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The goal(s)

Notations:
m,p,r  fixed positive integers; a prime
IF the finite field withg = p" elements

q
a,b fixed elements i, b # 0
P,,(a,b) the number of irreducibles
2™ —az™ 4o+ (=1)™b € F ]
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The goal(s)

Notations:
m,p,r  fixed positive integers; a prime
IF the finite field withg = p" elements

q
a,b fixed elements i, b # 0
P,,(a,b) the number of irreducibles
2™ —az™ 4o+ (=1)™b € F ]

Find an explicit expression fd?,,(a, b)

This Is very difficult in general, and so we also set an
"easier"

Goal: Find good bounds foP,,(a, b).
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Earlier results

» An explicit expression for the number of
Irreducibles witha XOR b fixed was obtained by
Carlitz (1952) (and more elementary by Yucas
(2006))
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Earlier results

» An explicit expression for the number of
Irreducibles witha XOR b fixed was obtained by

Carlitz (1952) (and more elementary by Yucas
(2006))

« An asymptotic bound foP,,(a, b) was found by
Carlitz (1952):

Pu(a,b) = 555 + 0(¢"?)  (m — o0
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Earlier results

» An explicit expression for the number of
Irreducibles witha XOR b fixed was obtained by

Carlitz (1952) (and more elementary by Yucas
(2006))

« An asymptotic bound foP,,(a, b) was found by
Carlitz (1952):

Py(a,b) = L=+ O0(¢™?*)  (m — o)

mq(q—1)

« Wan (1997) obtained the bound

Pulab) - s < 22 )
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Notations

To state the main problem we fix some notations:

t a positive factor otn
try () the trace function froni¥,: ontoF,
Norm,(xz) the norm function fron¥, ontoF,
Ni(a,b)  the number of elementsin F,
with tr,,,(z) = a andNorm,,,(z) = b
[ the Mobius function
py'---p)" thec.p.dofmn
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Themain problem w2

It IS easily seen that

Z:u m/t a, b (2)

t|m
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Themain problem w2

It IS easily seen that

Z:u m/t a, b (2)

t|m
which implies the following

Lemmal. Letm’ = p;---pi. Then

/

Ny (a,b) M12m/ < mP,(a,b) < Ny(a,b) + £

with M = max,{Nm(a,b)}, My = maxs{Nm(a,b)}

whereh (resp.s > 1) runs over the factors of)’
having odd (resp. even) number of prime factors.
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Themain problem 22

Hence, to achieve our goals we have to solve

EvaluateN,, s(a, b) for all
positive factors; of m/
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Hence, to achieve our goals we have to solve

EvaluateN,, s(a, b) for all

positive factorss of m' or, at least, find good upper
bounds for them.
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Themain problem 22

Hence, to achieve our goals we have to solve

EvaluateN,, s(a, b) for all

positive factorss of m' or, at least, find good upper
bounds for them.

A good estimate foV,,,(a, b) was obtained by Katz
(1993) (using deep AG):.

No(a.b) = £k <mg™'. (3)
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A formulafor N,(a,b)

Notations:
d Istheged of - andg — 1
v aprimitive element oF
e,x the canonical additive characterslgf andF,
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A formulafor N,(a,b)

Notations:
d Istheged of - andg — 1
v aprimitive element oF
e,x the canonical additive characterslgf andF,
Lemma 2. Assume { 7 andd | ind, b. Assume > 1
if a = 0. Leti, be a solution of?i = 252 (1) and
letay = a. Then

Ni(a,b) = q(qd—l) (qt — 1+ 04(a, b))

where

oi(a,b) = Zx(—cao) Z e(cvfoa:q%dl).

celfy xEIFZt
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Casea = 0 (w3
Lemma 2 implies
Theorem 1. If p1 7, d | ind, b, andt > 1, then

_Z ’Los)

:L'E]F gt

t

N,(0,b) = d(

—1
wheres = ged(t, 7).
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Casea = 0 (w3
Lemma 2 implies
Theorem 1. If p1 7, d | ind, b, andt > 1, then

Nt((),b):d(t —Z yiog )

:L'EF gt

wheres = ged(t, 1),
Corollary 1.

Nin(0,) = L7 < (s = 1)
wheres = ged(m, ¢ — 1).
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Casea = 0 (w3
Lemma 2 implies
Theorem 1. If p1 7, d | ind, b, andt > 1, then

Nt((),b):d(t —Z yiog )

a:GF gt

wheres = ged(t, 1),
Corollary 1.

Nin(0,) = L7 < (s = 1)
wheres = ged(m, ¢ — 1).
Remark. This is an improvement of the Katz-
bound (3).

On the number of irreducible polvnomials — p. 9/24



Casea = 0 (23
Corollary 2.

VA
‘w S‘CIID

) K
0|3

p—t

‘3
il
\V)

K

= [
= |
p—t

P,(0,b) — 4

1
—_
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Casea = 0 (23
Corollary 2.

Fn(0,0) = =

/\

—1

mC]
L
—1

Remark. This is an improvement of the Wan-
bound (1) ifm < 2(¢ — 1).
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Casea = 0 (23
Corollary 2.

‘3

1 7 _
Po(0,b) — L5t < =1gnet  af
qu

0|3

/\

Remark. This is an improvement of the Wan-

bound (1) ifm < 2(¢ — 1). Of course, it can even be
Improved assuming the knowledge of the factorization
of m.
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Casea # 0 (u5)

Lemma 2 implies also the following
Theorem 2. If @ # 0 andd | ind, b, then

( | t 1 d(q—l)t
N, (a b) q(q— 1 | (Z N CZ q(g—1) )7
whereN (¢;) is the number of solutions of
(ool e
1 Ty = Ci

in F, with¢; = g @ """oa,".
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Casea # 0 (25)
Combine Theorem 2 with the Katz-bound (3) to get

Lemma 3. Letc € ;. The numbetV(c) of solutions
of

IN IFg satisfies
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Casea # 0 (3/5)

Corollary 3.
m_q m—2 21 m_1q
Pu(a,b) = 5| < 0" + &5+ mt
< 44>

On the number of irreducible polvnomials — p. 13/24



Casea # 0 (3/5)

Corollary 3.
m_q m—2 21 m_1q
Pu(a,b) = 5| < 0" + &5+ mt
< 44>

Remark. Again we have an improvement of the
Wan-bound (1) ifm < 2(q — 1).
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Casea # 0 (4/5)
If m = 3, Theorem 2 and equation (2) imply

Corollary 4. Letc = b/a’, and letX be the projective
curve overlr, defined by

Xyt 4 cy+ oy =a°.

Then,Ns(a,b) = |X(F,)| and
Py(a,b) = 3(|X(Fy)| —€).

where
{1 if p#£3andc = 5,
10 otherwise
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Casea # 0 (5/5)

It can be shown that’ is singular iffe = 1.
Example. Assumep # 3, and leth = (£)3. Then

P3(a,b) = 3(¢ + 1)

where the signis plus f = 2 (3) and2 { r, and
otherwise the sign is minus.
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Casea # 0 (5/5)

It can be shown that’ is singular iffe = 1.
Example. Assumep # 3, and leth = (£)3. Then

P3(a,b) = 3(¢ + 1)

where the signis plus f = 2 (3) and2 { r, and
otherwise the sign is minus.

The Hasse-Weil bound now implies sharp bounds
Corollary 5. Leta,b € F,, b # 0. Then

3 {q%—l;Q\/@_‘ < Ny(a,b) < 3 VH_?:Q\@J |
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On Klooster man sums, | (v/5)

Assumem = t = p* and use additive characters to
count the number of solutions of (4)

Theorem 3. If a # 0, then

m—l_l

Np(a,b) = mPy(a,b) = ==+ ( )™ 1k, _s(c),

wherec = b/a™, and

km—o(c) = Y X1+ + Tpg + ).

CC@EFZ
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On Klooster man sums, | (v/5)

Assumem = t = p* and use additive characters to
count the number of solutions of (4)

Theorem 3. If a # 0, then

m—l_l

Np(a,b) = mPy(a,b) = ==+ ( )™ 1k, _s(c),

wherec = b/a™, and

km-2(c) = Y X(z1+4 -+ Tpg + 75—).

xl ...:Em_Q
CIZ@EFZ

Let k(c) := ki(c), choosep = m =t = 3, and
combine Theorem 3 with Corollary 4 to get

On the number of irreducible polvnomials — p. 16/24



On Klooster man sums, | (2/5)

Corollary 6. Letq = 3", and letc € ;. Let X, be the
elliptic curve overl, defined by

Xyt 4 cy+ zy = 2°.

Then
’XC(Fq)’ =q+ 1+ k(c)7
and
k(c) = -1 (mod 3).
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On Klooster man sums, | (2/5)

Corollary 6. Letq = 3", and letc € ;. Let X, be the

elliptic curve overF, defined by

Xczy2+cy—|—my:m3.

Then
’XC(Fq)’ =q+ 1+ k(c)7
and
k(c) = -1 (mod 3).

The following four claims are now easy to verify:

Claim 1. &, is isomorphic oveff, to

X y=z+2"—c

On the number of irreducible polvnomial

s—n. 17/24



On Klooster man sums, | (3/5)

Let £ be an ordinary elliptic curve ovéf,.
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On Klooster man sums, | (3/5)

Let £ be an ordinary elliptic curve ovéf,.

Claim 2. £ Is iIsomorphic oveff, to
E':y* =’ + da* + e, for somed, e € F.
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Let £ be an ordinary elliptic curve ovéf,.

Claim 2. £ Is iIsomorphic oveff, to
E':y* =’ + da* + e, for somed, e € F.

Clam 3. |£'(F,)| =q+1+twitht = —1 (mod 3)
if and only if d Is a square I, .
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On Klooster man sums, | (3/5)

Let £ be an ordinary elliptic curve ovéf,.

Claim 2. £ Is iIsomorphic oveff, to
E':y* =’ + da* + e, for somed, e € F.

Clam 3. |£'(F,)| =q+1+twitht = —1 (mod 3)
if and only if d Is a square I, .

Claim 4. If d is a square the&' is isomorphic oveff,
to X/ with c = —e/d°.
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On Klooster man sums, | (3/5)

Let £ be an ordinary elliptic curve ovéf,.

Claim 2. £ Is iIsomorphic oveff, to
E':y* =’ + da* + e, for somed, e € F.

Clam 3. |£'(F,)| =q+1+twitht = —1 (mod 3)
if and only if d Is a square I, .

Claim 4. If d is a square the&' is isomorphic oveff,
to X/ with c = —e/d°.

Therefore:

EOECwith|E(F,)| =q¢+1+1,t=—1 (mod 3)
= & Is Isomorphic oveit, to . for somec € .
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On Klooster man sums, | (4/5)

Moreover, we have have an elementary fact (by which
we may replace OEC with EC above):

Lemmad4. Let|E(F,)| =q+ 1+t Then,

€ is supersingular if8 | t.
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On Klooster man sums, | (4/5)

Moreover, we have have an elementary fact (by which
we may replace OEC with EC above):

Lemmad4. Let|E(F,)| =q+ 1+t Then,

€ is supersingular if8 | t.
and a deeper fact:

Theorem 4 (Deuring (1941)) The numbeV (t) of
Isomorphism classes of elliptic curves o¥erhaving

q + 1 + t points withged(q,t) = 1 is given by

- [H(t* —4q) ift* < 4q,
M{(t) = {O otherwise

Here H(d) is the Kronecker class number @&f
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On Klooster man sums, | (5/5)

Claims 1-4, Lemma 4, and Deuring imply

Theorem 5. Letq = 3". The rangeR of k(c), asc
runs overlF,, Is given by

R={teZ:|t| <2y/qandt=—1 (mod 3)}.

Moreover, each value e R Is attained exactly
H (t* — 4q) times.
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On Klooster man sums, | (5/5)

Claims 1-4, Lemma 4, and Deuring imply
Theorem 5. Letq = 3". The rangeR of k(c), asc
runs overlF,, Is given by

R={teZ:|t| <2y/qandt=—1 (mod 3)}.
Moreover, each value e R Is attained exactly
H (t* — 4q) times.

This was proved by Katz and Livhe (1989), and by
vds Geer and Vlugt (1991), by using more advanced
methods.
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Ontheirreduciblecubics(p = 3)

Combine Theorem 5 and Corollaries 4 and 6 to get

Corollary 7. If a #£ 0, thenPs(a,b) = (¢ + 1 +1)/3
wheret Is an integer satisfying the following two
conditions:

(i) t=—1 (3),
(i) |t| < 24
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Ontheirreduciblecubics(p = 3)

Combine Theorem 5 and Corollaries 4 and 6 to get

Corollary 7. If a #£ 0, thenPs(a,b) = (¢ + 1 +1)/3
wheret Is an integer satisfying the following two
conditions:

(i) t=—1 (3),

(i) |t| < 24

Conversely, for an integersatisfying (i) and (ii),
there are exactlyq — 1) H(t* — 4q) pairs (a,b) € F;
with ab # 0 and Ps(a,b) = (¢ + 1+ t)/3.
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On Kloosterman sums, || (w2

Consider the divisibility modulo 3 of Kloosterman
sums under the assumptign= 2".
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On Klooster man sums, || (12

Consider the divisibility modulo 3 of Kloosterman
sums under the assumptign= 2".

Notations;

Tri.  the trace function froni¥, ontoFy.
A the set of elements € F, with Trj(a) = 0
Ts(b) the number of irreducibles® + ax? + cx + b
in IF, x| with b fixed anda runs over the sef
N(b) the number of solutions af® = bin A
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On Klooster man sums, || (12

Consider the divisibility modulo 3 of Kloosterman
sums under the assumptign= 2".

Notations;

Tri.  the trace function froni¥, ontoFy.
A the set of elements € F, with Trj(a) = 0
Ts(b) the number of irreducibles® + ax? + cx + b
in IF, x| with b fixed anda runs over the sef
N(b) the number of solutions af® = bin A

Lemma 2 (and a few other results...) implies
Lemmas. Letd € F;. Then,

Ty(b) = L(A(a + 1+ k(b)?) — N(b)).
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On Kloosterman sums, || (2/2)

Lemma 5 implies

Theorem 6. Letq = 2", and letb € F,. Then, 3

dividesk(b) if and only if one of the following
condition holds

1. r is odd andIri(v/b) = 0,

2. ris evenp = a° for somen € F,, and
Tri(a) # 0.
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On Klooster man sums, || (2/2)

Lemma 5 implies

Theorem 6. Letq = 2", and letb € F,. Then, 3

dividesk(b) if and only if one of the following
condition holds

1. r is odd andIri(v/b) = 0,
2. ris evenp = a° for somen € F,, and
Tri(a) # 0.

Remark. In the case odd Theorem 6 was recently
proved by Charpin, Helleseth and Zinoviev (using
different methods).
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« We didn’t succeed too well in reaching the
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Conclusions

« We didn’t succeed too well in reaching the
» We succeeded not too bad in reaching @&l

 \We obtained some results on Kloosterman sums
when trying to reach the
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