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ALGEBRA II 3
1. RESULTS FROM ELEMENTARY NUMBER THEORY

Recall the division algorithm: for a,d € Z (d # 0), there exist unique ¢,r € Z
such that

a=qd+r, 0<r<|d
If the remainder r = 0 we say that d divides a (or is a factor of a) and write d | a.

We use the notation a mod d for the remainder r.

An integer p > 1 is a prime number if it has only the trivial factors +1, £p.

Theorem 1.1 (Fundamental Theorem of Arithmetics). Let n > 1 be an integer.

There exist unique prime numbers pq,...,p; such that n = pyps - - p;.

Theorem 1.2.

(1) a|aVaeN.

(2) a|bandb|a = a=+bVa,beN.
3)albandb|c=a|cVa,beN and c € Z.

(4) ¢|a and c| b = c| (au+ bv) Ya,b,u,v € Z and ¢ € N.

Definition 1.1. Let a,b € Z (b # 0). Integer d is a common factor of a and b if it is
a factor of a and b. The greatest common divisor ged(a,b) of a and b is the greatest

element in the set of common factors of a

The greatest common divisor ged(a,b) can be calculated by the Fuclidean algo-

rithm:
a=qb+ ry, 0O<ri<b
bIQQT1+T2, O<ryg<mr
1 = (g3rg + T3, 0<ryg <ry
Tn—2 = QnTn-1 + Tn, 0< Tn < Tp-1

Tn-1 = Qn417n + 0

Here, the last nonzero remainder r, = ged(a, b).

Theorem 1.3. Let a,b € Z (b # 0). There exists u,v € Z such that ged(a,b) =
au + bv.
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Definition 1.2. Let a,b,n € Z (n > 0). If n is a factor of a — b we say that a is

congruent to b modulo n if a = b (n).

Theorem 1.4. Let a,b,c,d,n € Z (n>0). Then
(1) a=b (n) andc=d (n) =a+c=b+d (n).
(2) a=0b (n) andc=d (n) = ac=bd (n).

(3) ged(a,n) =1 and ab = ac (n) = b=c (n).
(4) a=b (n) < a mod n = b mod n.

Theorem 1.5. Let a,b,n € Z (n > 0). The congruence
(1) ar=b (n)
is solvable if and only if gcd(a,n) | b. The solutions of (1) in the interval [0,n — 1]

are
$0,$0+%,1’0+2%,...,$0+ (d— 1)%,
where d = ged(a,n), and xq is the unique solution of
(2) =g (3
in the interval [0,n/d — 1].

Moreover, any solution of (1) is congruent to xo+k% for some k € {0,...,d—1}.

Remark 1.1. We show how Euclidean algorithm can be used to find the solution
xo of (2). Since ged(§,5) = 1, Theorem 1.3 implies that
fut+ v =1

for some u,v € Z. Multiply both sides by % to get

(3):

It now follows from Theorem 1.4 (4) that z( is equal to the remainder u

4
d
i(ug) =g

b
d

mod %.
2. GROUPS
2.1. Definition, Subgroup, Order of an element.

Definition 2.1. Let S be a set and let Sx .S = {(a,b) | a,b € S} (the set of ordered
pairs (a,b) with a,b € S). A function S x S — S is called a binary operation on S.

Definition 2.2. Let G be a non-empty set and * a binary operation on G. The
pair (G, *) is called a group if the following three properties hold:
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(1) * is associative, that is, for any a,b,c € G,
ax(bxc)=(axb)x*c.
(2) There is an identity (or unity) element e in G such that for all a € G,
axe=ex*a=a.

(3) For each a € G, there exists an inverse element a! in G such that

If the group also satisfies
(4) For all a,b € G,

axb=>bxa,

then the group is called abelian or (commutative).

From now on we usually write G instead of (G, *) and use multiplicative notation
ab instead of axb. Sometimes, especially when G is abelian, we use additive notation
a + b instead of a x b. Respectively, we call G multiplicative or additive. If G is

additive we write —a instead of a~!.

Remark 2.1. It is easy to see that there is only one identity element in G and only

one inverse a~! for each a in G.

Example 2.1. (Z,+), (Q,+), (R,+), and (C,+) are abelian groups as well as
(R*,-) and (C*,-). The set of all invertible n x n matrices with entries in R is a

non-abelian group with respect of matrix product.

n times

For n € N and a € G we define the nth power a™ of a by setting a™ = aa- - - a.
Moreover, we set a’ = ¢ and a™" = (a™1)".

It is easy to see that

(3) anam — avL—i—m?

for all n,m € Z.
If we use the notation 4+ on G, we write na, the nth multiple of a, instead of a™.

Now na = a+a+---+a, if n € N. Moreover, we set 0o = e and (—n)a = n(—a).

TV
n times



6 ALGEBRA TII
Now we have,
na +ma = (n +m)a,
m(na) = (mn)a,
for all n,m € Z.
Definition 2.3. A group G is cyclic if there is an element g in G such that
G={q1jel}
Such an element is a generator of G and we write G = (g).
Remark 2.2. Property (3) implies that any cyclic group is abelian.
Example 2.2. The generators of the additive group Z are 1 and —1.

Consider next some groups with finite number of elements.

Definition 2.4. A group is called finite (resp. infinite) if it contains finitely (resp.
infinitely) many elements. The number of elements in a finite group is called its
order. We write |G| for the order of the finite group G.

Let a,n € Z (n > 0). The residue class a of a modulo n is the set
a:={beZ|b=a (n)}.

Each element in a is called a representative of a.

Lemma 2.1. Let a,b,n € Z (n >0). Then
a=b (n)eanb#0ea=»b.

Proof. The first equivalence is obvious since c€ aNb < a=c=0b (n).

The implication @ = b = aNb # () is obvious too, and hence we only need to
prove: aNb# 0 = a=b.

So, assume ¢ € aNb, and let d € a. Now d = a = c =b (n) and therefore d € b.
Hence, @ C b. By the symmetry we also have b C a. 0

Theorem 2.1. The set Z, :={0,1,...,n — 1} of residue classes modulo n forms a
partition of 7, i.e.
Z=0UlU---Un—1,

where the residue classes are pairwise distinct.
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Proof. Let m € Z. By the division algorithm m = r (n), with 0 < r < n—1. Hence,
m belongs to the union. Obviously the union is a subset of Z.

The residue classes are pairwise distinct by the first equivalence in Lemma 2.1. [

Now define the two binary operations, the addition 4+ and the multiplication -, on

Z,, by setting

a+b=a+b,
a-b=ab,
where a, b are any representatives of the respective sets a and b.

Remark 2.3. It is easy to see that + and - are well-defined i.e. @ + b and @ - b are

independent of the choice of the representatives of @ and b.
Theorem 2.2. (Z,,+) is a finite cyclic group.

Proof. (Sketch.) (1) The associativity follows from the definition of + on Z, and
the associativity of + on Z. (2) The identity element is 0. (3) The inverse —a of @

is —a. Hence (Z,,+) is a group. It is finite by the definition, and 1 is a generator
for it. O

Example 2.3. The group table of the additive group Z, is

+/0 1 2 3
0/0 1 2 3
111230
212 301
31301 2

Next define the set Z7 of prime classes modulo n:
7, :={a€Z,|ged(a,n)=1}.
Theorem 2.3. (Z,-) is a finite abelian group.

Proof. (Sketch.) (1) The associativity follows from the definition of - on Z,, and the
associativity of - on Z. (2) The identity element is 1. (3) Let a € Z;. Now az = 1
if and only if az = 1 (n) is solvable. By Theorem 1.5 the congruence is solvable if

ged(a,n) = 1, and consequently @' exists for each a € Z}. (4) Since

ab = ab = ba = ba,
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the multiplicative group Z; is abelian. 0

Example 2.4. The group table of the multiplicative group Zg is

11357
111 3 5 7
313175
5/5 71 3
7175 31
This group of order 4 is not cyclic, since a* = 1 for all a € Zj.

In the preceding example e.g. the subset {1,3} is a group. This motivates the

following definition.

Definition 2.5. Let (G, ) be a group and let H be a subset of G. If (H, %) is group,
then it is called a subgroup of (G, ).

Every group G has at least two subgroups: {e} and G, the trivial subgroups of G.

Lemma 2.2 (Subgroup criterion). A non-empty set H of a group G is a subgroup
of G if and only if ab=* € H for all a,b € H.

Proof. Exercise. !

Example 2.5. Z} has subgroups {1,3}, {1,5}, {1,7}. It is easy to see that these

are the only non-trivial subgroups of Zj.

Let a be any element of a group G. The set (a) := {a' | i € Z} is a subgroup of
G by the subgroup criterion. It is called a cyclic subgroup of G.

Definition 2.6. Let a be an element of a group G. If (a) is finite, then its order is

called the order of a. Otherwise, a is called an element of infinite order.

Theorem 2.4. The order of an element a of a finite group is the least positive

integer n satisfying a’™ = e.

Proof. Since G is finite, a’ = o’ for some 0 < i < j. Hence, a’~* = e. Let n be the
least, positive integer with a” = e. Let k be any positive integer. Now k = ng +r
for some 0 <7 <n — 1, and a* = a™a" = a”. Hence (a) = {1,qa,...,a" '}, and all
the powers a' with ¢ = 0,...,n — 1 are pairwise distinct by the choice of n. Hence
(@) = . =
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2.2. Equivalence relation, Lagrange’s theorem, Cyclic group.

Next we generalize the concepts of congruence and residue class modulo n.
Definition 2.7. Let ~ be a relation on a set S. It is called an equivalence relation
on S if it has the following three properties

(1) a ~afor all a € S (reflexivity).
(2) if @ ~ b then b ~ a for all a,b € S (symmetry).
(3) if a ~band b ~ ¢ then a ~ ¢ for all a,b,c € S (transitivity).

Definition 2.8. Let ~ be an equivalence relation on S, and let a € S. The equiva-

lence class a of a with respect to ~ is the set
a:={beS|b~a}.
Each element in a is a representative of a.

Example 2.6. Clearly the congruence = modulo n is an equivalence relation on Z,
and the equivalence class of a € Z with respect to = is the residue class of a modulo

n.
We have analogues of Lemma 2.1 and Theorem 2.1:
Lemma 2.3. Let ~ be an equivalence relation on S. Then
a~beanb#0 e a=0.

Proof. We may replace = with ~ in the proof of Lemma 2.1, since there is used only

the defining properties of an equivalence relation. O

Theorem 2.5. Let ~ be an equivalence relation on S. There exists a subset T of

S such that the set of equivalence classes {t | t € T} with respect to ~ forms a

S=Jt
teT
where the equivalence classes are pairwise distinct.

partition of G, i.e.

Proof. Let t € S. Now t € t by the reflexivity. Hence,

s=Jt= |J ¢t

teS  teT'Cs
where @ # b for all a,b € T', a # b. By Lemma 2.3 anb =0 for all a,b € T, a # b.

Hence we may choose T'=T". O
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Lemma 2.4. Let H be a subgroup of a group G and define relation ~ on G as
follows:

a~beab! € H,
Then ~ is an equivalence relation on G.
Proof. (1) Since aa™' =1 € H,a ~ a. (2) Assume a ~ bi.e. ab~' € H. Since H is a

group, the inverse element (ab=!)~!is also in H. But (ab™')™! = ba~!. Hence b ~ a.

(3) Assume a ~ b and b ~ ci.e. ab™' = hy and bc™! = hy for some hy, hy € H. Now
ac™t = a(b"'hy) = a((a " hy)hy) = (aa ') (hihy) € H.
Hence a ~ c. O

Let a € G. The equivalence class of a with respect the relation ~ defined above
is
a={beG|ba' € H} ={ha|h € H} =: Ha.
and is called the right coset of a modulo H.
If we had defined ~ as a ~ b if and only of a='b € H, then the equivalence class

of a would have been the left coset of a modulo H:
aH :={ah | h € H}.
We consider left cosets and call them just cosets.

Example 2.7. Let n € N, G = (Z,+) and H = (n). Now the coset of a modulo H
is the set
a+H={a+h|heH}={a+nk|keZ}

which is exactly the residue class of @ modulo n.

The cardinalities of two cosets modulo H are equal:
Lemma 2.5. Let H be a subgroup of a group G and a € G. Then, the function

f:H —aH, f(x) = az,

15 bigective.
Proof. Let b € aH. Now b = ah for some h € H, and f(h) = b. Hence f is

surjective. It is also injective:

F(h) = f(h) = ah=all = h=F.
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We can now prove an important result:

Theorem 2.6 (Lagrange). Let H be a subgroup of a finite group G. Then, the order
of H is a factor of order of G.

Proof. By Theorem 2.5 we have partition G = J,cpcqtH. By Lemma 2.5, [H| =
|tH| for all t € T', and therefore

Gl =) |tH| = T|- |H|.

teT

Corollary 2.1. Let G be a finite group. Then, al' = e for all a € G.

Proof. Let a € G. By Lagrange’s Theorem n := |{(a)| is a factor |G|, say |G| = nd.
Now, by Theorem 2.4, a/®l = " = (a™)? = e. O

Corollary 2.2 (Fermat’s little theorem). Let p be a prime number and let a € 7.
Then
plta=ad =1 (p).

Proof. Since ged(a,p) = 1, a € Z;. Since |Z;| = p — 1, Corollary 2.1 implies that
a’~! =1, equivalently, a?1 =1 (p). O

Theorem 2.7. Let G = (g) be a cyclic group. Then
(1) each subgroup of H is cyclic.
If, moreover, |G| = n, then

(2) For each factor d of n there exists exactly one subgroup H of G, namely
H = (g1).

Proof. (1) Obviously {e} = (e). Assume H # {e}. The elements of H are of the
form ¢°, i € Z. Let m be the least positive integer such that ¢™ € H. We show that
H={(g").

Let ¢ € H. Nowt =qm +1r,0<r <m — 1, for some ¢,r € Z, and therefore
g' = ¢g™g". Hence, ¢" = ¢g'¢g~%™ € H. By the minimality of m we must have r = 0,
and therefore g* = g™ € (¢g™).

(2) Let H be a subgroup of G. If H is trivial we are done. Assume H is non-
trivial. By (1) H = (g*) for some ¢t € Z, t > 0. Write t = dt’, where d = ged(t,n).
We show that H = (g%).
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Obviously, H C {(g%). So, we only need to prove that g € H. Since ged(¥',n) = 1,
we have t'zg = 1 (n), for some ¢ € Z. Now (g")% = (g%')%0 = (g?)!'s0 = (g4)l+kn
for some integer k. Now, by Corollary 2.1, we get (¢")* = g¢(g%)"* = ¢¢, and

therefore ¢¢ € H. O

Example 2.8. The subgroups of the additive group Z5 are {0}, (1) = Zy5, (3) =

2.3. Homomorphism, Factor group, First isomorphism theorem.
When comparing the structures of two groups, functions between the groups which

preserve the operations paly an important role.

Definition 2.9. Let (G,x*) and (G’,0) be groups. A function f: G — G’ is called
a homomorphism if it satisfies the following property:

flaxb) = f(a)o f(b) Va,b e G.

A homomorphism which is also bijection is called an isomorphism. If there is an

isomorphism between G and G’, then they are said to be isomorphic and this is
denoted by G ~ G'.

Example 2.9. The groups (R, +) and (R, ), where R.q is the set of positive real
numbers, are isomorphic since the exponential function f(z) = e” is an isomorphism
from (R, +) onto (Rso,-).

Lemma 2.6. Let f: G — G’ be a homomorphism, and let e and €' be the identity
elements of G and G'. Then

1) fle)=¢

(2) f(a)™t = f(a™?) for alla € G.
Proof. (1) f(e) = f(exe) = f(e)o f(e). Her)lce, fle) =¢.

1
(2) fla)o f(a™Y) = flaxa™t) = f(e)”=>¢. Hence, the inverse of f(a) equals

fla™). 0

Definition 2.10. The kernel ker f of a homomorphism f : G — G’ is the set of all

inverse images of ¢/ under f i.e.

kerf ={a € G| f(a) =€}
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The tmage imf of f is the value set of f i.e.
imf = {f(a) |a € G}.

Lemma 2.7. The kernel of a homomorphism [ : G — G’ is a subgroup of G, and
the image of f is a subgroup of G'.

Proof. By Lemma 2.6 (1), f(e) = ¢’ and therefore kerf # (). Let a,b € kerf. Now
flaxb™) = f(a)of(b™') = f(a)of(b) ' =€ o™t =¢'oe’ =¢'. Hence ab™! € kerf.
Now, by the subgroup criterion ker f is subgroup of G.

Let ¢,d € imf. Now ¢ = f(a) and d = f(b) for some elements a,b € G. Now
cd™ = f(a)f(b)™r = f(a)f(b71) = f(ab™!). Hence, cd™! € imf. O

Theorem 2.8. Let f : G — G’ be a homomorphism, and let H = kerf. The set
G/H of cosets modulo H is a group with respect the operation - defined by

aH -bH = abH.

Proof. First we show that the operation is well defined i.e. we show that if aH = o’ H
and bH = b'H, then o’H - VH = aH - bH.

If aH = o/H and bH = V' H, then o/H - VH = dVH = ah,bhoH for some
hy,he € H. We need to show that ah;bho H = abH, or equivalently, that h;b = bhs
for some hy € H (by Lemmas 2.3 and 2.4). Since f(b=*hib) = f(b)"*f(h)f(b) =
f(b)~Lf(b) =€, we have b= hib = hs for some h3 € H.

The associativity follows from the associativity of the operation of GG, the identity

element is H and the inverse element of aH is a ' H. O

Note that if H is a subgroup of G satisfying bH = Hb for all b € G, then the
proof above shows that the set G/H of cosets modulo H is a group.

Definition 2.11. Let H be a subgroup of G. If aH = Ha for all a € G, then H is

said to be normal in G.
Now we can generalize the preceding theorem:
Theorem 2.9. Let H be a normal subgroup of G. Then (G/H,-) is a group.

Definition 2.12. The group (G/H,-) is called a factor group of G modulo H.
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Example 2.10. Z is an abelian group and therefore each of its subgroups is normal.

Consider e.g. the factor group Z%/(6). The cosets modulo (6) are
L=(6)={1,6}, 2=2(6)=1{2.5}, 3=3(6)={3,4},

and the group table of Z%/(6) is

DIl

DI =1 QI QoI

QI DI =I| =11
ORIl NI

QA DI ==1f -

Example 2.11. Let n € Z, n > 0. Obviously f : (Z,+) — Z,, f(a) = a, is a
homomorphism. Now kerf = (n). The function F : Z/{n) — Z,, F(a+ (n)) = a is

an isomorphism.
The example above can be generalized:

Theorem 2.10 (First homomorphism theorem). Let f : G — G’ be a homomor-

phism. Then the function
F:G/kerf — im(f), F(aH) = f(a)
s an 1somorphism.

Proof. Let H = kerf. We first show that F'is well defined. Let aH = o’H. Now
a = da’h for some h € H, and therefore f(a) = f(a'h) = f(a')f(h) = f(a'). Hence
F(aH) = f(a) = f(d') = F(a'H).

Let ¢ € imf. Now ¢ = f(a) for some a € G, and therefore F(aH) = f(a) = c.

Hence, F'is surjective. It is injective too:

F(aH) = F(bH) = f(a) = f(b) = f(ab™") = f(a)f(b) " = ¢
=ab~l € H= aH = bH.

0
Example 2.12. Let f : C* — R* f(2) = |2|. Now f(zw) = |z2w| = |z|]|lw| =
f(2)f(w), and so f is a homomorphism. Clearly imf = R.y. The kernel kerf =
{z € C* | |z| = 1} is the unit circle S' of the complex plane and so we have

isomorphism C*/St ~ R.,,.



ALGEBRA 1II 15
3. RINGS AND FIELDS

3.1. Ring, Integral domain, Field, Characteristic.
Consider next a set where two binary operations are defined and which satisfy

certain axioms.

Definition 3.1. Let R be a set with at least two elements, and let + and - be two
binary operations defined on R. The triple (R, +,) is called a ring, if the following
axioms are satisfied:

1) (R,+) is an additive abelian group.

2)

3) There exists identity element 1 with respect to -.

4) The distributive laws hold i.e. for all a,b,c € R we have

E - 1s associative.
(
(
a(b+c¢)=ab+ac and (b+ c)a=ba—+ ca.
If ab = ba for all a,b € R, then R is called a commutative ring.
Remark 3.1. In a ring R we denote by 0 the identity element with respect to +.

Moreover, the additive inverse of a € R is denoted by —a, and a+(—b) is abbreviated
by a — b.

The following familiar looking rules hold in every ring.

Lemma 3.1. Let R be a ring. Then
(1) 0-a=0=a-0 foralla € R.
(2) 1#0.
(3) (—a)b= —ab=a(=b) for all a,b € R.
(4) (—a)(=b) = ab for all a,b € R.

Proof. Exercise. O

Example 3.1. Some familiar commutative rings are Z, R and C. The matrix ring

(Mysn(R), +,+)) is also a ring but not commutative.

Example 3.2. Let n € N. Then (Z,,+,-) is a finite commutative ring. Assume
n = mt with m,t > 1. Then mt = 0 although both m # 0 and i # 0. This

motivates the following definition.
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Definition 3.2. Let R be commutative ring. R is an integral domain if for all

a,b € R condition ab = 0 implies a = 0 or b = 0.
Example 3.3. Z, R and C are integral domains.

Example 3.4. Let n € N. We show that Z,, is an integral domain if and only if n
is a prime number. We have already seen, that Z,, is not an integral domain if n is a
composite number. Assume n is a prime. Then Z* = {1,...,n — 1}. If now ab=0

and @ = 0, then by multiplying the equation by a~' we get b = 0.

Definition 3.3. Let R be a ring. If an element a € R has the multiplicative inverse

a~! it is called an unit in R. The set of units in R is denoted by symbol R*
Example 3.5. R* =R\ {0}, Z* = {-1,1}.

Lemma 3.2. (R*,) is a group.

Proof. Exercise. OJ

In this course we are particularly interested in the commutative rings R with R*
maximal i.e. R* = R\ {0}.

Definition 3.4. Let (F,+,-) be a commutative ring. If F* = F'\ {0}, then F' is
called a field.

Theorem 3.1. Fach field is an integral domain. FEach finite integral domain is a
field.

Proof. Let F be a field and let a,b € F such that ab = 0. If a # 0, then by
multiplying by a=! we get b = 0.

Assume then that R is a finite integral domain. Let a € R, a # 0. To prove that
R is field, it is enough to show that a~! exists. To that end we consider the function
fa: R — R, fo(x) = ax. If f, is bijective, then it follows that f,(b) = 1 for some
b € R, and therefore b = a!.

We show that f, indeed is a bijection. First,

fa(b) = falc) =ab=ac=alb—c)=0=b—c=0=b=c,
and so f, is injective. Now |imf| = |R|, and it follows that f if surjective as well. [J

Corollary 3.1. Z, is a field if and only if p is a prime number.
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Proof. By Example 3.4, Z, is an integral domain if and only if p is a prime. 0

A big difference in the rings Z and Z,, is that the order of any nonzero element in
(Z,+) is infinite while in (Z,,+) nr = 0 for all » € R. We formalize this property.

Definition 3.5. Let R be a ring. The least positive integer n satisfying nr = 0 for
all r € R is called the characteristic of R. If there does not exist a positive integer
n such that nr = 0 for all » € R, then the characteristic of R is defined to be 0. The
characteristic of R is denoted by char(R).

Example 3.6. Obviously char(Z) = char(Q) = char(R) = char(C) = 0. The
characteristic of Z,, is n, since nr = 0 for all » € Z,,, and this is the least positive

integer satisfying nl = 0.

Remark 3.2. The characteristic of a ring R is the actually least positive integer n
such that nl = 0, since if nl = 0, then nr = (nl)r = 0r =0 for all r € R.

Theorem 3.2. Let R be an integral domain with positive characteristic. Then

char(R) = p for some prime number p.

Proof. Let char(R) = n, and let n = mt for some integers m,t > 1. Now nl =
(m1)(t1) = 0, and since R is an integral domain, m1 = 0 or t1 = 0. Since n is the
least positive integer with nl = 0, we must have m = n or t = n. Hence, n has only

trivial factors and is therefore a prime. O
Corollary 3.2. The characteristic of a finite field is a prime number.

Proof. Let F' be a finite field. Since nl € F for all positive integers n, and F' is
finite, we must have m1 = nl for some positive integers m,n with m # n. Hence

(m—mn)1l = 0, and therefore F' is an integral domain with positive characteristic. [

3.2. Subring, Ideal, Residue class ring, Finite field F,.

Definition 3.6. Let S be a subset of a ring (R, +,-). If also (5,4, ) is a ring, it is
called a subring of R.

Definition 3.7. An ideal of a ring (R, +, ) is a subset [ of R satisfying the following

two properties:

(1) (I,+) is a subgroup (R, +).
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(2) rie I, for all r € R and for all i € I.

Example 3.7. Let R be a commutative ring and let @ € R. Then the set (a) :=
{ra | r € R} is easily seen to be an ideal of R. It is called a principal ideal of R.

Here, element a is called a generator of (a).

Since the additive group (R, +) of a ring R is assumed to be abelian, any ideal
(I,4) of R is normal in (R,+). Hence, we can form the factor group (R/I,+),
where (a+ 1)+ (b+1) := a+ b+ I. We define the multiplication - on R/I by setting
(a4+1)-(b+1):=ab+I. The second condition in the definition of an ideal implies

that this multiplication is well-defined, and now we get

Theorem 3.3. Let I be an ideal of a commutative ring R. Then (R/I,+,-) is a

commutative ring.

Proof. Exercise. 0

We call (R/1,+,-) as a residue class ring of R modulo I, and its element a + I is

called the residue class of @ modulo 1.

Example 3.8. Let n € N. Now, the ring Z/(n) consists of the residue classes
a+ (n)={a+nk|keZ}=a. Hence, (Z/(n),+,:) = (Zpn,+,").

The concept of a homomorphism can also be defined in the context of ring theory.

Definition 3.8. Let R and R’ be rings. A function f : R — R’ is called a homo-

morphism if it satisfies the following three conditions for all a,b € R:

(1) fla+b) = f(a)+ f(b)

(2) flab) = f(a)f(b)

(3) f(1g) = 1w
If f is also a bijection, it is called an isomorphism, and R and R’ are called isomor-
phic. This is denoted by R ~ R/.

Definition 3.9. The kernel of a ring homomorphism f : R — R’ is the set
kerf ={re R]| f(r) =0}

Lemma 3.3. The kernel of a ring homomorphism f : R — R’ is an ideal of R.
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Proof. Since f is a group homomorphism from (R,+) into (R’,+), we know that
ker f is subgroup of (R, +). Moreover, ifr € Rand ¢ € kerf, then f(ri) = f(r)f(i) =
f(r)0=0i.e. ri € kerR. O

Like in group theory, we have an isomorphism theorem.

Theorem 3.4. Let f : R — R’ be a ring homomorphism, and let I = kerf. Then
F:R/I —imf, F(r+1)= f(r)

15 a ring isomorphism.

Proof. Exercise. OJ

We can use mappings to transfer a structure from an algebraic system to a set
without structure. For instance, let (R, +,-) be ring and let S be a set. Assume we
have a bijection f : R — S. This bijection can be used to give the structure of R

on S by defining + and - on S as follows:
s+t=f(f'(s)+ f () Vs, teS,
s-t=f(fNs)fHt) Vs, tesS.
Obviously (S, 4+, ) is a ring and isomorphic to (R,+,-). We say that S has the

ring structure induced by f.

Definition 3.10. Let p be a prime number, and let F,, denote the set {0,1...,p—1}
with the ring structure induced by the function f : Z, — F,, f(a) = a for a =
0,...,p— 1. Then (F,, +,) is called the finite field (or Galois field) of order p.

Remark 3.3. The finite field IF, can be seen as the set consisting of the integers
0,1,...,p—1, and where a + b = (a + b) mod p, and ab = ab mod p.

Example 3.9. The calculation tables of Fy are

+1]0 1 101
00 1 0/0 0
1110 1{0 1

We have seen the existence of a finite field I, for each prime number p. We
shall construct all the other existing finite fields as residue class rings of (formal)

polynomial rings.
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4. POLYNOMIALS

Definition 4.1. Let R be an integral domain. Let f : Zso — R, f(i) = f; be a
function with finite image. Let n be the largest index such that f,, # 0. Then we

denote
f@)=fo+ fiz+ -+ faz",
where f, # 0, and say that f(z) is a (formal) polynomial over R. Moreover,
e Elements f; are the coefficients of f(x).

o fo is the constant term of f(x).

e f, is the leading coefficient of f(x)

e f(x) is monic if the leading coefficient equals 1.

e n =:deg(f(x)) is the degree of f(zx).

o If fi = 0 for all i € Zso, then f(x) is the zero polynomial, denoted by
f(z) =0, and then we set deg(f(z)) = —oc.

e The set of all polynomials over R is denoted by the symbol R[z].

For a polynomial f(x) we use also the abbreviated notation f. By the definition
of a polynomial, two polynomials f, g are equal if and only if their coefficients are

equal for all indices i.e. f; = g; for all i € Z>,.
Example 4.1. Some familiar set of polynomials: Z[z], R[z], C|x].

Example 4.2. We are especially interested in the sets
Fplz] = {fo+ fiz + -+ faz" | f; € F,, n € N}.

In this set, for instance 1+ 2%+ 2" and 1+ 322 + 27 are not equal if p # 2. However,

3=3-1=1in Fy, and therefore the polynomials in question are equal in Fy[z].

Let f(x) = fo+ fix+ - -+ fma™ € R[z] and g(x) = go+ 17 + - - - + go2" € R[z].
Define their addition + and the multiplication - “as usual”:

max(m,n)

f@) +gx)= > (fi+g)a
=0
n+m 1

f(z)g(x) = Z(Z figi)x,

=0 t=0
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Remark 4.1. We see that the product can be formed by multiplying all the mono-
mials and then collecting together the monomials of equal degree, and by summing

their coefficients.
Example 4.3. Let f(z) =1+ z,9(z) =1+ 22 + 23 € Fylx]. Now
f@)+g@)=1+1+a+2* +2° =0+ 27+ 2%,
and
f@gx)=0+2)1+2*+2°) =1+ +2° +o+2° + 2" =1+ 2 + 2.
Moreover, deg(f + g) = 3 ja deg(fg) = 4.
Lemma 4.1. Let f,g € R[z]. Then

(1) deg(f +g) < max(deg f,g), (2) deg(fg) = deg f + degg.

Proof. Exercise. O
Theorem 4.1. (R[z],+,) is an integral domain.

Proof. (Sketch.) It is easy to see that (R[z], +) is an Abelian group; the zero element
is the zero polynomial 0, and the additive inverse — f of f(z) = fo+ fix+-- -+ fra”

is —f(2) = —fo— iz — - — fua"
The identity element of R[z] is the constant polynomial 1, and it follows from
the definitions of + and -, that - is associative and commutative, and that the

distributivity holds in R[z]. Moreover, R[z] is an integral domain:

fg=0=deg(f)+ deg(g) =deg(fg) = —00 =deg f <0 or degg <0
= f=0o0rg=0.

Remark 4.2. It follows from Theorem 4.1 that

f(x)g(x) = Z Z fix'gja? = Z Z figsz™,

i=0 j=0 i=0 j=0

where n = deg(f) ja m = deg(g).
Theorem 4.2. The set of units R[z|* in R[x] is the set of units R* in R.

Proof. 1f fg = 1, then deg(f) + deg(g) = 0. Since now deg(f) > 0 and deg(g) > 0,
we get deg f = degg = 0.
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4.1. Divisibility in Fz].
Let F' be a field. Next we develop some divisibility theory in F'[z]. Like in Z we

have

Theorem 4.3 (Division algorithm). Let f,g € F|x], with f # 0. Then there exist
unique polynomials q,r € Flx| such that

g=fq+r deg(r) <deg(f).
Proof. Use “long division”. O

Here r is the remainder of g divided by f. If r = 0, then we say that f divides g
(or is a factor of g), and denote this by f | g.

Example 4.4. When dividing g(z) = 2° + 22° + 2z + 1 by f(z) =22 + 2+ 2 in
F3[x], the long division yields

2+ 22 + 20+ 1= (222 + o +2)(22° +22° + 2+ 2) + 7.

Hence, the remainder of g divided by f is z.
Theorem 4.4. F[x] is a principal ideal domain, i.e. each ideal of F|x] is principal.

Proof. Let I be an ideal of Flz|. If [ = {0}, then I = (0). Assume [ # (0), and let
f be a nonzero polynomial of least degree contained in I. We claim that I = (f).
Let g € I, and divide it by f: g = fq+ r, deg(r) < deg(f). Now r = g — fq € I,
and by the minimality of deg(f) we must have r = 0. Hence, I = (f). O

Remark 4.3. If f is a generator of an ideal I C Flz|, then it is easy to see that
f.7Lf is a generator of I as well. Hence, each ideal I of F[z] is generated by a monic

polynomial, and there is only one monic polynomial generating I.

Theorem 4.5. Let h,g € Flz|, h # 0. There exists unique monic polynomial
d € Flz| satisfying the following two properties:

(1) d| h and d | g.

(2) If c€ Flz] and ¢ | h and ¢ | g, then c | d.

Proof. The set (h,g) := {ah +bg | a,b € F|x]} is easily seen to be a nonzero ideal
of Flzx|. Now, by Theorem 4.4, (h,g) = (f) for some f € Flx], f # 0. If f, is the
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leading coefficient of f, then obviously (f) = (f,1f). We set d = f, ' f and show
that d satisfies properties (1) and (2).

Since (d) = (h,g), h,g € (d), and therefore h = da and g = db for some a,b € F[z]
ie. d| hand d]g.

Since (d) = (h, g), d € (h, g) and therefore d = ah + bg for some a,b € F[z]. Now,
if ¢ divides both h and g, then ¢ | d.

If d’ is another monic polynomial satisfying the properties (1) and (2), then (d') =
(h,g) = (d), and therefore d | d’ and d’ | d. It follows that d = d'. O

Definition 4.2. The polynomial d in Theorem 4.5 is called the greatest common

divisor of h and g and denoted by ged(h, g).

Remark 4.4. We saw in the proof of Theorems 4.5 we have the following equality
of ideals: (ged(h, g)) = (h, g).

The greatest common divisor of h # 0 and g can be calculated by the Fuclidean

algorithm i.e. by using repeatedly the division algorithm:

g=hq +r, deg(ry) < deg(h),
h = riq2 + 19, deg(r2) < deg(ry),
1 = T2q3 + T3, deg(rs) < deg(ra),

Tp—o = Tn_1Qn +Tn,  deg(r,) < deg(r,—1),

'n—1 = Tnqn+1 + 0.

Let d = ged(h, g). We observe that r, € (h,g) = (d), and therefore d | r,. On the
other hand, we see that r,, | 7, and r,, | Ty =1 | P2 = =1, |h=1,]9.
Hence, by Theorem 4.5, 7, | d. It now follows, that ged(h, g) = ¢~'r,.
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Example 4.5. We calculate the greatest common divisor of the polynomials z'? +

0+ a8+ 23+ 1, 28 +2" + 2% + 2t + 2% + 1 € Fy[x] by using the Euclidean algorithm:

24 Bl =@ Tt e D) (2t 2P 4 0)
+2'+a2+ 2P+t +1

Bt o+l =@+ e+ D)+ )+ a2 o

Tt a1l =2 )+ 1

P+ 4= (2°+z+ 1)z

Hence, ged(2? + 210 + 28 + 23 + 1,28 + 2" + 2% + 2t + 22 + 1) =25 + 2 + 1.

Next we define the analogue of a prime number.

Definition 4.3. A polynomial f € F|x] is said to be irreducible over F if f has
positive degree, and if f = be for some b, ¢ € F[x|, then either b or ¢ is a constant

polynomial. If f is not irreducible, then it is called reducible over F'.

Remark 4.5. The irreducibility of a polynomial depends heavily on the field over
which the polynomial is considered. For instance, 2% 4 1 is irreducible over R, but

not over C or Fs.

Example 4.6. We show that 22 + x + 1 is irreducible over Fy. If it was reducible,
then its the factors would be of degree one, say 72 + x + 1 = (z + a)(z + b) with
a,b € Fy. This implies 22 + x + 1 = 2% + (a + b)x + ab, which implies a + b = 1 and
ab = 1. But this is impossible.

Lemma 4.2. Let f,b,c € Flx|, with f irreducible. Then, if f | be, then f | b or
fle

Proof. Assume that f does not divide b. Then, the greatest common divisor of f
and bis 1. Now (1) = (f,b), and therefore fu + bv = 1, for some u,v € Flz]. We
now get cfu + cbv = ¢, and since f divides the left hand side, it divides the right
hand side as well. 0J

Theorem 4.6 (Unique Factorization in F|x]). Let g € F[x] be of positive degree.
Then, there exist irreducible polynomials py,...,py € Flx] and a constant u € F*
such that

g(z) = upipa - - - pr.



ALGEBRA II 25

This factorization is unique apart from the order in which the factors occur.

Proof. Assume that there exists polynomials of positive degree, which can not be
written in the product of irreducible polynomials. Let g be one of them, and of the
least degree. Now ¢ can not be irreducible, and therefore g = ab for some a,b € F|x]
of positive degree. It follows that 0 < deg(a), deg(b) < deg(g), and therefore a and
b can be written as a product of irreducible polynomials. But then f can be written
as a product of irreducible polynomials as well, and we have a contradiction.

The assertion concerning the uniqueness, follows easily from Lemma 4.2. 0

4.2. Residue class ring F[z]/(f).

Next we prove an important result, which shows that irreducible polynomials

produce fields.

Theorem 4.7. Let f € Flx]. Then the residue class ring Fx]/(f) is a field if and

only if f is irreducible over F.

Proof. Assume that f is irreducible. We show that each nonzero element g + (p) €
F[z]/(f) has the multiplicative inverse. It then follows that F[z]/(f) is a field.
Denote g = g+ (p). If g # 0, then g & (f), which means that ged(g, f) = 1. Hence
1 = gu + fv for some u,v € F[z], and therefore 1 = gu = gu. Hence, u + (f) is the
inverse of g + (f).

Assume then that f is reducible, say f = ab for some a,b € Flz| of positive
degree. Now, 0 < deg(a),deg(b) < deg(f), and therefore f divides neither a nor
b. Hence, a,b # 0, but ab = f = 0, which means that F[z]/(f) is not an integral

domain and therefore not a field. O

Remark 4.6. By using the division algorithm, we see that a complete set of repre-
sentatives for the residue classes modulo (f) is the set of polynomials of degree less

than the degree n of f, and therefore
de/(f) = {CLo—i-all’—i-"-—}—CLn,lxn—k(f) | ag,...,0np—1 € F}

In particular, if ' = F,, then we observe that the number of elements in F,[x]/(f)
is p™. So:
if fis irreducible over IF, and of degree n, then F,/(f) is a finite field of degree p".
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Example 4.7. We saw in Example 4.6 that f(z) = 22 + 2 + 1 is irreducible over
Fy. Hence, Fo[z]/(f) is a finite field of order 4. Denote, & = x + (p), 0 = 0 + (p)
and 1 =1+ (p). Now a? = a + 1, and we have

Folz]/(f) ={0+ (), 1+ (), 2+ (f), x + 1+ (f)}
:{0,1,()6,()4+1‘a2:a—|—1} =:Fy.

The group tables of (Fy, +) and (Fj},-) are

+ ‘ o 1+«

0 1

. 1 «Q 14+«
0 0 1 o 1+«

1 1 Q 1+«
1 1 1 14+« Q

a o 1+« 1
o « 14+« 0 1 l+allta 1 o
l+a|l+a a 1 0

We end this section by considering polynomial functions.

Definition 4.4. Let f(z) = fo + fizx + -+ + foz" be a polynomial over F'. The

polynomial function induced by f(x), is the function
fiF —F, fla)=fo+ fia+--+ fna”.

Example 4.8. Different polynomials can induce the same polynomial function. Let
e.g. f(z) =, g(x) = 2% € Folz]. Now f(x) # g(x), but f(a) = g(a) for all a € Fy

i.e. they induce the same polynomial function from Fy onto Fs.

Definition 4.5. An element b € F' is called a root (or a zero) of the polynomial
f € Flz], if f(b) = 0.

Theorem 4.8. An element b € F' is a root of a polynomial f € Flx| if and only if
x — b divides f(x).

Proof. By the division algorithm, f(z) = (z — b)g(x) + ¢, where ¢ € F. Now z — b
divides f(x) if an only if ¢ = 0. But ¢ = f(b), and the theorem follows. O

Definition 4.6. Let b € I be a root of f € Fx]. If k is a positive integer such that
f(x) is divisible by (z — b)*, but not (x — b)**!, then k is called the multiplicity of
b. If k =1, then b is called a simple root (or a simple zero) of f. If k > 2, then b is

called a multiple root (or a multiple zero) of f.
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Lemma 4.3. Let f € Flz|. If by,..., by, are distinct roots of f with multiplicities
ki,... km, then (x —b))* -+ (z — by,)P divides f(x).

Proof. Each polynomial x —b; is irreducible, and therefore each polynomial (x—bj)kf
occurs as a factor in the factorization of f as a product of irreducible polynomials.

Hence, (z — b)* .- (z — b,,)* appears in the factorization as well. O

Theorem 4.9. Let f be polynomial over F' of degree n. Then, f has at most n roots
in F.

Proof. Let by, ...,b,, be the roots of f in F', and let kq, ..., k,, be their multiplicities.
Now, by Lemma 4.3, f(z) = (x — by)* -+ (z — b,,)"g(z) and therefore m < k; +
etk <. O

The irreducibility of a polynomial f over F' is equivalent to the non-existence of

a root of f in F, if the degree of f is small enough.

Theorem 4.10. Any polynomial f € F[z]| of degree 2 or 3 is irreducible in F[x] if
and only if f has no root in F.

Proof. If f has a root in F, then f is reducible, by Theorem 4.8. Assume f has not
a root in F. Then, f can not have a factor of degree one, again by Theorem 4.8.
Hence, if deg(f) = 2, it must be irreducible. If deg(f) = 3 and f does not have a
factor of degree one, then it can not have a factor of degree two either, and so f is

irreducible in this case too. O

Example 4.9. The assumption concerning the degree is necessary. For instance,
z* +22? + 1 has no zeros in R, but it is reducible over R: z* + 222 + 1 = (2% + 1)

Example 4.10. We find the irreducible polynomials over Fy of degree three . Let
f(x) = 2® +ax®+ bz + ¢ € Fy[z]. Now, by Theorem 4.10, f is irreducible if and only
if f(0) = f(1)=11ie. ¢=1and a+b=1. Hence, the irreducible polynomials over
Fy of degree three are z° + 2 + 1 and 2® + = + 1.

5. FIELD EXTENSIONS

Definition 5.1. Let F be a field. A subset K of F'is called a subfield of F', if it is a
field under the operations of F. If K is a subfield of F', then F'is called an extension
(field) of K. In this case the phrase field extension F/K is also used.
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Lemma 5.1 (Subfield Criterion). Let K be a subset of a field F. Then, K is a
subfield of ' if and only if the following three properties hold:

(1) K contains at least two elements,
(2) a—be K foralla,be K,
(3) ab™! € K for all a,b e K, b # 0.

Proof. If K is a subfield of F, then the properties are satisfied by the definition of
a field. Assume next that K satisfies the properties. By (1), K is non-empty. Now,
(2) implies that (K, +) is a subgroup of (F,+), and (3) implies that (K \ {0},) is
a subgroup of (F'\ {0},-) (by the subgroup criterion). It remains to show that the
distributive laws hold in K. But this is obvious, because they hold in F. 0

Lemma 5.2. The intersection of all subfields of a field F is a subfield of F.

Proof. Since all subfields of F' has at least 0 and 1, so do their intersection K. Let
a,b € K. Now, a,b are in each subfield of F', and therefore a — b belongs to each
subfield of F, and if b # 0 then also ab™! belongs to each subfield of F. OJ

Definition 5.2. The intersection of all subfields of a field F' is called the prime field
of F.

Theorem 5.1. Let F' be afield. If char(F') = 0, then the prime field of F is isomor-
phic to Q. Otherwise, it is isomorphic to F,, where p = char(F).

Proof. Let K be the prime field of F. Then, the set R of all integer multiples of
the identity element 1 is a subring of K. But since K is a field, all the fractions
a/b:=ab~! with a,b € R, b # 0, are in K too.

Hence, if char(F) = 0, then K contains (and is contained to) a field isomorphic
to Q, and if char(F') = p, then it contains (and is contained to) a field isomorphic
to IF,. 0J

Definition 5.3. Let K be the subfield of a field F', and let M be a subset of F'. The
intersection K (M) of all the subfields of F' containing both K and M is called the
extension field of K obtained by adjoining the element of M to K. If M is finite, say
M = {ay,...,a,}, then we write K(ay,...,a,) := K(M). The extension K(a)/K

is said to be simple and a is a defining element of the extension.
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Remark 5.1. Note that K (M) is the “smallest” subfield of F' containing both K
and M. Moreover, since K(a) is a field it contains elements f(a) where f € K|[x].

We are especially interested in the extensions K (a)/K where a is a root of a

polynomial over K.

Definition 5.4. Let K be a subfield of F'. An element a € F' is said to be algebraic
over K, if f(a) = 0 for some f € K[z]\ {0}. Extension F'/K is said to be algebraic

(extension) if every element of F is algebraic over K.

Theorem 5.2. Let K be a subfield of F, and let a € F. If a is algebraic over K,

then there ezists unique monic irreducible polynomial f over K such that f(a) = 0.

Proof. Obviously the set I := {g(z) € K[z] | g(a) = 0} is an ideal of K|z]. By
Remark 4.3, it is generated by a monic unique polynomial f(z) of the least positive
degree contained in I. If f = gh, for some g,h € Klz], then 0 = f(a) = g(a)h(a),
and therefore either f(a) = 0 or g(a) = 0. By the minimality of the degree of f, we
have g € K* or h € K* implying the irreducibility of f. 0

Definition 5.5. Let a € F' be algebraic over K. The monic irreducible polynomial
f over K satisfying f(a) = 0 is called the minimal polynomial of a over K. The
degree of f is called the degree of a.

Example 5.1. We find the minimal polynomial of a = /3 + 1 over Q. Now
a—1 = /3 and it follows that a® — 3a® + 3a — 1 = 3. Hence, a is a root of
f(z) = 23 — 32 + 3z — 4. This monic polynomial of degree 3 has no roots in Q, and

is therefore irreducible. Hence f(x) is the minimal polynomial of v/3 + 1 over Q.

Let K be a subfield of F. We can consider F' as a vector space over K. The

“vectors” are the elements of F', and the scalars are the elements of K.

Lemma 5.3. Let K be a subfield of . Then, F 1is a vector space over K i.e. for
all o, 6 € F, and all r,s € K we have

(1) (F,+) is an abelian group,

(2) r(a+0) =ra+rp,
(3) (r+s)a=ra+ sa,
(4)

4) (rs)a = r(sa),
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(5) la = a.
Proof. The lemma follows immediately by the definition of a field. O

Definition 5.6. Field extension F/K is called finite, if F' is a finite dimensional
vector space over K. The dimension of the vector space F' over K is then called the
degree of F over K, and denoted by the symbol [F': K].

Theorem 5.3. Every finite field extension is algebraic.

Proof. Let F/K be a finite field extension with n = [F' : K|, and let o € F. Now,

the n+1 elements 1, ..., a™ are linearly dependent over K i.e. there exist elements
ao, . . ., a, € K such that at least one of them is nonzero and ag+a;a+- - -+a,a™ = 0.
This means that « is algebraic over K. 0

Lemma 5.4. Let F/M and M/K be finite extensions. Then F/K is finite, and
[F: K] =[F:M|[M :K].

Proof. Let n = [F : M] and m = [M : K], and let {aq,...,a,} be a basis of F’
over M and {f,...,0,} a basis of M over K. Now, it is easy to see that the set
{a;B; |1 <i<mn, 1<j<m}is basis of F over K. O

Next theorem describes the key properties of simple field extensions.

Theorem 5.4. Let o € F be algebraic of degree n over K, and let f be the minimal
polynomial of o over K. Then

(1) K(«) is isomorphic to Klz|/(f).

(2) [K(a): K] =n and {1,a,...,a" 1} is a basis of K(a)/K.

(3) Every (5 € K(«) is algebraic over K, and its degree over K is a factor of n.

Proof. (1) Obviously function ¢ : K[z] — K(a), ¥(g(x)) = g(a) is a ring homo-
morphism. By the proof of Theorem 5.2 its kernel is an ideal of K[x] generated by
the minimal polynomial f of a. Since f is irreducible, K[z]/(f) is a field, and now
by the isomorphism theorem for rings, it is isomorphic to im. But K C im and
a € imy, and therefore, by the definition of K(a), we have im¢ = K(«). This
proves (1).

(2) As we saw above, each element 3 in K («) is of the form 8 = g(«a) for some g €
K|[z]. By the division algorithm g = fq+r for some ¢, r € K[x] with deg(r) < n—1.
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Hence, g(a) = f(a)q(a) + r(a) = r(a), and therefore {1,,...,a" '} spans K(«a)

over K. Assume 3" a;a’ = 0 for some ag, ..., a, € K. Now, 31" a;x’ is in ker 0,
and is therefore a multiple of f. But deg(f) = n, and therefore ag = -+ =a,_ 1 =0
ie. {1,a,...,a" '} is linearly independent over K. This proves (2).

(3) Let 8 € K(a). Since K(a)/K is finite, 3 is algebraic over K by Theorem 5.3.
By Lemma 5.4, [K(B) : K] = [K(«) : K]/[K(«) : K(B)], and by (2), the degree of
B is equal to [K (/) : K]. This proves (3). O

Above we considered simple algebraic extensions K (a)/K where « is an element

of a given field F'. But how to construct simple algebraic extensions over K without

reference to a previously given larger field?

Theorem 5.5. Let f € K[x] be irreducible and monic over the field K. Then there
exists an algebraic extension K(a)/K such that f is the the minimal polynomial of

.

Proof. Let n = deg(f). We know that the residue class ring
K[z]/(f) = {aox + a1z + -+ + ap12" " + (f) | ag, ..., an—1 € K}
is a field. Set a:= x4+ (f) and a := a+ (f) for all @ € K. Now, by the definition of
addition and multiplication of residue classes modulo (f), we get
Kz)/(f) ~{ap + ara+ -+ apn_10" " | ag,...,an_1 € K} = K(a),
where the equality follows from Theorem 5.4 (2). Moreover,

fla) = fot+ fiat-+a"" = fo+ frwt- 2" (f) = fl2)+(f) = 0+(f) =0,
and since f is irreducible and monic, it is the minimal polynomial of a. 0

By Theorem 5.5, for each irreducible polynomial f € K[z] there always exists an
extension field F' of K such that f has a root in F. Based on this we shall see, that
there exist an extension field of K over which f factors to the irreducible factors of
degree one, and this extension field is unique up to the isomorphism.

Let ¢ be a field isomorphism from K onto K’, and let f(x) = fo+- - -+ fo2" € K|z].
By the notation ¢(f) we mean the polynomial ¥(fy) + - - - + ¥ (fn)a" € K'[x].

Lemma 5.5. Let ¢ be a field isomorphism from K onto K', and let f € K|x] be
a monic irreducible polynomial over K. Let a be a zero of f and let B be a zero of
W(f). Then, the fields K(a) and K'(B) are isomorphic.
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Proof. We first show that ¢ (f) is irreducible over K’. By Theorem 5.4 (1) it is then
enough to show that the fields K|[x]/(f) and K'[z]/(¢(f)) are isomorphic.

It is easy to see that ¢ is actually a ring isomorphism from K[z] onto K'[z]. Tt
follows that, if ¢(f) = gh for some g,h € K'[z] then f = "' (g)y~!(h). Hence,
¥ (f) is irreducible.

Obviously o' : K[z] — K'[a]/((f)), ¥/(9) = t(g) + ((f)) is a surjective ring
homomorphism, and the kernel of ¢ consists of the polynomials g such that ¢(f) |
¥(g) equivalently f | g. Hence, K[z]/(f) and K'[z]/(x(f)) are isomorphic by the

isomorphism theorem for rings. O

Definition 5.7. Let f € K|x] be of positive degree, and let F' be an extension field
of K. Then f is said to be split in F, if there exist ay,...,a, € F such that

f(z) = a(z —a)(@ = ag) - (z = an),

where a is the leading coefficient of f. If f splits in F' and F' = K(«y,...,q,), then
Fis called a splitting field of f over K.

Theorem 5.6. For each f € K[z] of positive degree there exists a splitting field of
f over K. Any two splitting fields of f over K are isomorphic.

Proof. Let f = gihy where g1, hy € K|x], gy irreducible, and g; t hy. Now, ¢ has
a zero ap in K(ap) and therefore f(z) = (z — ay)*t(z) for some t; € K(ay)[z]
with deg(t;) < deg(f). If deg(t;) = 0, then we are done. Otherwise, we write
t, = g§2h2 where ¢o,hy € K(oy)[z], go irreducible, and g, 1 hy. Now, g5 has
a zero o in K(ay,ay) and therefore f(x) = (x — a1)® (z — ay)*ty(x) for some
t € K(ay)[z] with deg(ty) < deg(t). Continuing in this way, we finally get f(z) =
a(z —a)? (= ap)fm € K(ag, ..., a) ie. K(ay,..., q,) is a splitting field of
I

Let K(cf,...,a)) be another splitting field of f over K, and assume m < n.
Choose 1 in Lemma 5.5 be the trivial isomorphism ¢ : K — K, ¢(c¢) = ¢. Now,
K(ay) ~ K(a)). Next choose K to be K(a;) and K’ to be K (o)) in Lemma 5.5,
and we get isomorphism K (ay, ag) ~ K(o/, o). Continuing in this way, we obtain

an isomorphism from K(aq,...,a,,) onto K(of,...,al,) which maps each a; to .

/
n

If m < n, then f splits in a proper subfield K(«f,...,a’,), which is impossible by

the definition of a splitting field. Hence, m = n and the proof is complete. O
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We end this section by giving a criterion whether a polynomial f has a multiple

root in its splitting field.

Definition 5.8. Let f(z) = fo + fiz + fox? + - + f,2" be a polynomial over K.
The (formal) derivative of f is the polynomial f'(z) = fi + 2fox + -+ + nfa™ L

Lemma 5.6. Let f,g € K[z|. Then

(D) (f+9)=f+g"
(2) (fg) =f'9+ 14

Proof. Exercise. O

Theorem 5.7. Let f € Klz| and let o be a root of f in its splitting field over K.
Then, « is a simple root of f(x) if and only if f'(a) # 0.

Proof. Let F be the splitting of f over K. Write f(x) = (z — a)*g(z) where g(z) €
Flz], (x — a) t g(z), and k is a positive integer.

Now f'(x) = k(x — a)* tg(x) + (x — a)*¢'(z). If o is simple, then k = 1 and
f'(a) = g(a) # 0. If v is multiple, then £ > 1 and f'(a) = 0. O

6. FINITE FIELDS

In this section we characterize the finite fields. First we show that the number of

elements in a finite field is a prime power.

Lemma 6.1. Let F be a finite field containing a subfield K with q elements. Then
F has q" elements, where m = [F : K].

Proof. Since F' is a vector space over K of dimension m, each element o« € F' can

be uniquely represented in the form o = ajaq + - -+ + @y, where {aq, ..., a,} is
a fixed basis of F' over K, and ay,...,a,, € K. Here each “scalar” a; can be chosen
in exactly ¢ ways, and therefore |F| = ¢™. O

Theorem 6.1. Let F be a finite field. Then F has p™ elements, where the prime p

15 the characteristic of F' and n is the degree of F' over its prime field.

Proof. Since F' is finite, its characteristic is a prime p by Corollary 3.2. Now, by
Theorem 5.1, the prime field of F'is isomorphic to F,,, and Lemma 6.1 now completes
the proof. O
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Next we show that there exists a finite field of order p™ for each prime p and
for each positive integer n. We begin with a lemma, which is a generalization of

Fermat’s little theorem.
Lemma 6.2. If I is a finite field with q elements, then a? = a for all a € F.

Proof. Obviously a? = a if a = 0. If a # 0 then a? ! = 1, since F** is a group of
order ¢ — 1. This implies that a? = a. O

Theorem 6.2. For every prime p and every positive integer n there exists a finite

field with p" elements.

Proof. Let ¢ = p" and let f(x) = 27 — x. Since f'(z) = —1, each root of f is simple
in the splitting field F' of f over F,. It now follows from Theorem 4.9 that f has
exactly ¢ roots in F'. We show that the roots of f form a subfield of F. First, 0,1
are roots of f. Second, if «, [ are roots of f, then, since char(F) = p, we have
fla=pF) =(a-p1—(a—p)=a?—a—(f7—F) =0—-0=0 by Lemma 6.2.
Third, if 8 # 0, then f(af™) = (a3 17— (aB7!) = 0 by Lemma 6.2. Now, by the

subfield criterion, the roots of f form a field with ¢ elements. O

Since the splitting field of a polynomial over I, is unique up to the isomorphisms,
next theorem shows that for a given prime p and for a given positive integer n there

exists (essentially) only one finite field with ¢ = p™ elements.

Theorem 6.3. Let F' be a finite field with q elements, and let K be a subfield of F.

Then, the polynomial x1 — x factors in Fx] as

xq—x:H(m—a).

acF

Moreover, F is the splitting field of x4 — x over K.

Proof. The polynomial ¢ — x has at most ¢ roots in F', and now by Lemma 6.2,
its roots are exactly the ¢ elements of F'. Hence, 29 — x splits over F' in the given

manner, and it cannot split in any smaller field. 0
Definition 6.1. From now on we denote by [, the finite field with ¢ elements.

Next we characterize the subfields of IF,.
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Theorem 6.4. Every subfield of Fyn has p™ elements, where m is a posititive factor
of n. Conwversely, if m is a positive factor of n, then there is exactly one subfield of

Fpn with p™ element.

Proof. Let K be a subfield of Fy». By Theorem 6.1, K has p™ element for some

" where t = [Fp» : K]. Hence, m is a

positive integer m. By Lemma 6.1, p" = p™
factor of n.

Conversely, let m be a positive factor of n. Now, p"™ — 1 divides p™ — 1, and
therefore z7" ! — 1 divides 27" ~! — 1. Since F,. is the splitting field of z¥" — z by
Theorem 6.3, polynomial 27" — x splits in Fyn. Now, by the proof of Theorem 6.2,
the roots of 27" — z in Fyn form a subfield with p™ elements. On the other hand, if
K is any subfield of F,» with p™ elements, then its elements are the roots z#" — .
But this polynomial has exactly p™ roots, and so there is only one subfield with p™

elements. 0
Example 6.1. The subfields of Fo20 are o, Fg2, Foa, Fos, Foio and Fy2o.

Next we prove an important fact.
Theorem 6.5. The multiplicative group F, of a finite field F, is cyclic.

Proof. We may assume that ¢ > 3. Let ¢ — 1 = plfl -+ - pkm be the canonical prime
decomposition of ¢ — 1. For each i = 1,...,m, let h; = (¢ — 1)/p;. The polynomial
2™ — 1 has at most h; roots, and therefore there exists a; € FZ which is not a root
of " — 1. Let b; = aiqil)/pfi. The order of b; is a factor p/*. On the other hand,
bffi_l — al" /P £ 1 and therefore the order of b; is p'. We show that b := by - - by,
generates [7.

Assume on the contrary that the order of b is a non-trivial factor of ¢ — 1, which
means that it is a factor of (¢ — 1)/p; for at least one i = 1,...,m, say for i = 1.

Now,

Y

1 = pla—D/m — bgqfl)/mbéqfl)/pl . bgg—l)/pl _ bgqfl)/m 1.1 = bgqfl)/m
which implies that the order p*' of b, is a factor of (¢—1)/p1, which is impossible. [

Definition 6.2. A generator of the cyclic group Fy is called a primitive element of
F

q-



36 ALGEBRA II

Example 6.2. Let Fi3 = Fo(a) where « is a root of the irreducible polynomial
f(x) = 2* + 2° + 22 + z + 1. Now the order of « is either 3,5 or 15. Obviously,
a’ #1but a® = o* + a4+ a? + o = 1. On the other hand, the order of an element
B in Fy \ Fy is three, and therefore, by the proof of Theorem 6.5, a3 is a primitive
element of Fyg.

We next find such a 3. We observe that the degree of 3 over I, is 2, and therefore

it is a root of 22 + x4+ 1 in Fy4. So, it is enough to find ag, a;, as, as € Fy such that
(ap + ara 4 aza® + aza®)? 4 ag + a1 + aa® + aza® +1 =0,
equivalently,
ap + a10® + azat + aza® + ag + a0 + axa® + aza® +1 = 0.
Here, a* = a® 4+ o? + a+ 1 and a® = aa® = a, and therefore we have

ag + 14 (a1 + ag + az)a + a1a® + (ag + az)a® = 0,
equivalently, as = 1, a; = 0, a3 = 1. Hence, we may choose 8 = o? + o? or
B=1+a*+a
Theorem 6.6. Let F, be a subfield of the finite field Fyn. Then, Fpn = F,(v) where

v is a primitive element of F,.

Proof. Since F, C Fyn and 7 € Fyn, we have F (y) C F;n. On the other hand, F,(7)
is a field and therefore it contains 0 and all the powers of 7. Hence, F;n C Fy(y). O

Corollary 6.1. Let F, be a finite field and let n be a positive integer. Then, there

exists an irreducible polynomial of degree n over F,.

Proof. Let 7 be the primitive element of Fyn. Then Fy» = IF () by Theorem 6.6, and
the minimal polynomial of v over I, is of degree n by Theorem 5.4 and irreducible
by the definition. O

Definition 6.3. The minimal polynomial of a primitive element of F,» over F, is

called a primitive polynomial over .

We end this section by describing the roots of an irreducible polynomial over a
finite field.

Lemma 6.3. Let f be an irreducible polynomial over F, of degree m. Then f(x)

divides 9" — x if and only if m divides n.
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Proof. Let o be a root of f in its splitting field over F,. Assume first that f(x) |
(27" — x). Now a?" = a which means that o € F;» by Theorem 6.3. It follows that
F,(a) is a subfield of F,», and therefore the degree [F,(a) : F,] is a factor of n by
Lemma 5.4. But [F,(«) : F,] = m by Theorem 5.4.

Assume then that m is a factor of n. Now F,» has the subfield F = by Theorem 6.4.
On the other hand F,(a) = Fym and therefore a € F,n. Now « is a zero of 27" — z
and therefore f(x) | (9" — z) by the proof of Theorem 5.2. O

Theorem 6.7. If f is an irreducible polynomial over F, of degree m, then f has a

m—1

root o in Fym. Moreover, all the roots of f are simple and they are o, af, ..., af

Proof. Let o be a root of f in its splitting field over F,. The degree [F,(a) : F,] =m
and therefore F(a) = Fym. Tt follows from Lemma 6.2 that o is a root of f for all

non-negative integers 7:

m m
fa®) =3 e = (3_ fio))" = fla)” =0.
5=0 5=0
Since the degree of f is m, it remains to prove that o, af,. .. ,a?" " are distinct. If

ad = a? for some 0 < i < j < m — 1, then by rising this identity to the power of

g™ we get

a=al" =",
It follows that f(x) is a divisor of 277" — 2 and now, by Lemma 6.3, m divides
m + j — i. But is possible only if m divides j — ¢ which is impossible, since 1 <

j—i<m-—1. O

Definition 6.4. Let a € Fym. Then, the elements o, o4, . .. ,oﬂm_l are the conjugates

of a over F,.

Remark 6.1. If & € F;m and its degree over F is d | m. Then, the conjugates of a

over [, are the elements o, 9, ... ,oﬂd*l , each repeated with m/d times.

Theorem 6.8. Let o € Fym. Then, the conjugates of o over F, has the same order
Proof. By theory of cyclic groups. O

Example 6.3. Let v € Fis be a root of f(z) = 2 + 2 + 1 € Fy[z]. Then, the
conjugates of v over Fy are v,72%,7* = v+ 1 and 7® = 72 + 1. Since f is a primitive
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polynomial over Fy, the conjugates of v over Fy are primitive elements of F4, by
Theorem 6.8.

The conjugates of v over F4 are v and v*. Hence, the minimal polynomial of v
over Fy is (v +9)(z +7Y) =2? + (v +y)z +9° =22 + 2+ + 7.

7. A BRIEF INTRODUCTION TO THE ERROR CORRECTING BLOCK CODES

Assume we would like to send information, expressed as a finite sequence of sym-
bols, over a noisy channel. Then errors may (or will) occure and of course we would
like to correct, or at least detect, the errors in the receiving end of the channel. The
main idea is to transmit redundant information; that is, one extends the sequence
of message symbols to a longer sequence in a systematic manner. We call such a
systematic extension of a message as encoding.

Let F, be a finite field. We assume that the message word is a vector (ay, ..., a;) €
F’; and it is encoded into a code word (cy, .. .,c,) € Fy where n > k. In this context
a function from IF’; into Fy is called a coding scheme, and a function from F} into
IF’; a decoding scheme.

A simple coding scheme arises when (aq,...,a;) is encoded into a code word
c:=(a1,...,ak Cy1,--.,Cn), Where the control symbols cxy1,...,c, are chosen in a
systematic manner. For instance, let H be an (n — k) X n matrix with entries in IF,

that is of the special form

H=(A|I, %)
where A is an (n — k) x k matrix and I,,_j is the (n — k) x (n — k) identity matrix.
The control symbols cx1,...,c, are calculated from the system of equations
Hct =o0.

The equations of the this system are called parity-check equations.

Example 7.1. Let ¢ =2, k=4, n =7, and let

H =

—
— = O
—_ O =
O = =
OO =
O = O
_ o O
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The control symbols cs, cg, c7 of the code word ¢ = (ay,as,as, ay, cs, cg, c7) are
calculated by solving Hc' = 0 for given symbols a1, as, as, as:
a1 +az+ags+c5 =0
ar+as+ag+cg =0
a1 +as+az+c; =0
and it follows that the coding scheme in this case is the linear map from Fj into F}
given by
(a1, a9, a3, a4) — (a1, as,as, as, a; + az + ayg, ay + as + aq, a1 + as + ag)
In general we use the following terminology.
Definition 7.1. Let H be an (n — k) x n matrix of rank n — k with entries in F,.

The subset C of F} whose elements c¢ satisfy Hc" = 0 is called a linear [n, k] code

over F,. Here,

e n is the length of C,

e k is the dimension of C,

e the elements of C' are the code are code words of C,
e H is the (parity-)check matriz of C.

Moreover, if H is of the form (A | I,_) then C' is called a systematic code.

Remark 7.1. A linear [n, k] code over IF, is an subspace of dimension % of Fy, since

it is the kernel (or the null space) of H.

By the following lemma, linear [n, k] codes over F, are exactly the subspaces of
Lemma 7.1. Let C be a subspace of By of dimension k. Then there exists (n—k)xn

matriz H of rank n — k with entries in F, such that Hc™ =0 for all c € C.

Proof. Let {cM,....c®} be a basis of C' over F,. The solution space S of the
system of equations
cgl)xl +oeee At cg)xn =0

052)% + et cg)xn =0

cgk)xl +oeee c;k):cn =0
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has dimension n — k. Let H be the matrix whose rows form a base of S. Now
Hct' =0 forallceC. O

The parity-check equations He® = O with H = (A | I,,_1) and ¢ = (ay, ..., Gk, Chy1, - - -

can be written in the form

ay Ck+1 Ck+1 ai
0=Hc"'=A| : |+ : & : =-A
Qg Cn Cn Qg
Equivalently,
T Iy T )"
= (1 )ar = (at)-am)”
where a = (ay, ..., ak).

Hence, in this case, the coding scheme from ]F’; into Fy is given by
ar— a(]k | —AT),
and moreover, C' is the row space of the matrix (I | —A™).

Definition 7.2. The k x n matrix G = (I | —A7) is called the generator matriz of
a linear [n, k| code with check matrix H = (A | I,,_).

Example 7.2. The generator matrix G of the linear [7,4] code in Example 7.1 is

1000111
- 01 000O0T11
0010101
0001110

and the code words are the 16 linear combinations over Fy of the rows of G.
We generalize this definition in an obvious manner:

Definition 7.3. Let C be a linear [n, k] code over F,. If C' is the row space of an
n X k matrix G of rank k with entries in Fy, then it is called a generator matriz of

C.
Consider next decoding.

Definition 7.4. If c is a code word and y is the received word after the transmission

of ¢ over a channel, then e = y — ¢ is called the error vector of c.

Definition 7.5. Let x,y € F. Then,
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(1) The Hamming distance d(x,y) between x and y is the number of coordinates
in which x and y differ.

(2) The Hamming weight w(x) of x is the number of nonzero coordinates of x.
We observe that d(x,y) = w(x —y). Moreover, we have the following lemma.

Lemma 7.2. The Hammig distance is a metric on Fy. That is, for all x,y,z € Fy

we have
(1) d(x,y) =0 if and only if x =y,
(2) d(x,y) = d(y,x),
(3) d(x,z) < d(x,y) +d(y,z).

Proof. Exercise. O

If y is the received word, then, one usually tries to find the code word c such that
w(y — c¢) is as small as possible; that is we assume that it si more likely that few
errors have occured rather than many errors.

Thus, in decoding we are looking for a code word that is closest to the received
word according to the Hamming distance. This rule is called the nearest neighbor

decodinyg.

Example 7.3. Let the message words be the elements of F, and encode each of
them by using the generator matrix G in Example 7.2. Assume that the word
y = (1,1,0,0,1,0,1) was received. Now Hy"' # 0, where H is the check matrix of
the code given in Example 7.1, and therefore y is not in the code. Let ¢ be the sum
of the first two rows of G i.e. ¢ =(1,1,0,0,1,0,0). Now y and c differ only in one

coordinate place and we assume that ¢ was sent.

Definition 7.6. Let ¢ € N. Code C' C Fy is called t-error-correcting if for any
y € Iy there is at most one code word ¢ € C such that d(y,c) <.

Definition 7.7. For a code C C Fy, the number

de = min d(u, V)

u,veC
u#v
is called the minimum distance of C.
Obviously,
dc = min w(c),

ceC,c#0
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i.e. the minimum distance of a linear code C' is the Hamming weight of a code word
of the least weight in C

Theorem 7.1. Let C' be a code with minimum distance dc. Then, by using the

nearest neighbor decoding, it is possible to correct up to t errors if do > 2t + 1.

Proof. Tt follows from Lemma 7.2 (3) that the closed balls Bi(c) = {x € F} |
d(x,c) < t} with ¢ € C do not overlap if dc > 2t + 1. Hence, if at most ¢ errors

occurs in a code word c, the resulting word belongs only to the ball By(c). O

Lemma 7.3. A linear [n,k| code C over F, with a check matriz H has minimum

distance do > s+ 1 if and only if any s columns of H are linearly independent over
F

.
Proof. We observe that ¢ € C iff HcT = 0iff 31 ¢; H® = 0, where H® is the
ith column of the check matrix H of C. Let ¢ € C' with w(c) = d¢. Now a set of
dc columns is linearly dependent, and moreover, any s columns of H are linearly

independent if s < dg, by the definition of the minimum distance. O

Example 7.4. By Lemma 7.3, the minimum distance of the code in Example 7.1
is 3. Hence, the decoding in Example 7.3 is correct if only one one error occured

during the transmission.

In general it is quite difficult to determine the minimum distances in an infinite

family of linear codes. The following family is an exception.

Definition 7.8. Let m > 2. A linear code C,, over Fy of length 2™ — 1 is called
a binary Hamming code if the columns of the check matrix of C,, are the binary

representations of the integers 1,2...,2™ — 1.

Example 7.5. The check matrix H of Cj5 is
0001111
H=10110011
1010101

Hence Cj is a binary [7,4] code with minimum distance 3.
In general we have

Theorem 7.2. The binary Hamming code C,, is a linear 2™ — 1,2™ —m — 1] code

over Fy with minimum distance 3.
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Proof. The rank of H is obviously m, hence the dimension of C,, is 2™ — 1 — m.
Moreover, since H does not contain the all zeros column, and any two distinct
columns are non-equal, the minimum distance is at least three. Since the sum of
any two columns is a column of H, it follows that the the minimum distance is
three. O

7.1. Cyclic codes.

Next we consider a class of linear codes whose mathematical structure is fairly
well known and which admit efficient decoding algorithm based on the arithmetics
in a finite field.

Definition 7.9. A linear [n, k] code C over F, is called cyclicif (ap,a1...,a,-1) € C

implies (a,_1,a0...,a,2) € C.

From now on we assume that ged(n, ¢) = 1. The residue class ring F [z]/(2™ — 1)
is a vector space over [F, and it is easy to see that that the function from Fy into
F,[z]/(z™ — 1) given by

(ag,a1,. .., a0 1) = ag + @10 + - ap_12™ "+ (2" — 1)

is an vector space isomorphism over .

We identify the elements of F [z]/(2" — 1) with the elements in the set R, of
polynomials of degree less than n. Moreover, the multiplication of the elements is
modulo 2" — 1 and the addition is the usual addition of polynomials, and it follows
that R, is ring isomorphic to F,[z]/(z™ — 1).

Because of the isomorphism above, we shall also denote an element ag + a1x +

n—1

cvap_12" ' in R, as the vector (ag,aq,...,an_1).

Lemma 7.4. A linear [n, k] code C' over F, is cyclic if and only if the corresponding

polynomial set is an ideal of R,,.

Proof. Assume C'is cyclic. Let g(z) € R,,. Now zg(z) mod 2"—1 = (¢n-1,90-- -, Gn-2) €
C and it follows that 2%g(x) € C for all non-negative integers k. Moreover, since R,
is an vector space over F,, it now follows that a(z)g(x) € C for all a € R,. Hence,

C is an ideal of R,,. The converse assertion is seen similarly. OJ

From now we call the ideals of R,, as cyclic codes. Moreover, a principal ideal of
R, generated by g(z) is denoted by (g(x)).
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Theorem 7.3. Let C' be a nonzero cyclic code in R,,. There exists a monic polyno-

mial g(x) € C with the following properties;
(1) € = (g(x)),
(2) g(z) | (2" —1).
Let k =n — deg(g), and let g(x) = Z?:_Ok gix" where g, = 1. Then
(3) The dimension of C is k and {g(x),zg(x),..., 2" 1g(x)} is a basis of C,

(4) A generator matriz for C is

0 ... 0 gdo 51 B ¢y

Proof. (1) Let g be the monic polynomial of least positive degree in C. Let ¢ € C.
By the division algorithm ¢ = tg+r for some polynomials ¢, € F,[z] with deg(r) <
deg(g). But r = ¢ —tg € C, and therefore r = 0.

(2) 2™ —1 =0 € C and the claim follows from (1).

(3) and (4) Let ¢ € C. Now ¢ = tg for some t € C. Obviously we may assume
that deg(t) < k, and it follows that

1

c=tog(x) + tiwg(x) + -+ tp_iz®” g(x).

Hence, {g(z),zg(z),..., 2" 1g(z)} spans C over F,, and obviously it is linearly
independent. Items (3) and (4) follow from this. O

Definition 7.10. Let C' = (g(x)) be a cyclic code in R,. Then g(x) is called the
generator polynomial of C. Moreover, the polynomial h(xz) = (2" —1)/g(z) is called
the check polynomial of C'.

Lemma 7.5. Let h(x) = Zf:o hia' € Fylz] be the check polynomial of C. Then, a

check matriz of C' is

hi hxg—1 ... hg 0O ... 0 0
e 0  hyg h-k_l . ho 0 ... 0
0o ... 0 hi hi—1 ... ... hg

Proof. We observe that the (i,7)th entry of HGT is Z;:& hi—s—j+19s—i+1 which is

the coefficient of x*™7=2 of h(x)g(x)z™™7~2 = (2" — 1)2*~2 = 0 in R,. Hence,
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HG"T = 0, and it follows that C is contained in the kernel of H. But the dimension
of C' is k which is the dimension of the kernel of H, and therefore H is a check
matrix of C. O

Cyclic codes can also be described by means of the roots of the generator poly-
nomial in the the splitting field of 2™ — 1 over F,.

Let g(x) be a factor of degree n — k of ™ — 1. Since the derivative of 2™ — 1
is nz"~! # 0 by the assumption ged(q,n) = 1, it follows that its roots are simple.
Hence, g(x) has exactly n — k roots in the splitting field of 2™ — 1 over F,.

Lemma 7.6. Let C = (g(z)) be be a cyclic code of dimension k in R,, and let
Qi, ..., 0k be the roots of g(x). Then c(x) € C if and only c(ay) = 0 for all
1=1,....,n—k.

Proof. Let c¢(z) € R,. If ¢(x) € C, then ¢(z) = t(x)g(z) for some t(z) € F,[z].
Hence, each root of g(x) is a root of ¢(z).

If ¢(z) & C, then ¢(z) = t(z)g(x) +r(xz) with 0 < deg(r) < deg(g). If each root of
g(x) were a root of ¢(z), then r(x) would have more roots than deg(r) roots, which
is impossible. O

Since g(a®) = 0 implies g(a?) = g(a®)? = 0 if g(z) € F,[z], we consider the
q-cyclotomic cosets modulo n:

Cy(¢,n) := {s mod n,s¢ mod n, s¢* mod n, ...},
where s is an integer.

Lemma 7.7. The q-cyclotomic cosets modulo n form a partition of {0,1,... ,n}.

Proof. 1t is easy to see that relation ~ defined by
a~bsac Cygn)

is an equivalence relation on {0,1,... ,n}. O

Theorem 7.4. Let o be an element of order n in the splitting field 2™ — 1 over F,.
Then

" —1= l_Imozs(:zj)7
ses
where S is a complete set of representatives of q-cyclotomic coset of s modulo n and

Mas(x) is the minimal polynomial over F, of o”.
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Proof. The irreducible factors over F, of 2" — 1 are the minimal polynomials over
[F, of the roots of 2™ — 1. The roots of 2" — 1 are the elements of (o) and the
roots of mgs(z) are exactly the the elements o/ where j runs over C,(q,n) (see
Remark 6.1). O

Corollary 7.1. Let Let C = (g(z)) be be a cyclic code of in R,. Then g(x) =
[Lier mu(x) for some subset T of S.

Proof. By the definition of a generator polynomial g(z) is a factor of 2™ — 1. The

corollary now follows from 7.4. U

Definition 7.11. Let C' = (g(z)) be be a cyclic code of in R, with g(z) =
[L,cr mat(z). Then, the set {a* |t € T'} is called a defining set of C.

Theorem 7.5. Let C' = (g(x)) be be a cyclic code of dimension k in R,, and let
{a®) ... alr} be a defining set of C. Let a(x) = ag+ax+---+a,_12™ € R,,. Then,
a(x) € C if and only if

1 alt o2 .. anhh ap 0
1 a2 q?2 .. Db a; 0
i oz.tT ozétr o a(”il)tr an.,l O
_H
Proof. By Lemma 7.6, a(z) € C if and only if a(a’) =0 for all j = 1,...,r if and
only if ag + @10t + -+ - ap_1a™ V4% =0 for all j =1,...,r if and only if
Qg
(1 a4 o® . a0y | "0 | =0
Qp—1
forall j=1,...,7. O

Definition 7.12. Let C' = (g(x)) be be a cyclic code of dimension k in R, and let
{a' ... a'} be a defining set of C. If the roots a'*,... a' are in Fym, then the

matrix H in Theorem 7.5 is called a check matriz of C' over Fym.

Example 7.6. Let Fig = Fy(a) with a* = o+ 1. The minimal polynomials of «

and o® over Fy are my(r) = 2* + 2+ 1 and mys(z) = 2* + 23 + 22 + 2 + 1. These
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polynomials are factors of 21° 41, and since their greatest common divisor is 1, their
product is a factor of 2™ + 1 as well.
Consider cyclic [15,7] code C' = (g(z)) in Ry5 with g(z) = mg(x)mes(z). By

Theorem 7.5 the check matrix of C' over Fy is

1 a o ... o
H = ( 1 o o ... o*
We shall see that the minimum distance of C'is at least 5 and therefore C' can correct
up to 2 errors.

7 is encoded to

The encoding is simple: each message word ag + a1z + - - - + arx
the word ¢(z) = a(x)g(z). Consider the decoding. Assume that the received word is
y = (Yo, Y1, - - -, Y14), and write it in the form y = c+ e where c is a code word and e
is an error vector with w(e) < 2. We calculate the syndrome of y: Hy' = He™ (”;;)

If two errors occured, say say e(r) = x° + 27 for some unknown 0 < i < j < 14,

then
T Oéi + Oéj . Sl
w21~ (3)
Hence, to locate the error positions ¢ and 7 we need to solve the system of equations

x+y=25, 2+ y®=S;, where x = o' and y = o, equivalently

3
(4) 2? + Sz + A =,

If one error occured, then o' = S; and o® = S3, and therefore S? = S3. We
observe that in this case equation (4) has only one nonzero solution. If no erros
occured during the transmission, then S; = S3 = 0.

To summarize, by the following decision process we can find the transmitted word

c if at most two errors occured during the transmission:

(1) Evaluate the syndrome Hy"' = (g;) of the received word y.

(2) If S; = S5 =0, then decide that no errors occured.

(3) If S} = S5 # 0, then decide that a single error occured at the coordinate
place i, where o = S;.

(4) If S} # S3, then solve equation (4). If it is not solvable, then more than two
errors occured and they can not be located. Otherwise, it has two distinct
solutions x,y and then decide that two errors occured at the coordinate

places i and j, where x = o' and y = o’.
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More specifically, assume that the received word y = 100111000000000. Then
Hy" = (g;), where
Si=1+a+a'+o’=*+a*>=0a’ S;=1+"+a?+a®=1+a%

Now 53 = a'® = a3 # S3. Hence, we need to solve the equation

1 6
2?2 + olx + —|—6a =0,
«

equivalently
2?4+ afr+a’+1=0.

By trial and error we find that the two roots are z = o® and y = o4

decide that the transmitted word was ¢ = 100111001000001.

This code word corresponds to the polynomial c(x) = 1+ 2% + 2t + 2° + 2% 4 214

. Hence, we

and by dividing it with the generator polynomial g(z) we get a(z) = 143+ 25+ 5.

Hence the original message word was 1001011.

Definition 7.13. Let n be a positive integer and let m be the least positive integer

such that ¢™ =1 (n). Let b be a nonnegative integer and let a € F;m be of order
n. A BCH code over F, of length n and designed distance d with 2 < d < n is the
cyclic code with zeros a®, a®*!, ... ab+d=2,

If b = 1, the corresponding BCH code is called a narrow sense BCH code. If
n = q™ — 1, the BCH code is called primitive. If n = g — 1, the BCH code of length
q — 1 is called a Reed-Solomon (or RS) code.

Theorem 7.6 (BCH bound). The minimum distance of a BCH code of designed

distance d is at least d.

Proof. The BCH code is the kernel (or the null space) of the matrix

1 ab a? - an=1b
. 1 ot Q20+ (1))
i ab—i:d—2 a2(b-;—d—2) o a(n—l)'(b+d—2)

To prove the theorem, it is enough to show that any d — 1 distinct colums of H

are linearly independent (by Lemma 7.3). The determinant of any d — 1 distinct
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columns of H is

abi ab?2 S alia-1
qb+d=2i o (b+d=2)iz [ (b+d—2)ig
1 1 e 1
L , at a? L. ald-1
— ab(l1+22+~“+m_1)
Qld=2in  od=2iz  (d=2)ig
_ tnrieried T (b — o) £0.
1<k<j<d—1
Hence, any d — 1 distinct colums of H are linearly independent. O

Example 7.7. In Example 7.6 we considered cyclic [15,7] code C over Fy with a
defining set {, a*}, and claimed that the minimum distance of C is at least 5. Since
a, a?, a3, and o are zeros of C, the BCH bound implies that the minimum distance

of C is indeed at least 5.



