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Abstract

The paper deals with the concepts and characteristics of system reli-
ability, especially in such a case when the system has several possible
different levels of perfommance. This kind of a situation e.g. arises
when the failure &f a ccmponent or subsystem only reduces the efficiency
of the system instead of making the system completely incperable. The
traditicnal concepts of reliability are shown to be too narrow in extent
in order to cover the systems with many different levels of performance.

In coder to remcve this deficiency, a new definition with an extension
in content is given for the concepts of reliability. This conceptual
extension is done in such a way that

- the failures having a partly reducing effect on the efficiency
of the system are referred to factors which decrease. the reli-
ability of the system, but do that by an amount that is less
than the decrease in relisbility caused by a failure with
total system incperability

- the new more comprehensive concepts of reliability get among
the general systems with many levels of performance analogical
empirical interpretations as the conventional concepts of reli
ability have ameng the two-state operable-inoperable systems

- when a two-state operable~inoperable system is under considesr-
ation the new concepts become consistent with the traditional
concepts of reliability

- the mathematical definition of the new concepts stavs within
the limits of the general mathematical definition-of reliabili

The extension of the concepts of reliability is in detail carried out
for the traditicnal characteristic 'availability'. Two new avallability
characteristics are presented:

Availability of the levels of perfomance A,(&,t) is the probability
Ao(c,t} = Pl{the level of performance of the system at time t isrz cl.
Mean availability of the capacity A.(t) is

Ac(t) = the mean value for the relative level of system performance at
time t.

Further, expressions for caloulating the new characteristics of reli-
ability straight on the basis of the state probabilities of the system
are derived in the paper. Alsc several remarks on empirical interpret-
ation and statistical estimation of these characterisiics are given.

+ Paper to be presented at The Sixth Nordic Congress on Operations
Research NOAK 77 in Turku, Finlend 24th - 25th October 1977
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1 Introduction

Numercus problems concerning the improvement of the efficiency
of a production system have acguired special importance in the
last few decades. In a central place in these efficiency
problems there is the ability of the system to function in the
way intended by the user in advancs. This general property of
the system is commonly used as a characterization for the

concept "reliability of the system'.

The imporiance of reliability has grown in proportion as the
equipments have automatized, become more complex in construct-
ion and begun to take the respensibility for ever larger entire
ties of tasks without continucus and direct control of man.

The failures meaning the breakdown of a system or any other
inconvenisnce in its ovperation, i.e. the unreliability of the
system, have now several injurious consequences for the system
itself, for the user, and for the environment of the system.
Most clearly these consequences are vevealt in cost inecreased,
time wasted, the psychological effect of inconvenience, and in
certain instances personal and naticnal 5ecurity.1 Preventatior
of system failures as well as control of the failures arising
in spite of everything and reduction of their incenveniences
have thus become an important problem when towards an efficien:

management of the system is tended.

This paper deals with some definition and interpretation prob-
lems appearing in the connecticon with the content of the
concept 'reliability', especially with the quantitative char-

acteristics of veliabllity of certain kind of systems. New

1 Lloyd and Lipow {1362), p. 1

definitions for extending the intension and extension of the
concepts of vreliability turn out to be essential in order to
carry cut a valid reliability analysis for systems with states
of reduced efficiency, i.e. for systems which after failure
may be able to operate in a decreased level of performance

instead of being totally inoperable.

In section ? we consider the definitions and characteristics
of the traditional reliability, i.e. reliability that has

been defined for two-state operable-inoperable systems (the
compenents of the system and so the whole system are assumed
to be either failure-fres and thus capable of full performance
or failed and thus totally incperable and under repair). The
section also containg the general mathematical definiticn of
reliability, which is shown to cover all the quantitative
characteristics of reliability and as particular cases of whic

these characteristics may be obtained.

In section 3 the traditional concepts of preliability are shown
to be for general purposes too narrcw both in intensien and in
extension: the peliability of those systems which as a con-

sequence of failures have several possible lewvels of perform-

‘ance remains open or gets a value in coentradiction to empirica

observation. The concepts of reliability are now extended so
that these deficiencies become removed. The extensions are
carried out supporting them on the empirical interpretation

of reliability and so that the new concepts preserve in ordina
operable-incperable systems their previous content and meaning
It will further be shown that the new more comprehensive con-
cepts of reliability agree with the general mathematical defin

ition of reliability.

2 The traditional concepts of reliability

21 Qualitative definitions for reliability

The definitions of reliability are in general based on the
occurence or non-cccurence of a failure at a given time or
during a given time interval. By their main features the defin

itions are divided into two groups, into qualitative and quant
ot



ative definitions. In the following we list a few typical
representatives for the group of gqualitative definiticns of

reliability:

1 Reliability is the ability of the equipment to pre-
serve its output chavacteristics (parameters) within

established limits in given conditions of operation1

2 By unit reliability we mean the ability of the unit
to maintain its guality under speecified conditions of
usa’

3 Reliability is defined as '"the probability of a succes

ful operation of the deviece in the manner and under

cs . 3
the conditions of intended customer use'

b Reliability is the probability cof a device performing
its purpose adequately for the period of time intende«

under the operating conditions encountered’

5 Reliability is the probability that a system will per-
form satisfactorily for at least a given period of

time when used under stated conaitions5

Although the qualitative definitions of reliability form a grou
that can be regarded quite homogencus, the measurement and
rendering of reliability still remain open to scme extent. The
final specification of the concepts of reliability is made in

the form of guantitative definitions.

22 Quantitative characteristics for reliability

The number of gquantitative characteristics of reliability is
quite large, different indices play the determining role when
different systems or different use of a given system are con-
sidered. In the following we present the three most general
and important quantitative characteristics of reliability, viz
reliability (function), {pointwise) availability and meen time

to system fallure.

Polovko (1968}, p. 1

Gnedenko et al. (1869), p. 70
Lloyd and Lipew (1382), p. 20
Barlow and Proschan (1965), p. 6
von Alven. (1954}, p. &

[Fa =g VI & IR

The reliability of a system at time t, R{t), is defined as
the probability of failure-free operation of the system during

the time tq, i.e.
1) R(t) = P{the system operates without failure from 0 to t

Reliability R is typically a characteristic for systems that
are non-repairable or are considered as non-repairable. The
okject of interest in the behaviour of the system there is onl
the first failure of the system and the time of its occurence.
The existence of a repalr facility, the duration time of repal

ete. do not have any influence on the reliability achieved.

The (pointwise) availability of the system at time t, A{t), is

the probability2
(2) A(t) = P{the system is operable at time t}.

The availability of the system depends, besides on the ability
of the system to coperate without failures, also on the effic~
iency with which the repair of the system has been arranged.
The availability of an easily failing system may still be high
if the repair times of the system are very short. As a charact
eristic for reliability, A{t) so is reasonable only in the cas

of repairable systems.

Mean time to system failure, T, is, according to its name, the
mean or expected value of the time that the system uninterrupt
adly operates without failures.3 Wnen the characteristic T is
concerned, we can consider the time before the first system
failure as well as the time from the completion of the repair
of a former failure to the occurence of the next failure. Thus
T 15 a characteristic of relisbility both for a repairable and

for a non-repairable system.

3

1 The term 'reliability' is in reliability literature in comm
use in two different sense. The one meaning is the system’'s
general abllity te¢ functien in the way intended by the user
{section 21). The other meaning is one particular character
istic of the general concept, also known as reliability fun
tion', see Cnedenko =t al.(1989), p.79, Barlow and Proschan
(1965), p.7, and Jorgenson et al.(1967), p.1t

2 £f. Barlow and Proschan (1965), p.7, Rau (1%870), p.239

3 Alsc known as 'mean time of failure-free operation gf the
system' ; Cnedenko et al.{1969), p.77, 'system mean time
before failure', Rau (1970}, etec.



23 The general mathematical definition of reliability

In section 2?2 we defined the three quantitative characteristict
of reliability as certain probabilities or expected values.

In spite of definitional dissimilarities between the different
characteristics and the fact that each one of the character-
istics gives weight to in some degree different points in the
operaticen of the system, they all measure and reveal, however,
the capability of the system to manage the tasks and require-
ments given to it, i.e. just the reliability that has been set
as the object of the measurement. The compatibility of these
charactepristics is formally revealt so that it turns out to be
possible to construct an abstract mathematical concept of relil:
ability, which as particular cases contains all the most
important and usual characteristics of preliability, especially

those thres considered in the foregoing section.

Generally, let s dencte a state, in which 2 system at a given
time can exist. Then § = {s} is the set of all the pessible
different states of the system, called the phase space of the
system. The state of the system may be gither a scalar or a
vector quantity. With the passage of time, various changes may
take place in the constituent parts of the system, the state o
the system'changes. Let x(%) dencte the state of the system at
the instant t. Then x(t) € § for all values of t (t > 0). When
the stochastic natupre of the state transitions is taken into
account, the stochastic state {the set of the states) at time !
or the time distribution at time t can be described by a rando
variable ¥{t), a single {(sample) value of which each observed
or in gsneral each at time t possible x{t) is. The ordered set
X = (X(£)1t20) of the random variable X{t), indexed on the tim
variable t, is then a stochastic process describing the ccurse
of the states in time. Any time serie (x(t)itz0) iz a realizat
ion or trajectory of this stochastic process. It is evident
that the value of evepry single trajectory % at any instant t*z

is one of the elements of the phase space S, i.e. X{t*) € 3 fo

1 The definition of reliability in this kind of a general
form- is presented by Barlow and Proschan {1965), pp. B-7,
and by Bnedenkg =t al. (1958%),-.pp. TW-78;3 in. this study we
follow the latter presentation

A

all % and for all t*>0. The set of these trajectories we
denote by X,

After definition of the phase space 3 and the stochastic

process X we can formulate the general definition of reliabil-
ity. Let ® be a functional defined on the trajectories of the
process X (on the set i), whereupon to every trajectory % € i
there corresponds a unique real number 2{R). The reliability «

iz now defined as the expeéted value of that functional:
(3} @ = D{O(X)].

The final specification of the concept of reliability, i.e.
the choice of the quantitative characteristic to be used, so
remains tc depend on the definition of the functional @. In
the following we will shew, that e.g. the characteristics
considered in section 22 are obtained as particular cases of

this general definition of reliability.

Reliability R{t). Let 5° he a subset of the phase space 3

such that the system is inopérable, when its state x(t) belong
to §°. Let the functional @y be defined as follows:

0,if for at least one value Dgugt, #{u) ¢S
() 2, (%) = _
1, otherwise.

Then we have

H|

(i

1 E{‘JD,I(X)} = P{é,i(){) = 1}

P{the system dces not visit s before time t}

(5)

P{the system operates without failure from 0 to
R{t).

By defining the functional € according to equation (4) we thu:

obtain from equation {2} the characteristic 'reliability'.

Availability A(L). Let s° pe the same subset of S as above,

and dafine the functional o, as follows:

0, if 2(t) ¢ s°
(6) & (&) = o
1, if #(€) ¢ s°.



Now we have

9, = E{e, 00} = ple, () = 1} = P(X(t) € %)
= P{the state of the system at time t is non of the
(7 inoperable states!

[H]

P{the system is operable at time t}
A(T),

sc that we have ccme to the characteristic 'availability'.

Mean time to system failure T. Let the functicnal @3 be
defined by the equation

(8) o, (%) = Uf Ig_golt) at

3
where

1, if 2(uw) € 8-5° for all O<u<t
(9). Io_golt) =
3=3 .
0, if there exists at least one 0<t<t

such that x{t) € So,

i.e. ¢3(2) gives the first time point (denocted by t}, at which
the trajectory % falls into the subset s®. or in other words ,
the value of the functional @a ig the lenght of the failure-
free operation time of the system. As the expected value for
the lenght of this failure-free operation time we obtain the
third characteristic of reliability, mean time to system

failure T:

{10} @, = E{QSCX)} = T. .

The extended concepts of rellability

31 Problems concerning the concepts of reliability in the case of

partial reduction in the level of performance of a system

In section 2 we considered reliability from the point of view
of the traditicnal approach established in literature. The
characteristic feature of the traditional reliability consider

ation is the property of the system that it at every moment

v

is regarded either as operable or as inoperable. At the occcur
ence of any phenocmenon differing from the system's normal
operation, for instance, this means, that the phenomenon must
be classified either as a failure or as a factor having no

influence on the operability of the system.

Among production systems there exist, however, several example
which show that the usual concepts of reliability are too
narrow in extent to cover all kinds of systems. This is part=-
icular clearly revealt when a production system of the type o
a processing plant will be considered. The problematie situat
ion comes from the property of the system that it on some
cocasions may be able after failure to operate with reduced
efficiency (in a reduced level of performance), instead of
becoming totally inoperable due that failure. The reduction i:
the level of performance may be a consequence from the respec
ive property of an individual compeonent (the component i1s able
to operate also after failure, but only retarded or otherwise
partly) or from the type of the composition of the system's
components (there are parallel branches in the system, some

of the branches having failed).

It is evident that the production power of a system which as
a consequence of a failure has operated in a reduced lavel of
performance can not be as high as the production power of sucl
a system which all the time has operated normally. On the othe
hand, its production power is higher than that of such a syste
which for the time in gquestion has been totally inoperable.
This kind of circumstances should also ke revealed in the rel:
ability of the system: the reliability of the syétem should
decrease due to the failure, not as much, however, as due to
a total system failure. But if the traditicnal concepts of
reliability are used, the situaticn either remains open (the
reliability of the system can not be determined at all}, or i-
becomes uncorrectly treated (the peduction in the level of
performance is left without any attention or the system is

regarded totally inoperable).

The cbiective of the paper is tc extend the concepts of reli-

ability in order to make it possible to-determine also the



reliability of systems with states of reduced efficiency. In
the extension care must be taken that it will be done in a
theoretically wellfounded and empirically adegquate way. Any
violation against the traditional concepts must not be made,
either. These conditions will be fullfilled, when we set the
following requirements for the new conceptsf

1. The failures having a partly reducing effect on the
efficiency of the system are referred to factors
which decrease the reliability of the system, but do
that by an amount that is less than the decrease in
reliability caused by a failure with total system in-
operability.

2 The new, more comprehensive concepts of reliability
get among the general systems with many levels of
performance analogical empirical interpretations as
the conventicnal concepts of reliability have among

the usual two=-state operable-inoperable zystems.

3 When a two-state operable-inoperable system is under
consideration the new concepts become consistent with

the traditional concepts of reliability.

4 The mathematical definiticn of the new concepts stays
within the limits of the general mathematical defin-
ition of reliability (by Gnedenko, squation (3) in
this paper).

) The numerical value of reliability can be determined
straight on the basis of the behavicur of the system,
i.e, from-the state probabilities.

Explicitely we carry out the extensicn of the concepts of reli
ability for the characteristic ‘availability’ eonly. In connect
ion with the derivation of two new, extended "availabilities",
Lvailability of the levels of performance' and 'mean avail-

ability of the capacity', the general principles of the extens
ion procedure will be given, however. Following these principl
analogical extensions for the other chavacteristics of tradit-

. . P . 1
ional reliability can be accomplished.

1 sgee Virtanen (1377), where analogical extended concepts for

the traditional 'weliability' and 'mean time to system
failure' are presented

The extended availability characteristies

321 Notation and preliminary remarks

Let us assume that the possible levels of performance of the
system are CgalysesvsCys where 2y stands for total inoper-
ability, Cy indicates full operability (the level of perform-
ance is equal to the capacity C of the system), and 558y
are reduced levels of performance caused by one or several
coexistent failures. Let the respective proportional levels
of performance (proportional level of performance = ratio of
the level of performance to the capacity) be denoted by Yy
PR when k=1,2....
K=1. Between the states and the levels of performance there

Wags oo Wy Then we have w0=0, wK=1, and O<w

is an obvious relation. for each state there 1s an uniquely
determined level of performance, several states, instead, may
lead toc one and the same performance level. The passage of
the states and the levels of performance of the system during
a time interval [0,t]are graphigally described in figure 7.

M Level of performance
1 2 2 2 1 1
o s, S gy s, = sy
= ]
4 t 1 1 2 N
o | S, | s.” s
3 \ 1 1 T
1 52 1 [ 3 I
02 | 4 t 11
i 1 t | 1t
1 s i
I s : 1 ! L N o
zg=0 : i ' freere} ) A N f:>
0 ‘t_1 'tz t3 tLg. ‘ts 't6 ‘t7 tS tg t’IOtTE t

Figure 1. The states and levels of performance of a system

with the passage of time

In figure 1 the state cof the system changes at time points
t,],‘t
happening at instants Tt and t are such that they do not

8 10
indicate any change in the level of performance of the system

gaerrs g Out of these sleven’'state transitions the ones

(e.g. failure of one single component out of several still

‘cperable redundantly connected components, ending of repair

of this kind of a component ete.).



The introduced concepts 'level of performance' and 'proport-
ional level of performance’ do not prevent us from considering
an ordinary operable-inoperable system within these new frame-
works. In such a case we only havé K=1, whereupocn ¢y means the
total inoperability of the system and 01=C the full (capaeity
level) operability of the system. The cnly possible proport-
ional levels of performance of the system are wD=0 and w1=1,

respectively.

Let the states of the system to be numbered as follows: the
states corresponding to the performance level = (1i=0,1,...,K)
are si1,si2,...,sini. Let the set of these states be dencted
by Si' Then we have Si = {si1,si2

abilities of the system we denote by the symbol Ps-j(t)’ where
i

,...,Sini}. The state prob-

113 PS j(t) = P{the state of the systemat time t is si]},
i

320,150 .0,K,371,2, 0,05

From this notation not only the current state of the system,

but its level of perfeormance iz revealt as well (on the basis
of the subscript of the state symbol si]).

322 Availlability as a function of the level of performance

Tn section 22, see equatien (2), the availability of an ordin-
ary cperable-inoperable system was defined to be the probabil-
ity that the system is operable at time t. The reduced performn
ance levels,, which are conseguences of the fallures of certal:
kind of components or subsystems, can be taken into account ir
the calculation of availability, when a new availability
characteristic, 'availability of the levels of performance’,

denoted by AD’ is defined as follows:

{12) An(c,t) = P{the leval of performance of the system

at time © is > ci.

While the conventional availability A(t), calculated at a fixe
time t, is a simple number, AD(c,t) (at time %) 1s now a funcd
ion on the level of performance (in the range 0<c<C). We can

immediately see, that AO is within the frames of the general

definion of veliability (3) suited. Defining, for given values

of ¢ and t, the functicnal © as follows:

0, if %(ty ¢ Y S,

(13) 8, (%) = egte 1
1, if x(t) € U 'S,
1

Ci>_C

we get AD(c,t) as the expected value of this functional:

E{@%(X)}

1

P{t) € v Si}

Q. >C
i<

(1) P {the level of performance of the system
at time t is at least c}

Ao(c,t).

[}

In practice, we can easily calculate Ao(c,t), 1f the state
probabilities of the system are known:

ni

(15) Agle,t) = £ ¥ P g0, \

CiZC =1 i
When the value of Aa(c,t) is being calculated, intec factors
decreasing it (from the maximum value 1) the failures are in-
cluded, as a consequence of which the level of performance of
the system falls below c¢. From definition (12) and equation
(15) we can immediately see, that as a characteristic for
reliability the "extended availability” AD takes the aspects
presented in section 31 completely into account: also the
failures causing only a partial reduction in the level of
performance have a decreasing effesct on the reliability of
the system, but their effect is not, however, as total as the
respective effect of failures which lead the system to
complete inoperability.
Further, the crdinary avallability A of a two-state operable-
inoperable system stays as a particular case for AD' For,
when we set ¢ = ey = C (the capacity ¢f the system; the syster
has only two possible levels of performance, ¢ = 0 and ey =

in Ao(c,t), we cbtain for an operable—ino?erable system

™
A (C,t) = £ P 4(1)
i=1 1
£16) = P{the system is at time t in one of the

states of full operability}
= P{the system is opsrable at time t1}=A{%),



When the ordinary availability under the steady S‘ta'te1 has an
interpretation, according to which it gives the mean portion
of time during which the system is in the functioning.state2,
we also have for Ao(c,t), for all values of O<c <C, quite an
analogous interpretation under the steady state: it gives the
mean portion of time during which the system is able to operat:
at least in the level ¢ of performance. From figure 2, for
instance, we obtain the steady state estimate for AD(C) as
follows (the steady state quantities are denoted without the

time variable t):

[ag(e) =1 - =1~ 20 C g.85, when
T, - T 20 c.<c <C
2 -
tLI-_tS
(177 < A f{c) =1 - =1 - — = 0.95, when ¢ <c<c
o 177250
T,-T 20
2 1
kAo{c) = 1, when O<cse,.
Mlevel of performance
C T T
1 I
Tt o St i Aalaliad ol bndide
! oo [
C‘l———_E ————— Iﬁj“'_—ll """""" I
! | by i
9 7 i — ——t :
T1 t1 t2 t3tu T2 Time

Figure 2. Estimation of AD(C) under the steady state

We have thus shown that the extended availlability, availability
of the levels cf performance, meets with all the five require-

ments set in section 31 for the extended reliability concepts.

1 Steady state: state probabilities of the system and thus
e.g. the avallability of the system cease to depend on Time

2 Gpnedenko et al. (1869}, p. 112

323 Mean avallability of the capacity

When the availability of a traditional operable-inoperable
system is considered, the states of the system are divided
into two classes only. One class consists of the states of
full operability (the level of performance is equal to the
capacity) and the othey of the states of total inoperability.
2 n']} -
1 2re -5y and S0 =

These classes are denoted 5, = {511,5
{so ,302,...,50n°L respectively {i.e. we have K=1'in the notat

ion of section 321).

When the system is in one of the states 51] €3, its proport-
ional level of performance 1s equal to 1, in the states sOkE <
the proportional level of performance is = 0. Availability is

thus cbtained also as the probability

{187 A{t) = P{the proportional level of performance of the
system at time t is equal to 1}.

Taking the proportional level of performance at time t, dencte
W{t), as a random variable, which can get the values 1 and 0
with probabilities Pj(t) = P{W(t)=1} and Po(t) = P{W(L)=0}
respectively, we obtain on the basis of equation (18):

ACt) = BLu(t)=1}
{19y = P{W(t)=1}-1 + P{W(t)=0}.0
E{W (L) 1.

£)

Thus we have found that availability A{t) can alsoc be given as
the mean value of the proporticnal lewvel of performance at
time t.

For a generalized system with several possible levels of per-
formance CpaCyseersCy {and with several possible proportional
levels of performance Wi aWyse e s Wy respectively), we can defin
analogously to (78), an extended availability characteristic

in the form of a distribution. The "availability" of the syste
is now given by the probabilities of the positive proporticnal

levels of performance:

fl

Pq(t)
(20) P, {t)

PW(t)=w, }
P{W(t)=w2}

1}

P (t) = PLH(E)=wy).



¢

Taking the relations betweeﬁ the states and the proportional
levels of performance into account we can &lso express the new
extended availability or availability functicon with the help
of the state probabilities

o
(P, (t) = PI{X(t)€S,} = X P .(t)
1 1 .. 5,4
3=1 1
f - E2
P, (t) = PIX{(£)€S,} = Z* P_ :(%t)
(21) & 2. ' 207 5 8y]
( (r) €.y = EX
P (t) = PIX(t) €8, } = P oa(t).
L K X 5=1 sKJ

From the preobability distribution (20) we can get into one
specific characteristic when we turn, as in (19), to the
expected value of the proportional level of performance., This
new reliability characteristic, ancther generalized availabil-~
ity; we call the 'mean availability of the capacity‘q, and
dencte it by AC:

K K
(22) Ac(t) = E{w(t)} = .§ wiP{w(t):wi} = .% wiPi(t).

i=0 i=0
Also Ac(t) can be calculated with the help of the state prob-
abilities of the system:

X K
(23) Ac(t) = iEOWiPi(t) = iiowip{xct}esi}
X ni
= Iy, IP j(t).
i=0 * 3=1 Si

It is easy to notice that the mean availability of the capacity
is a reliability characteristic in the sense of the general
definition (3). In order to show this we define the functional

&, for a fixed t, as follows:

Wos if x{t) € SO
(24) @5(2) = wqa if x(x) € S1

w,, 1f %(t) € SK;

KD

after which we have

1 The term 'mean availability of the capacity' comes from an
important property, which AF under the s?eady state pussess:
see considerations later on”in this section

M=

. E{@s(X)} = wiP{QS(X):wi} = wiP{X(t) ESi}

(253 i=0

[ N
HM=un M=
< .

[am)

wiPi(t) = Ac(t),

=

i.el Ac(t) has been shown to be the expected value of the

functional @, defined on the set ¥ of the trajectories of the

5
stochastic process X.

From the definition (22) and equation (23) we can immediately
see, that AC
availability A: also the failures with only partial reduction

has a more general intension than the ordinary

in the level of performance have a decreasing effect on the
value of AC’ in such a way, however, that this effect is
smaller than the respective effect of failures with total in-

cperability.

Furfher, in the arguments for definition (22) it became appar-
ent, that the availability of an operationally two-state
operable-incperable system stays as a particular case for the
generalized characteristic Ac.
The analogy between the charact;ristics A and A, helds also
for their properties and interpretations under the steady stab
as we will show in the following. Under the steady state, the
availability of a two-state operable-incperable system (dencts
by A} gives the mean ratioc of the actual system output to the
cutput that would have been produced, if there had been no
failures during the observation pericd. In figure 3 the steady
state availabilitﬁ A thus 1s the ratic of the shaded area to
the area of the rectangle with the base T1T2 and height 0C. In
figure 4 the same situation 1s illustrated with relative units
on both of the axises. Time is given as a portion of the intex

val T1T2 so that 0 corresponds to T, and 1 to Tz, and on the

1
vertical axis the proportional level of performance of the
system is shown. After the transformaticn of the units the
steady state availability A is obtained as the shaded area in

figure 4.
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In reliability censiderations the proportionzl levels of per-
formance {or the levels of performance or the states) of the
system during some interval (e.g. during the interval T1T2 in
figures 3 and 4) are often illustrated in the form of a durat-
ion curve.1 The precportional level of performance duration
curve corresponding to figure 4 is presented in figure 5.

From this figure we see, in additien to the area interpretatic
of figure 4, the property of steady state availability, that
it gives the mean portion of time during which the system is
in the operable states. In figure 5 alsc the Interpretation
of availability as the mean proportional level of performance

is illustrated.

In figures 3 to 5 we have four different steady state propert
ies and interpretations for the traditional availability. In
the following Ac, the mean availability of the capacity, is
shown to posses guite analogous properties under the steady

state as A was above shown to posses.

1 The duration curve of the proportional level of performanc
the proportional levels of performance appeared during the

interval T1T2 are set into a descending order

A Duration curve of the
proportional level of performance

-

i .
—- the mean proportlonal level of
!performance

Proportional time
0 >

A = the portion of time during which the
system is operable

{
i
|
{
i
|
I

Figure 5. The steady state availability as the area under the
duration curve of the proportional level of perform-
ance, as the mean proportional level of performance
and as the porticn of time during which the system
is operable

First, in analogy with A (ef. figure 3), we can notice that
under the steady state the mean availability of the capacity
gives the ratio of the actual system output to the output
that would have been possible without any failure during the
observation period. This interpretation of AC iz illustrated
in figure 6. AC is the ratio of the shaded aresa to the area
cf the whole rectangle with the base T,T, and height 0C. In
figure 7 both time and performance quantities are expressed
in relative units. In this case Ao is the shaded area unden

the proporticnal level of performance-curve (e¢f. figure Uu).
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Figure 5. A, as the ratio of Figure 7. A. as an area under
t%e true and preport- tge proportional lev
ional outputs of the of performance—curve

system
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Figure 8. A, as the area under the duration curve cof the prop-
o¥tional level of performance, as the mean proport-
ional level of performance and as the portion of tim
for equivalent full capacity operaticn

In figure & +the proportional level of performance-duraticn
curve corresponding te figure 7 is shown. From this figure we
can see, in analogy with figure 5, three different properties

and interpretations for A.: A, is the mean proportional level

of performance of the sysgem %the definition of the character-
istie AC), AC gives the area under the duration curve of the
preportional level of performance (a derived preperty for AC),
and AC equals to the portion of time during which the full
capacity of the system should be available in order that an
equivalent system oﬁtput would be achieved {this is the inter-
pretation of A., according to which the term 'mean avallabilit

cf the capacity' has been chesen).

The exéended availability concepts AO and AC clearly emphasize
on different points in the cperational ability of the system.
Ag measures the reliability of the éystem in the sense of
momentary operational ability (e.g, the ability of a power
system to malntain different levels in the power production).
Ac instead, measures the reliability of the system in the
sense of production output (e.g. the amount of energy produced
by the power system relative to the capacity of the system).

4 Conclusion

The extension of the concepts of veliability to cover also

the systems with many possible levels of performance has

“been carried out abeve for the traditiconal characteristic

'availability' in detail. This characteristic has got as for

its generalizations the more comprehensive characteristics

'availability of the levels of performance’ and 'mean avail-

ability of the capacity'.

On the basis of these examples and

other account presented it 1s easy to carry ocut a correspond

ing generalization for any other conventional chavacteristic

of reliability. Following the principles given, it is guar-

anteed that a natural connection with empirical interpretat-

ion as well as with the traditicn of reliability theory will

be preserved during the generalization.

REFERENCES
von Alven, W.H. (ed.)
Barlow, R.E., Proschan, F.
Gnedenko,-B.V., Belyayev,

¥.K., Soclovyev, A.D.

Jorgenson, D.W.,
MeCall, J.J., Radner, R.

Lloyd, D.K., Lipow, M.

Polovko, A.M.

Rau, J.G.

Virtanen, I.

Reliability Engineering, Englewooc
Cliffs (N.J.) 1964

Mathematical Theory of Reliabilit
New York (N.Y.) 19865

Mathematical Methods of Reliabilif
Theory, New York (N.Y.) 1969

Cptimal Replacement Policy, Amste
dam 1867

Reliability: Management, Methods
and Mathematics, Englewood Cliffs
(N.J.) 19582

Fundamentals of Reliability
Theory, New York (N.¥.) 1968

Optimization and Probability in
Systems Engineering, New York (N,
1970

On the Ceoncepts and Derivation of
Reliability in Stochastic Systems
with States of Reduced Efficiency
an Application of Supplementary
Variables and Discrete Transforms
(to appear -in 1877)



