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Overview
• The goal(s)
• Earlier results
• Notations
• The main problem
• A formula forNt(a, b)

• Casea = 0

• Casea 6= 0

• On Kloosterman sums, I
• On irreducible cubic polynomials
• On Kloosterman sums, II
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The goal(s)

Notations:

m, p, r fixed positive integers,p a prime
Fq the finite field withq = pr elements
a, b fixed elements inFq, b 6= 0

Pm(a, b) the number of irreducibles
xm − axm−1 + · · · + (−1)mb ∈ Fq[x]
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The goal(s)

Notations:

m, p, r fixed positive integers,p a prime
Fq the finite field withq = pr elements
a, b fixed elements inFq, b 6= 0

Pm(a, b) the number of irreducibles
xm − axm−1 + · · · + (−1)mb ∈ Fq[x]

Goal: Find an explicit expression forPm(a, b)

This is very difficult in general, and so we also set an
"easier"

Goal: Find good bounds forPm(a, b).
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Earlier results
• An explicit expression for the number of

irreducibles witha XOR b fixed was obtained by
Carlitz (1952) (and more elementary by Yucas
(2006))
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Earlier results
• An explicit expression for the number of

irreducibles witha XOR b fixed was obtained by
Carlitz (1952) (and more elementary by Yucas
(2006))

• An asymptotic bound forPm(a, b) was found by
Carlitz (1952):

Pm(a, b) = qm−1
mq(q−1) + O(qm/2) (m → ∞)
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Earlier results
• An explicit expression for the number of

irreducibles witha XOR b fixed was obtained by
Carlitz (1952) (and more elementary by Yucas
(2006))

• An asymptotic bound forPm(a, b) was found by
Carlitz (1952):

Pm(a, b) = qm−1
mq(q−1) + O(qm/2) (m → ∞)

• Wan (1997) obtained the bound
∣

∣

∣
Pm(a, b) − qm−1

m(q−1)

∣

∣

∣
≤ 3

mqm/2 (1)

On the number of irreducible polynomials – p. 4/24



Notations
To state the main problem we fix some notations:

t a positive factor ofm
trt(x) the trace function fromFqt ontoFq

Normt(x) the norm function fromFqt ontoFq

Nt(a, b) the number of elementsx in F∗
qt

with trm(x) = a andNormm(x) = b

µ the Möbius function
pe1

1 · · · pek

k the c.p.d ofm
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The main problem (1/2)

It is easily seen that

Pm(a, b) =
1

m

∑

t|m
µ(t)Nm/t(a, b) (2)
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The main problem (1/2)

It is easily seen that

Pm(a, b) =
1

m

∑

t|m
µ(t)Nm/t(a, b) (2)

which implies the following

Lemma 1. Letm′ = p1 · · · pk. Then

Nm(a, b) − M1m
′

2 ≤ mPm(a, b) ≤ Nm(a, b) + M2m
′

2

with M1 = maxh{Nm
h
(a, b)}, M2 = maxs{Nm

s
(a, b)}

whereh (resp.s > 1) runs over the factors ofm′

having odd (resp. even) number of prime factors.
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The main problem (2/2)

Hence, to achieve our goals we have to solve

The main problem: EvaluateNm/s(a, b) for all
positive factorss of m′
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The main problem (2/2)

Hence, to achieve our goals we have to solve

The main problem: EvaluateNm/s(a, b) for all
positive factorss of m′ or, at least, find good upper
bounds for them.
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The main problem (2/2)

Hence, to achieve our goals we have to solve

The main problem: EvaluateNm/s(a, b) for all
positive factorss of m′ or, at least, find good upper
bounds for them.

A good estimate forNm(a, b) was obtained by Katz
(1993) (using deep AG):

∣

∣

∣
Nm(a, b) − qm−1

q(q−1)

∣

∣

∣
≤ mq

m−2

2 . (3)
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A formula for Nt(a, b)

Notations:
d is thegcd of m

t andq − 1

γt a primitive element ofFqt

e, χ the canonical additive characters ofFqt andFq
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A formula for Nt(a, b)

Notations:
d is thegcd of m

t andq − 1

γt a primitive element ofFqt

e, χ the canonical additive characters ofFqt andFq

Lemma 2. Assumep ∤ m
t andd | indg b. Assumet > 1

if a = 0. Let i0 be a solution ofmdti ≡
indg b

d (q−1
d ) and

let a0 = t
ma. Then

Nt(a, b) = d
q(q−1)(q

t − 1 + σt(a, b))

where
σt(a, b) =

∑

c∈F∗

q

χ(−ca0)
∑

x∈F∗

qt

e(cγi0
t x

q−1

d ).
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Case a = 0 (1/3)

Lemma 2 implies

Theorem 1. If p ∤ m
t , d | indg b, andt > 1, then

Nt(0, b) = d
(qt−1 − 1

q − 1
+

1

q

∑

x∈Fqt

e(γi0
t xs)

)

wheres = gcd(t, q−1
d ).
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Case a = 0 (1/3)

Lemma 2 implies

Theorem 1. If p ∤ m
t , d | indg b, andt > 1, then

Nt(0, b) = d
(qt−1 − 1

q − 1
+

1

q

∑

x∈Fqt

e(γi0
t xs)

)

wheres = gcd(t, q−1
d ).

Corollary 1.
∣

∣

∣
Nm(0, b) − qm−1−1

q−1

∣

∣

∣
≤ (s − 1)q

m−2

2 ,

wheres = gcd(m, q − 1).
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Case a = 0 (1/3)

Lemma 2 implies

Theorem 1. If p ∤ m
t , d | indg b, andt > 1, then

Nt(0, b) = d
(qt−1 − 1

q − 1
+

1

q

∑

x∈Fqt

e(γi0
t xs)

)

wheres = gcd(t, q−1
d ).

Corollary 1.
∣

∣

∣
Nm(0, b) − qm−1−1

q−1

∣

∣

∣
≤ (s − 1)q

m−2

2 ,

wheres = gcd(m, q − 1).

Remark. This is an improvement of the Katz-
bound (3).
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Case a = 0 (2/3)

Corollary 2.
∣

∣

∣
Pm(0, b) − qm−1−1

m(q−1)

∣

∣

∣
≤ s−1

m q
m−2

2 + q
m
2 −1
q−1

< 2
q−1q

m
2
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Case a = 0 (2/3)

Corollary 2.
∣

∣

∣
Pm(0, b) − qm−1−1

m(q−1)

∣

∣

∣
≤ s−1

m q
m−2

2 + q
m
2 −1
q−1

< 2
q−1q

m
2

Remark. This is an improvement of the Wan-
bound (1) ifm < 3

2(q − 1).

On the number of irreducible polynomials – p. 10/24



Case a = 0 (2/3)

Corollary 2.
∣

∣

∣
Pm(0, b) − qm−1−1

m(q−1)

∣

∣

∣
≤ s−1

m q
m−2

2 + q
m
2 −1
q−1

< 2
q−1q

m
2

Remark. This is an improvement of the Wan-
bound (1) ifm < 3

2(q − 1). Of course, it can even be
improved assuming the knowledge of the factorization
of m.
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Case a 6= 0 (1/5)

Lemma 2 implies also the following

Theorem 2. If a 6= 0 andd | indg b, then

Nt(a, b) = d(qt−1)
q(q−1) + (−1)t−1

(

d−1
∑

i=0

N(ci) − d(q−1)t

q(q−1)

)

,

whereN(ci) is the number of solutions of
{

x1 + · · · + xt = 1

x1 · · ·xt = ci
(4)

in Ft
q with ci = g

q−1

d i+i0a−t
0 .
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Case a 6= 0 (2/5)

Combine Theorem 2 with the Katz-bound (3) to get

Lemma 3. Let c ∈ F∗
q. The numberN(c) of solutions

of
{

x1 + · · · + xn = 1

x1 · · ·xn = c

in Fn
q satisfies

∣

∣

∣
N(c) − (q−1)n

q(q−1)

∣

∣

∣
≤ nq

n−2

2 .

On the number of irreducible polynomials – p. 12/24



Case a 6= 0 (3/5)

Corollary 3.
∣

∣

∣
Pm(a, b) − qm−1

mq(q−1)

∣

∣

∣
≤ q

m−2

2 + q
m
2 −1

q(q−1) + mq
m
4
−1

<
(

1
q−1 + m

qm/4+1

)

q
m
2

≤ 2
q−1q

m
2 .
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Case a 6= 0 (3/5)

Corollary 3.
∣

∣

∣
Pm(a, b) − qm−1

mq(q−1)

∣

∣

∣
≤ q

m−2

2 + q
m
2 −1

q(q−1) + mq
m
4
−1

<
(

1
q−1 + m

qm/4+1

)

q
m
2

≤ 2
q−1q

m
2 .

Remark. Again we have an improvement of the
Wan-bound (1) ifm < 3

2(q − 1).
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Case a 6= 0 (4/5)

If m = 3, Theorem 2 and equation (2) imply

Corollary 4. Let c = b/a3, and letX be the projective
curve overFq defined by

X : y2 + cy + xy = x3.

Then,N3(a, b) = |X (Fq)| and

P3(a, b) = 1
3(|X (Fq)| − ǫ),

where

ǫ =

{

1 if p 6= 3 andc = 1
27 ,

0 otherwise.
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Case a 6= 0 (5/5)

It can be shown thatX is singular iffǫ = 1.

Example. Assumep 6= 3, and letb = (a
3)

3. Then

P3(a, b) = 1
3(q ± 1)

where the sign is plus ifp ≡ 2 (3) and2 ∤ r, and
otherwise the sign is minus.
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Case a 6= 0 (5/5)

It can be shown thatX is singular iffǫ = 1.

Example. Assumep 6= 3, and letb = (a
3)

3. Then

P3(a, b) = 1
3(q ± 1)

where the sign is plus ifp ≡ 2 (3) and2 ∤ r, and
otherwise the sign is minus.

The Hasse-Weil bound now implies sharp bounds

Corollary 5. Leta, b ∈ Fq, b 6= 0. Then

3
⌈

q+1−2
√

q

3

⌉

≤ N3(a, b) ≤ 3
⌊

q+1+2
√

q

3

⌋

.
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On Kloosterman sums, I (1/5)

Assumem = t = pk and use additive characters to
count the number of solutions of (4)

Theorem 3. If a 6= 0, then

Nm(a, b) = mPm(a, b) = qm−1−1
q−1 + (−1)m−1km−2(c),

wherec = b/am, and

km−2(c) =
∑

xi∈F∗

q

χ(x1 + · · · + xm−2 + c
x1···xm−2

).
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On Kloosterman sums, I (1/5)

Assumem = t = pk and use additive characters to
count the number of solutions of (4)

Theorem 3. If a 6= 0, then

Nm(a, b) = mPm(a, b) = qm−1−1
q−1 + (−1)m−1km−2(c),

wherec = b/am, and

km−2(c) =
∑

xi∈F∗

q

χ(x1 + · · · + xm−2 + c
x1···xm−2

).

Let k(c) := k1(c), choosep = m = t = 3, and
combine Theorem 3 with Corollary 4 to get
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On Kloosterman sums, I (2/5)

Corollary 6. Let q = 3r, and letc ∈ F∗
q. LetXc be the

elliptic curve overFq defined by

Xc : y2 + cy + xy = x3.

Then
|Xc(Fq)| = q + 1 + k(c),

and
k(c) ≡ −1 (mod 3).
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On Kloosterman sums, I (2/5)

Corollary 6. Let q = 3r, and letc ∈ F∗
q. LetXc be the

elliptic curve overFq defined by

Xc : y2 + cy + xy = x3.

Then
|Xc(Fq)| = q + 1 + k(c),

and
k(c) ≡ −1 (mod 3).

The following four claims are now easy to verify:

Claim 1. Xc is isomorphic overFq to

X ′
c : y2 = x3 + x2 − c.
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On Kloosterman sums, I (3/5)

Let E be an ordinary elliptic curve overFq.
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On Kloosterman sums, I (3/5)

Let E be an ordinary elliptic curve overFq.

Claim 2. E is isomorphic overFq to
E ′ : y2 = x3 + dx2 + e, for somed, e ∈ F∗

q.
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Let E be an ordinary elliptic curve overFq.

Claim 2. E is isomorphic overFq to
E ′ : y2 = x3 + dx2 + e, for somed, e ∈ F∗

q.

Claim 3. |E ′(Fq)| = q + 1 + t with t ≡ −1 (mod 3)
if and only if d is a square inF∗

q.
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On Kloosterman sums, I (3/5)

Let E be an ordinary elliptic curve overFq.

Claim 2. E is isomorphic overFq to
E ′ : y2 = x3 + dx2 + e, for somed, e ∈ F∗

q.

Claim 3. |E ′(Fq)| = q + 1 + t with t ≡ −1 (mod 3)
if and only if d is a square inF∗

q.

Claim 4. If d is a square thenE ′ is isomorphic overFq

toX ′
c with c = −e/d3.
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On Kloosterman sums, I (3/5)

Let E be an ordinary elliptic curve overFq.

Claim 2. E is isomorphic overFq to
E ′ : y2 = x3 + dx2 + e, for somed, e ∈ F∗

q.

Claim 3. |E ′(Fq)| = q + 1 + t with t ≡ −1 (mod 3)
if and only if d is a square inF∗

q.

Claim 4. If d is a square thenE ′ is isomorphic overFq

toX ′
c with c = −e/d3.

Therefore:

E OEC with|E(Fq)| = q + 1 + t, t ≡ −1 (mod 3)
⇒ E is isomorphic overFq toXc for somec ∈ F∗

q.
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On Kloosterman sums, I (4/5)

Moreover, we have have an elementary fact (by which
we may replace OEC with EC above):

Lemma 4. Let |E(Fq)| = q + 1 + t. Then,

E is supersingular iff3 | t.
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On Kloosterman sums, I (4/5)

Moreover, we have have an elementary fact (by which
we may replace OEC with EC above):

Lemma 4. Let |E(Fq)| = q + 1 + t. Then,

E is supersingular iff3 | t.

and a deeper fact:

Theorem 4 (Deuring (1941)). The numberM(t) of
isomorphism classes of elliptic curves overFq having
q + 1 + t points withgcd(q, t) = 1 is given by

M(t) =

{

H(t2 − 4q) if t2 < 4q,

0 otherwise.

HereH(d) is the Kronecker class number ofd.
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On Kloosterman sums, I (5/5)

Claims 1–4, Lemma 4, and Deuring imply

Theorem 5. Let q = 3r. The rangeR of k(c), asc
runs overF∗

q, is given by

R = {t ∈ Z : |t| < 2
√

q andt ≡ −1 (mod 3)}.

Moreover, each valuet ∈ R is attained exactly
H(t2 − 4q) times.
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On Kloosterman sums, I (5/5)

Claims 1–4, Lemma 4, and Deuring imply

Theorem 5. Let q = 3r. The rangeR of k(c), asc
runs overF∗

q, is given by

R = {t ∈ Z : |t| < 2
√

q andt ≡ −1 (mod 3)}.

Moreover, each valuet ∈ R is attained exactly
H(t2 − 4q) times.

This was proved by Katz and Livne (1989), and by
vds Geer and Vlugt (1991), by using more advanced
methods.
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On the irreducible cubics (p = 3)

Combine Theorem 5 and Corollaries 4 and 6 to get

Corollary 7. If a 6= 0, thenP3(a, b) = (q + 1 + t)/3
wheret is an integer satisfying the following two
conditions:

(i) t ≡ −1 (3),

(ii) |t| < 2
√

q.
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On the irreducible cubics (p = 3)

Combine Theorem 5 and Corollaries 4 and 6 to get

Corollary 7. If a 6= 0, thenP3(a, b) = (q + 1 + t)/3
wheret is an integer satisfying the following two
conditions:

(i) t ≡ −1 (3),

(ii) |t| < 2
√

q.

Conversely, for an integert satisfying (i) and (ii),
there are exactly(q − 1)H(t2 − 4q) pairs (a, b) ∈ F2

q

with ab 6= 0 andP3(a, b) = (q + 1 + t)/3.
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On Kloosterman sums, II (1/2)

Consider the divisibility modulo 3 of Kloosterman
sums under the assumptionq = 2r.
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On Kloosterman sums, II (1/2)

Consider the divisibility modulo 3 of Kloosterman
sums under the assumptionq = 2r.

Notations:

Trq
2s the trace function fromFq ontoF2s

A the set of elementsa ∈ Fq with Trq
2(a) = 0

T3(b) the number of irreduciblesx3 + ax2 + cx + b

in Fq[x] with b fixed anda runs over the setA
N(b) the number of solutions ofx3 = b in A
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On Kloosterman sums, II (1/2)

Consider the divisibility modulo 3 of Kloosterman
sums under the assumptionq = 2r.

Notations:

Trq
2s the trace function fromFq ontoF2s

A the set of elementsa ∈ Fq with Trq
2(a) = 0

T3(b) the number of irreduciblesx3 + ax2 + cx + b

in Fq[x] with b fixed anda runs over the setA
N(b) the number of solutions ofx3 = b in A

Lemma 2 (and a few other results...) implies

Lemma 5. Let b ∈ F∗
q. Then,

T3(b) = 1
3

(

1
2(q

2 + 1 + k(b)2) − N(b)
)

.
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On Kloosterman sums, II (2/2)

Lemma 5 implies

Theorem 6. Let q = 2r, and letb ∈ F∗
q. Then, 3

dividesk(b) if and only if one of the following
condition holds

1. r is odd andTrq
2(

3
√

b) = 0,

2. r is even,b = a3 for somea ∈ Fq, and
Trq

4(a) 6= 0.
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On Kloosterman sums, II (2/2)

Lemma 5 implies

Theorem 6. Let q = 2r, and letb ∈ F∗
q. Then, 3

dividesk(b) if and only if one of the following
condition holds

1. r is odd andTrq
2(

3
√

b) = 0,

2. r is even,b = a3 for somea ∈ Fq, and
Trq

4(a) 6= 0.

Remark. In the caser odd Theorem 6 was recently
proved by Charpin, Helleseth and Zinoviev (using
different methods).
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Conclusions

• We didn’t succeed too well in reaching theGoal
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On the number of irreducible polynomials – p. 24/24



Conclusions

• We didn’t succeed too well in reaching theGoal
• We succeeded not too bad in reaching theGoal
• We obtained some results on Kloosterman sums

when trying to reach theGoal
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