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APPLICATION OF SUPPLEMENTARY VARIABLES AND DISCRETE TRANSFORMS
IN AVATLABILITY AND RELIABILITY ANALYSIS OF A PARALLEL REDUNDANT
SYSTEM WITH GENERAL FPAILURE AND REPAIR TIME DISTRIBUTICONS

1. Introduction

In practice, we come across a number of systems containing a stra-
tegic component which fails frequently and causes catastrophic
damage. In order to achieve.a high system reliability the fallure
of such componeat should be avoided as much as possible. Often this
is possf%le through a sufficient amouht of maintenance. Scmetimes,
however, it becomes toc much expensive or even impossible to reduce
the frequency of failures of the strategic component to the desired

extent. In such cases, the only'alternative way to achieve high

reliability is to introduce suitable redundancy in the system.
The following twoe types of redundancy are usually considezed:l

(2} Standby redundancy - ocut of the recundant components oniy cne
component operates at a time. The system automatically switches
g over to the next component whan the operating component fails.
The system fails when the last standby connected components fails.

. T (b} Parallel redundancy ~ all the components connected in parallel
ﬁ start operating together as soon as the system is put into
operation and the system fails only when all the components

have failed.

Operational behaviour and reliability properties of a redundant

system have been earlier studied by several authors.2 Out of these

1 See e.g. Pieruschka {13863}, p. 76, Barlow and Proschan '(1965),
p. 162 :

2 e.g. Kulshrestha (1666,1972), Gnedenko et al. (1969), Das (1972},
Srinivasan and Gopalan {1873 I, 1973 II), Govil (1974, Kistner
and Subramanian (1974), Kodama and Deguchi (1974), Gopalan (1975)



redundancy models the most general are those given by Kulshrestha.
¥irst Kulshrestha studied the effect of standby redundancyl on the
reliability of a system whereas parallel redundancy was considered
in one of his later papers.2 The assumptidns in Kulshrestha's models
are guite general: the number of redundant components may be arbit-
rary (most ol the other papers deal with a two-component system)
and successive rfailure times of each individual component as well as
he repair times of the system are allowed to be random variables
with peneral distributions {instead of exponential distributions
usually assumed). In this paper, the parallel redundancy model given
by Kulshrestha will be dealt with, and 2 lot of new results con-
cornine reliability properties (i.e. reliability, availability, mean

time to system failure) of the system will be derived.
In Lhe furmulation of the model the supplementary variable technigue
developed by Keilson and Kooharian3 will be utilised. The sclution
of the model is mainly based on the use of Laplace transforms and

. Iy .
dlscrete transforms.

Z. Description of the problem

The probliem to be considered in this paper is as follows. A simple

system consists of N (N > 1) components that are redundantly connected

in parallel. The running times of each indivicdual component are
identically and independently distributed random variables having a
commen general distribution. The repair times of the system are
distributed according to another independent general distribution,

The repair of the system starts when all the N compeonents have failed,
after completion of the repair of all the N components the system

is put inte operaticn again.

The object of the study is to find out both the transient state and
steady state behaviour of the system, and, on the bagis of this
information to derive the most important reliability characteristics

Kulshrestha (1966)

Kulshrestha (1972}

Keilson and Kooharian (1964Q)

On discrete transforms see e.g. Thiruvengadam and Jalswal (1964)
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{i.e. reliability, availability and mean time to system failure MTSF)
for the system. The behaviour of the system is described by state
probabilities, a state (at a time t) giving the number of faileg
components at that time. The system must have a 1little different
state definition for availability analysis than for reliability
analysis. This means that there also wiil be two sevarate models,
one for the availability and another for the reliability and MTSF
analysis of the system.

The system to be considered in this paper is the same as that intro-
duced by Kulshrestha.l However, the anslysis carried out by
Kulshrestha has been considerably enlarged and completed:

1. Kulshrestha considered only the availability model, this paper
deals also with the reliability model.

2. Kulshrestha limited his considerations to the derivation of the
state probabilities, the availability of the svstem was not found.
In this paper all the three reliability characteristics mentioned
above are obtained.

3. For expressions of the state probabilities, only an iterative
procedure was given in Kulshrestha”s paper. Now the expressions
for the state prctabilities ape given in a closed form.

3. The availability model

3.1. Notation

Define2

Pn(x,t)A = the jeint probabiiity that the system is in operable
' state at time t and n out of ¥ components are in failed
state and the elapsed time since the system was last put

into operation lies between x and x+4, n=0,1,...,N-1.

Pn(t) = the probability that the system at time t is in operable
state and n out of N components are in failed state,

1. Kulshrestha (1972)
2. Except a few modifications in subscripts, netation is the same as
in Kulshrestha (1972)



PN(x,t)A = the joint probability that the system is under repair
of all the N components at time t and the elapsed repair

time lies between x and x+a.

Pw(t) = the probability that at time £ the system is under repair
of all the N components.

D) = failure rate of a single component.

a(x) - = probability density function of the failure time distribut-

ion of a single component.

ul(x) = repair rate of the system (i.e. of all the N components).

T(x) = probability density function of the repair timedistribution

of the system.
Mow we can easily see that the following relations hold

(1) Pn(t) =Of Pn(x,t) ax, n=0,1,...,N-1,N

- [Matxoax
(2 < S{x} = Ax) A

*ofxu(x)dx

(3) T(x) p{xy e

The variable x in the expression of_Pn(x,t) {(n=0,1,...,N} is just

the supplementary variable appearing in the name of this paper, With
the help of this supplementary varliable the originally non-Markovian
system hecomes semi-Markovian. The probabilities Pn(t) {n=0,1,...,8)

are called the state probabilities.

3.2. The model

The model describing the behaviour of the system gets a form of the
following set of difference differential equations with variable

coeff‘icients:1

1. Except & few modifications in notation, the formulation of the
model and the derivation of the solution are presented, up to
equation (26), following Kulshrestha (1972)

(4 (s/s 3 + {N= 1 = -
( [3/8x + 3/38 + (N=n)a(x)]P_(x,t) - s RGO G, t)
n=0,1,...,8-2, x > 0, t > 0

(5) [a/ax + a/st + wx)IPp(x,6) = 0, x>0, t > 0.

Equations (4) and (5) are to b. solved under the following boundary
conditions:

®

(6} Po(0,8) = f Pu(x,t)u(x)dx, t >0
(1) Pty = Puoy (6,80 Mx)dx, & >0
(8) P {0,8) = 0, n=1,2,...,8-1, t > O,

ir thegsystem initially starts with all the N components new the
following initial sondition can be set up:

(9) P (x,0) =6 §(x), n=0,1,...,N, x » 0.

£

In equations (4) and (9) 5n o is the Kronecker delta and ¢(x) is
. 3
the Dirac delta function.

Let the Laplace transform of a function £(t) be denoted by T(s), i.e.
(10) Ty = [ %Fr(e)at,  Re(s) » o.

Applying the Laplace transform, the equations (4) to (8) with the
initial condition (%) become

(11) f8/3% + o + (N-n)A(x)lfn(x,s) =_(l“ﬁn’o)(N—n+l)A(x)?n_l(x’s)

+ 8, o8(xX), ns0,1,...,8-1, x » 0

3

(12) [3/9x + 5 + u(x)} ﬁN(x,s) =0, x > 0

<

(13) Fo(0,8) = f Pylx,s) wlx)ax
(14) By(0,8) = J Fyoq (%5802 (x)ax
(15) ?n(o,s) = 0, n=1,2,,,,,N-1.



and T{s) and §k(s) (k=1,2,...,N) are the Laplace transforms of T(x)

Ir order to solve equation (11) the following discrete transforms
and Sk(x) (k=1,2,...,N), respectively.

will be introduced

X n R From equation (1) we get
(16) ay(x,sy = EB (o)D), k=12,
The functions ﬁn(x,s) are then got as inverse transforms (25) Fﬂ(s) : OI Fn(x,s)dx, 201, ,N.

Setting n = N in (25) and using (20) and (27), equation {25) on

(x,s)
? integration becomes )

. - o i, N-n+k
7y " Gos) = 3 1N A

k=M+n k—l(N =

N
L= T(s) 2, (-0 ()

s D(s)

k :
(-1} Ciop A (x,8), n=0,1,..0 ,N-1.

(26) Pyuls) =

Applying the discrete transforms (16) in (11) and simplifying, (11)
Equaticn (26} gives the Laplace transform of the state probability

PN(t) (probability that the system is in the failed state at time t£).
Next the Laplace transforms of the probabilities of the operable
states will be derived. First, setting x = ¢ in {(16) and using (15)
we have

reduces to
(18) [a/3x + s + k)(x)]Ak(x,s) = é(x)(g), k=1,2,...,N, x > 0.

Solving equation (18) we obbtain

it
o]

N
@1) A,00,9) = 1 By (0 = (P (0,9), keb,2,..,m

fAk(O,s} for x
(19) A {x,s) = 4

i ~sx~ _[Fra(x)dx
(A (0,8) + Ghle  ©

for x > 0. For x > 0, equation (19) thus becomes

-sx-ojxkx(x)dx

- (N - -
From equation (12) we pet (28) Ak(x’S) - (k}[l * PO(O,S)Ie > k31,2,...,N,

X
-sx-of ”(X)qx Using (17) and (28) in (25) we have

(20) Pulx,s) = ?M(G,s)e , x> 0. -
: .
= N k=N+n, k
Now using (173, (19) and (20) in the boundary conditions (13) and (29 Fpls) = cf k=§~n(-l) (N_H)Ak(x,s)
{14y, the folldwing expressions for ?O(O,s) and ?N(U,s) are after ) N eten x . ~ . “Sx—ofkl(x)dx
some labour obtained: = L (-1) (o YO 1 + B (O,S)]OI e dax
k=N-n N-n""k e
_ Tes) W, (<1 HE () . y . ' 1 - F (s)
(21 P {(0,s) = — - - _ -N+n, k ,,N = ki
o D(S) . k=§!-n{ l) (N—n)(k)[l + PO(O’S)] R
N .
. k-1,N.= N
I.(-1) (I8 (8) _ Ny 2 k-N+n, n =
- o k=1 kK = {7) r (-1 ( N1 - F (=), n=0,1,,..,N-1.
(22) pN(Ogs) = 3 n SD(S) k=N-n N~k k‘ 3 + E
D(s) .
where This can further be written
—DkaA(x)dx 1- §N(s) :
{23) Sk(x) = kr{x)e s K=1,2,...,N _— for n=0
; . sD({s) :
N (30) ?ﬁ(s) = .
. k- - ! 1 - -
(20) Dls) = 1 = T(s) Pilk-l)K HihE, () (e5tey k:%-n(—l)k el 28, (s) For nel,2,...,N-1.



Equation {30) contains as particular cases the expressions for
Fo(s) and Fl(s) which Kulshrestha has by an iterative procedure

obtained.1

The Laplace transforms of the state probabilities are given in (26)
and (30). Now for given values of T(x} and 8(x) we can inverst
?n(s) {n=0,l,...,N) for obtaining the state probabilities Pn(t).

3.3, Availability of the system %
1
Availability of the system, denoted here A{t), is defined2 as the §
probability
{31y A(t) = P{the system is operable at time %1,
From the definition of the states it fellows that the system is
operable in being in one of the states 0,1,...,N-1 and inoperable
in state N, The Laplace transform of the availability of the system
thus becomes
1 N-1 M.
(32) E(s) = r (M ox DTN - B e
sD(s) n=0 k=N=-n
or more simply
- 1 1 o -1, ,
(33) B(s) = £ - Puls) = (1= % (-1)7 (5 (s} )
sN(s) k=1 d
1 N k-1, = J
= L (=1} (k)[l - Ek(s)]n
aN{s) k=1

Again, with miven values eof T{x) and 3(x) equation (33) can be

inverted to give the availability A(t). .

3.4, Behavicur under steady state

The steady state behaviour of the system can be found out using
3

the well known result in Laplace transforms”, viz.

1, see Kulshrestha {1972), equations (28) and (2%)
2. Gnedenko et al., p. 110
%, the final value /theorem, Spiegel (1365), p.20

(34) 1im £(t) = 1im =T(s)..
L= 5 =+ 0O

Applying this relation tc the equations (26) and (29) we get the
steady state probabilities

(35) Py lim Py(t) = 1im s Pyls)
T = = g =+ 0

M
1= T(s). .5, (-1 N3 ()
1im g k=1 k' k

. =R
s = o s D{s}/s ) D
(36 P_ = 1lim ¢ (%) = 1lim s P_{s)
n g w e 0 s 20 n
(N - T (s)]
E 1imi—é%;T : (-pyfinen i___;Eiil?
§ = o ==’ kzR-n g J
L 3
N1 k-N+
. . k-N+n, n . -
= ()5 k=§-n( 1) (i )Byr N0,1,. .0, N-1,
where
(37) R = [ xT(x)dx = the mean repai% time of the system
[
N
(38) D= 1 28l ar s -0 hhs,
5 %0 k=1
(39) E, = [ xs, (x)ax = J xkl(x)éxp{—OIXkA(x)dx}dx, k=1,2,...,N.
[s] o]

The steady state availability of the system thus is

) = - = -E.:
(403 A= 1-PB =1-g D
N
k-1,N
i
N
k-1,

R+ 2(-1) Mg

k=1 Kk

3.5. Particular case

If both the failure times of the compenents and the repair times of
the system follow exponential distributions with parameters A and §

reapectively, we have
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(u1} R =71
(42) E, = a0l k=1,2,000,m,

So the steady state availability of the system becomes
kwl(N
I

k-1,N,, -1
{k)k

N, o

B (1) Yk

B N

Ao+ oy E(=1)
k=1

N
¥
b2y {1/k)

(43) A

A+ ow (1/K%)
k=1

4. The reliability model
¥,1. Notation

In reliability analvsis, unlike in availability analysis, the repair
of the system i1s not considered. The system is only observed until the
first failure occurs. So the distribution of the repair times of the
system is not needed in the reliability analysis either. The states
0,1,...,N-1 are the same and they have the same meaning as in the
availability model. Thus also the functions Pn(x,t} and Pn(t) are

for n=0,1,...,N-1 the same as in section 3.1. Only the quantities
Joining with the state N must be redefined. So define

PN(t) = the probability that the system is inoperahle at time ¢ (the
system has totally failed before or at time t).

The state N becomes an absorbing state and so FN(x,t) is not needed.

4.2, The model

Following similar lines as in the availability model the following
set of difference differential equations with variable coefficients
can be set up:

[o]
1=

(Ll fa/sx + 3/3t + (N—n)h(x)]Pn(x,t) = (1—én,o)(w-n+1)k(x)Pn_l(x3t)

n=0,1,...,8-1, x > 0, t > 0

(45) (3/3t)P (%) = Oj Pyop(®sE)Alx)dx,  x 20, &3 0.

Because only the first eperation period'is considered, the boundary

conditions now become
(46) P (0,8} = 0, nz0,I,...,N-1, t > C.

Assuming all the components as new at time t = 7 we get the following
initial conditions

{L7) %n(x,G) = dn’od(x), n=0,1,...,0~1, x » 0

{L8) PN(O) = 0.

The solﬁtion of eguation (44) at first oroceeds In the same way as
the solution of egquation (&) in section 3.2: we apply the Laplace
transform in (44) to get (11}, apply the discrete transforms (16) in
(11} tc get {18), integrate (18) and obtain (19). Using (16) and the

Laplace transform of (46) we obtain

By =g,  k=i,2,...,M.

N
(49 A, (0,5) = = By (0,s)(

n=k

Thus, for % > 0 equation (19) now becomes

X
-sx= [Tka(x)dx
BNy g 0 . K=1,2,...,N.

il
~~

(50) Ak(x,s)

Following the similar lines as in the derivation of eguation (29)
in section 3.2 we obtain the folleowing expression for ?n(s):

gl - ﬁN(s) -

g b

(51} Fn(s) Sk(s}

= N _ .
lEN) 5 (-1 N+“+1(ka) . n=l,2,...,N-1
7 geNen s

From aquation (45} we get, taking the Laplace transform on both sides
[~
(52) sPyls) = of Pyop(x,s i (xddx

and further, using the inverse of the discrete transform of PN_I(K,S}
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[eq. (17)] and equation (590)

- N k-1 .
(53) SFN(S) = [ 5 (-1} kAk(x,s)A(x}dx
o k=1 % .
- = ~sx= [ ka(x)dx
= kyl(-l)k l(ﬁ) [ o(x)e oI dx
k= ) o

k=-1,N\=
F o ooz e,

So we have obtained

N

|~

(54) Fyls) = (-1 DT, ).

k=1

Again, with a given value of S(x) equations (51) and (5L) can be
inverted tc give the state probabilities Pn(t) {n=0,1,.,.,N}.

L.3. Reliability and MTSF of the systenm

Reliability of the system, denoted R{t), is definedl as the prob-
ability

(55) R(t} = P{the system does not fail during the interval (0,t)}.

Evidently we now have
N-1

(56) R({&) = £ P (t) = 1~ P (t).
n=0 0 N

The Laplace transform of the reliability so becomes

(57) W(s) = % - B (s)

N
= _ k=1 N
! L ENED
5, (s)
_ N k~1,N k
= fnRdh e

which after inversion gives the reliability R(t).
The mean time to system failure (MI'SF) has been shown2 to be

(58)* MTSF = 1im R(s).
5= 0

1, Gnedenko et al, (1989), p.79
2, Das (1872), p.69

Thus we have

N _ 1 -5 {g) N .
(59) mrsF = lim 1 (-0 X o 5 (¥ HDE,
s =» 0 k=1 s k=

where Ek is given in equation (39).

4.4, Particular case

If the failure times of the components obey exponential distribution

with parameter A, we have

kA

(50) gk(s) =S, U:l,?, JN
s + ki
and thué
- N k-1,N -1
(61 R(s) = I (-1)7 "( (s + kr) 7,

k=1

which after inversion gives the reliability R(f)

- -kx
k=18 -kit

N
(62) R(t) = % (-1} K

k=1

MTSF becomes in the exponential case

CoF R o™ = a7

1 k

{1/K).

6 MTSF =
(63) 1

L A
It M=

K

We can notice that the result for the exponentiai case MISF is the
same as earlier obtained e.g. by Gnedenko et al.

1. Gredenko et al. (196%), p.281
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