation not only the current stafte

of the system but also its level of performance:is

let the proportional level of
performance of the system at time 1 be denoted by

the random variable W(+). The probability distribut-

: fion of the random variable W(t+) we denote by Pi(f):

P (F) = Pr{W(T)=wi}, 1=0,1,...,K. (7)

Then we have |

: nj

P (1) = £ P (1), 1=0,1,...,K. (8)
i J=l [N} .

3.2.2 Mean availability of the capacity

The first generalized availability characteristic
to be preéenTed is defined as the expected value
of the proportional level of performance of the sys-

Yem at time +t. This new characteristic, denoted by

AC(f), is Thus
K K
A (t) = E{W(f)} = I w.Pr{W(+)=w.} = T-w,P.MH. (9)
C 120 i i i=0 i

I+ is easy to see that the characteristic mean a-

vailability of the capacity is such a generalizat-
fon of the traditional availability that takes all
the five requirements set in section 3.1 fully into

account.

First, all kinds of failures have a decreasing ef-

th he system, but the de-

)

the
crease is dependent on the "degree" of the failure:
the more serious the consequences of the failure,

the more will the reliability decrease.

Secondly, the definition of the characteristic mean

availability of the capacity is fully analogical to
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.the definition of the traditional availability. For,

-when the availability of an ordinary operable or
-inoperable system is considered, we have only two:
‘possible values for the proportional level of per-
}formance of the system: W(t) = Wy = 0 whon the sys=
‘tem is inoperable and W(+) = w, = | when the sys-

|

tem is operable (and we have K=1 in the notation

;of section 3.2.1). Now we can write

P}{W(+)=I x|+ Pr{W(+)=o}x 0
E w<+>},
1

AH)

1

'so that we have expressed A(t) ‘as the expected va-
:lue of the proportional -level of performance offhe
‘system. I+ can further be shown (see [71, pp 40~
;43) that the generalized characteristic AC(f) has

‘under*the steady state a ot of interpretations and
:properfies which are in direct anatogy to the cor-
‘responding properties of the traditional A(f): AC -
‘gives (1) the mean proportional level of perform-

gance‘of the system during some interval, (2) the

‘ratio of true and potential outputs of the system .

:during that interval, and (3) the portion of the

finferva! during which the full capacity should be

aval lable in order that an equivalent sysfeh output
would be achieved.

Eln the third place, for a two-stage operable‘or in-

‘operable system the generalized characteristic A
yields the same result as. the traditional /A [see

definition (9) and equation (10)].

'fFourTh, by defining the functional ® as follows

o) = w, TFRES,, i=0,1,...,K, an.
‘we have b
: K K
‘E{o(ﬁ?)} > w.Pr{@(?)wi} =5 w.Pr{X(T)ES.} :
‘ i=0 : i=0 ! Y a2y
= T w,P.(f) = A (),
. [ C
i=0

so that we can obtain AC as a particular case of
definition (3).

Fifth and last, we can calculate the characteristic
AC from the state probabilities of the system
K K n;
i
Aty = X W, P.(t) = ¥ w, T P,..(1), (13
c i P ij
i=0 i=0 " j=

as was presumed in requirement (5) in section 3.1.

i 4Ao(c,T) = Pr{fhe level of performance of the
(10)

’-‘E{o(ﬁ)}

.Y
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3.2.3 Availability of levels of performance

LThe second way to take the many IeVeIs of perform-.

ance into account is to define the "availability"

as a function of the level of performance (when the
traditional availability at a fixed time is simply
a number). We define ancther generalized availabil-
ity characteristic, availability of levels of per-

formance, as the probability

system at time t is at least c}. (14)

© We can immediately see that AO comes within the fra-

‘mework of the general definition (3). Defining the
functional @ as follows ; k ‘

0, if &tr e u__ s, ,
o) = { cj<e ! (15)

Y
I, if x(T) € c?zc Si’
we get AO(C,T) as the expected value of this funct=

ional

Pr{X(f) Ecli)zc Si}

Pr sthe level of performance of the

system at time t is at least c} t16)

Ao(c,f).

Also the other requirements (1) to (5) in section

3.1 can be shown to be fulfilled (fore more deTailf

ed description and analysis of the characteristic
A, see [71, pp. 34 = 37).
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