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Abstract., The problem of providing optimal maintenance for a machine during its serv-
ice Tife and simultaneously selecting its optimal sale date is considered from a cont-
rol-theoretic viewpoint. Both the deterioration and the 1ife time of the machine are
considered as random processes. The stochastic maximum principle is applied to derive
the conditions for the optimal maintenance poticy and for the optimal planned sale date
which maximize the expected net present value of the machine. An explicit solution is
found analytically for the problem in the special case when some of the random proc-
esses of the model are independent of time and thus simply random variables. The case
of one particular life-time distribution, the exponential case, is analyzed in full
detail.

1 Introduction

When a machine is used for production purposes and it ages, it suffers one of the two
fates - either there is a gradual deterioration or a sudden failure. The first situa-
tion means more frequent repairs, a decrease in performance of the machine etc., the
machine produces decreasing net receipts over time. This deterioration can be partial-
1y offset via preventive maintenance, and there also exists, of course, the possibility
of selling the machine at any time, although its salvage value declines over time.

The second situation makes the machine unusable for production and it has to be junked
and replaced by a new machine.

Since Ndslund (7] had initiated the control theory approach to the problem of simulta-
neous maintenance and sale date optimization, Thompsen [10] first fermulated for the
problem an explicit model and solved it in detail. Thompson's model is deterministic:
the machine cannot fatl and its deterioration obeys a-given mathematical law. Cther
formulations for the deterministic problem have been later presented e.g. by Arora and
lele [3], Bensoussan et al. [5] and Scott and Jefferson [9]. Xamien and Schwartz [6]
developed a stochastic model where the failure part of the problem was included but the
degradation of the machine with age was not considered. Due te Alam and Sarma [2] is

a model where both these features have been incorporated in a single model. The de-
teripration is taken as deterministic, whereas the machine is subject to random failure.
Also the author of this paper has recently presented a generalized model [11] for the
problem considered in [2].
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In this paper we consider a model where the random nature of both the deterioration

and the 1ife time of the machine are taken into account. Alam et al. [1] have earlier
presented a model where both these aspects have been included, but that model contains

the unsatisfactory aspect that the sale date of the machine is not as an object of

optimization: the machine is kept as long as it is operable, even though its use would

not be profitable any more. This may lead to an unprofitable use of the machine and
to an inproper optimum for the problem. Therefore, we generalize model [11 and make

it more realistic by taking also the sale date of the machine {called the planned sale

date due to the possibility of machine failing before that time) as a tool of optimi-
zation,

2 Review of the models of Thompson and Alam et al.

Thompson considers the following problem: find the optimal maintenance policy u(t)
and the optimal sale date T for a machine to maximize the present value V{T} of
the machine given by

T
(1) V(T) = 5(T)exp(-rT) +DI [p3(t) - uft)lexp(-rt)dt

where the salvage value 5{t) 1is affected by the detericration factor and the amount

and the effectiveness of preventive maintenance according to the differential equation

(2) E%%). = - 8(t) + F(thu(t) , S{0) =S

.

o

In {1) and (2) r is the discount rate, §{t) the deterioration rate, f{t} the
maintenance effectiveness function, and p is the (constant} production rate. The
maintenance function u{t) is the control variable satisfying the requirement

{3) Dcuf{t)slU, O0<t<T,

and V(t) and S{t) are the state variables. The solution of the problem can be
found by a direct application of the maximum principle (see [10], pp. 545-547).

Alam et al, [1] take Thompson's model as the starting point and they model deteri-
oration as a random process whereas machine failing is not considered in the first
phase. We call this model Alam I. The deterioration rate is described by the fol-
Towing stochastic differential eguation

(4) dsf{t)/dt = a{t}) - B{t)u(t)

with the stochastic boundary condition

e

s e
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(5)  8(0) =5, -

The stochastic processes aft) and 8{t) as well as the random variable §, are as-
sumed to be defined on a certain sample space Q, the probability measure Jjoining with
@ being P (generally speaking, we use the notation z or z(t) to indicate that
the quantity 2z or z({t) is a random variable or a stochastic process, respectively).
Because of (1) and (2), also the salvage value S(t) and the present value V(T) will
now be stochastic processes on Q, denoted by S(t) and ¥(T), respectively.

The probiem (Alam I) is now to choose u*(t) and T so as to maximize

(6) V()

E{¥(T)} = [V(T)dP , where
Q

H

T
(7) ¥(T) = S(Texp(-rT) + ({[B(t)éft) - u(t)]exp(-rt)dt

subject to the state equations
(8) ds(t)/dt = -8(t) + f{thu(t), 0<t<T; $5(0) = So
and {4) with boundary condition {5), and to the control constraint {3).

Applying the stochastic maximum principle, the solution of the problem can be derived.
An analytic solution is pessible in the special case when a(t) and p(t) don't de-
pend on time, they are simply random variables: a(t) =a and p(t) = p (for the
soluticn of prablem Alam I see [1), pp. 1073-1074),

In the second phase Alam et al. [1] take also the probability of machine failure into
account and derive now the optimal maintenance policy for the machine, whereas the sale
date of the machine is not considered, but the machine is assumed to be kept as long

as 1t is operable. We call this model Alam II. Llet T denote the random life time
of the machine and Tet pT(t;u(s), 0<s<t), pT(t;u(s), 0<s<t) and

QT(t;u(s), 0 <s < t) denote its density function, cumulative distribution function
and reliability function, respectively. Further, let pT(t;u), pT(t;u} and QT(t;u}
compactly represent these quantities. Assuming the deterioration and failure processes
mutually independent, the following model (Alam II) can be stated: choose an optimal
policy u*(t) so as to satisfy the state equations {4), (5) and {8) and the control
constraint (3) and to maximize the expectation

(9) EplE [V(1)]} = Epl¥e) = é!FdP , where

(10) ¥ = E (D) - [ﬁmT(t;u)g(t) + pL(EU)IS(E) - Q{tiu)u(t)exp(-rt)dt
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is the expectation of V(t), the quantity in (7) with T considered as the random
variable T, and the expectation being taken with respect to 1. The second expecta-
tion EP in (9) is with respact to the probability measure P,

Again, the solution of the problem can be found via application of the stochastic
maximum principle. An analytic sclution becomes possible when o«(t) and p(t) are
simply random variables: a(t) = o and p{t} = p, and when failure probability is
independent of maintenance: pT(t;u) = pT(t) and, hence, QT(t;u) = QT(t) (see [11,
pp. 1076-1077).

3 The generalized model

Both the models Alam I and Alam II contain deficiencies in their formulation. The
former represents an unrealistic situation in practice by assuming the machine as un-
breakable, the latter may lead to an unprofitable use of the machine by forcing the
owner to use the machine until it fails, regardless of its ever declining quality and
productivity. In this paper, we provide for the problem a generalized formulation in
which the above disadvantages are not included. We seek a planned sale date T and
a planned maintenance policy u*(t). 0 <t<T, for machire until it is sold or it
fails and must be junked, whichever comes first, so as to maximize the expected pre-
sent value of the machine. The machine is assumed to suffer random deterioration as
well as to be subject to random catastrophic failure.

The state equations considered are again (B8) and (4) with (5). The control constraint
is (3}. In the expressions above T now denotes the planned sale date of the machine,
i.e. T 1is the time at which the machine will be sold provided it has not failed and
been junked before that time.

The present value of the machine at time t is, provided the machine is still oper-
able, according to (7),

t
(11} Y(t) = S(t)exp(-rt) + JIp(£)S(t) - u(t)lexp(-rt)dt .
g
Let EO(T) denote the present value which will be really obtained when the planned

sale date of the machine is T. By assuming the junk value of the machine equal to
its salvage value at the failure time, we get

12) ; v(ry, if 1 >T1
T =
( _0( ) V(t), if ©<T.
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Now, taking the expectation of !O(T) with respect to the random variable Tt and as-
suming mutual independence between the deterioration and failure processes, we get

(13) V(T = ELY, (T))

(t)p,(tsu)dt +f&(T)pT(t;u)dt

o
==

—

E(t)pr(t;u)dt + QT(T;u)l(T) .

o

Substituting {11) in (13) we get after some labour (for details, see [12])
(18)  ¥e(T) = Q{T:u)S(T)exp(-rT)
T
+ g{Ig(t}QT(t;u) + p{tiu)IS(t) ~ Q (tsu)u(t)lexp(-rt)dt .

Our problem is now to choose a (planned) optimal maintenance policy u*{t) and a
(planned) optimal sale date T so as to maximize the expectation

(15)  Ve(T) = EQYR(T)} = é[F(T)dP

where V-(T) 1is given by (14) and the expectation is taken with respect to the proba-
bility measure P over the sample space f.

We can readily see that our generalized model is of the same form as the model Alam I,
only with the coefficients of $(t) and u(t) modified. The generalized model co-
incides with the model Alam I, when we only set pT(t;u} =0 ({the failure part of
the model is omitted). We can also see that our generalized model coincides with the
model Alam II, if we in (14) set T =« to give {10) (the sale date optimization is
omitted). Our model thus contains both the models Alam I and Alam II as its special
cases.

4 Solution by stochastic maximum principle

The solution of the problem needs an application of the stochastic maximum principle.
For this we must assume certain smoothness and reqularity conditions: f, B, and u
are piecewise continuous, a(t) and p(t) and, hence, &(t}, S(t) and Ve(t) are
stochastic processes and 8, a random variable on a sample space Q which is assumed
to be a compact subset of an Euclidean space. The stochastic processes and the random
variable are random quantities with respect to the probability measure P on @ (for
a detafled and strict description of the assumptions for the stochastic maximum prin-
ciple see [4], pp. 876-878).
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To solve the problem, we first form the Hamiltonian, which is now a random variable

(16)  H=H(S, 8, t, Ays Apa 1)

= Up(t)Q (t;u) + p (t5u)1S(t) - Q (tsu)u{t)lexp(-rt)

+ At(t)['ﬁ(t) + Fthu(t)] + &e(t){g(t) - B{t)u{t)1 ,

where the adjoint variables gq(t) and A,(t) also are stochastic processes on @
and satisfy the stochastic differential equations

daq (t) CL
= - == = [p(t)Q (t;u) + p_(t;u)lexp(-rt)
dt as '
(17) -
dao(t) aH
S - TN
dt

t with the boundary conditions

LT

B .
- SE[QT(T;U)§(T)exp(-rT)] - QT(T;u)exp(~rT)

(18}

n
<

3 ) )
2p(T) = = HQ{Tiw)3(T)exp(-rT)]
To find the solution for our problem we should proceed as follows. First we consider
T as fixed and apply the stochastic maximum principle (i.e. minimize EP{H} with
respect to u, see [4], pp. 879-880) to obtain the optimal maintenance policy u*(t)
for 0 <t <T. Then we choose T so as to maximize Vk(T).

There exist, however, two reasons, why an analytic solution for this general case is
not possible, and, in order to find out the solution, we had to use one of the itera-
tive computational techniques. First, equations (17) are general stochastic differ-
ential equations, and secondly, the failure probability pT(t;u) depends on the main-
tenance performed, Here we present the solution for the problem in the special case
where an analytic solution is possible., We make the following additional assumptions.
First we assume that o(t) and p(t) are independent of t, aft) =a and p(t) =p
are simply random variables. The assumption makes it possible to obtain an explicit

solution for the co-state equations {17) with (18) and, hence, for the state equations.

The solution is achieved by replacing the required stochastic quantities with their
expected values. The second assumption is that the failure probability is independent
of maintenance: pr(t;u) = pr(t) and, hence QT(t;u) = Qt(t). With this assumption,
an amalytic application of the stochastic maximum principle is possible.
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Applying the stochastic maximum principle, i.e. minimizing Ep{ﬁj with respect to u
for the above special problem, the following condition for the optimal maintenance poli-
¢y u'(t) is obtained

U ] if EP{G(QT’ Z\_‘Ii )-_2! t)}<0
* . -
(19) u{t) = (arbitrary € [0,U], if EP{G(QT’ Aps Aoy 1)} =0
0, if E8(Q. Aps Ay £)F > 0.

In {19) we have denoted
(20)  G(QLs Aqs Aps 1) = Q(t)exp(-rt) + A(E)F(L) - Ap(t)B(L) .

Equation (19) shows that the optimal maintenance policy is bang-bang. The possible
switching point{s) T', where the level of maintenance is changed from U to O or
vice versa, satisfy the switching equation EP{G(QT’ A}, 52, T3} =0 or

(1) F(T') = B(TYK,(T") - QT Jexp{-rT'}1/K (T)

In {21), X}(t) and Xé(t) denote the expectations of A;(t) and A,(t), respec-
tively, the expectations being with respect to the probability measure P.

Thus far we have considered the planned sale date T as fixed. We still have to
choose T so as to maximize the expected present value V%(T). Using similar rea-
soning as Thompson {{10], p. 546), and assuming mutual independence between the random
variables o and p we get the following cendition for the optimal planned sale

date T:

(22)  3(T) = {8(T) - [F(D)-1u" (T)}/(F-r) . y

5 A particular case: exponentially distributed life time

We shall now demonstrate an explicit calculation of the optimal maintenance policy
(19) for a machine with exponentia]ly'distributed life time. Therefore, let pT(t) =
gexp{-gt) and, hence, Qr(t) = exp(-ot) {for t > 0}. As it is well known, the
parameter of the distribution (=o) corresponds to the constant failure rate of the
machine.

By using the above expressions for pT{t) and QT(t) the optimal maintenance policy
(19) becomes
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y, if G(t) <0
(23)  u'(t) = { arbitrary € [0,U], if T(t) =0
0, if T(t)>0,

where

(24)  G(t)

Ep{6{Q,5215255t)} = 6(QL,X}.%,t)

1|

exp{-(r+u)t}{(r+c) - f(t)[}ﬁ%o) - (Elr)exp{—(r+c)(T-t)i]
- B(t)[}ﬁ#c)[l - exp —{rtg){T-t}11/{r+a}

- (E-r)exp{-(m)(T-t)}:(T-tﬂ}/(m) )

The bang-bang optimal policy {23) may have none, one or more switching peints, For
a switching point T' we have B(T') = 0.

In section 3 we showed that our generalized model contains the prior models Alam I and
Alam II as its special cases. As we now in the exponential case have obtained an ex-
plicit solution for the problem, we can alsec compare the results,

Comparing the optimal maintenance policy {23) with the optimal policy of the model
Alam I (see eg. (10) in [1]), we see that they are of the same form. If we instead
of the discount rate r in the model Alam T use thé 'risk-adjusted' discount rate
r+o and instead of the mean production rate P use the 'risk-adjusted’ mean produc-
tion rate P+o, we get (23). Or on the contrary, if we in our model ignore the pos-
sibility of random failure and set o = 0, the two models coincide. The failure rate
o may thus be interpreted as a risk premium which is to be used to adjust both the
discount rate and the mean production rate to the level of those in a certainty-
equivalent problem.

In the model Alam II, instead of optimizing also the sale date of the machine, the
machine was assumed to be kept until it fails and becomes junked, or in our terms,
the planned sale date was fixed to infinity. Setting T = in (24) we obtain, that
(23) coincides with the optimal policy for the model Alam II (see eg. (29) in {1]).

In this paper we have pointed out the importance of the sale date optimization also
in the case of random machine 1ife, The effect of this optimization can very clearly
be demonstrated by a numerical example (see [12], pp. 17-19).
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