EXPLICIT EVALUATION OF SOME EXPONENTIAL SUMS
MARKO MOISIO

ABSTRACT. Let m be a positive integer, let r be a prime such that 2 is a primitive
root modulo 7™, and let ¢ = 2(r=1r™"" 1 this note a binomial exponential sum
over F, which assumes %log2 q + 2 distinct values is explicitly evaluated and its
value distribution is determined.

1. INTRODUCTION

Let m be a positive integer, and let r» be a prime such that 2 is a primitive root
modulo 7. Let ¢ = 2%0™), where ¢ is the Euler function. Let a,b € F,, and let
be a primitive element of F,. Let x be the canonical additive character of F,. In

this note we shall explicitly evaluate sum

S(a,b) := Z X(a:vqT;T“1 + bx)

z€F*
(see Theorems 1 and 7), and moreover, determine its value distribution (see Theo-
rems 3 and 8, and Examples 4 and 9). As an application, the weight distribution of
the dual of a cyclic code of length ¢ — 1 with defining zeros v and v4=1/™ is given
(see Corollary 10 and Example 11).

The evaluation of an exponential sum over a finite field is a very hard problem
in general, and it has been achieved only in certain special cases (see e.g. [1, 2, 3,
4, 10, 8, 6]). A common feature for the sums for which the evaluation has been
succeeded seems to be that they attain only a few distinct values. Here we shall see
that S(a,b) assumes 3¢(r™)/2 + 2 distinct values.

2. EVALUATION OF S(a,0)

Let 7,m, ¢ = 2°0™) x and 7 be as in the introduction. Let Tr be the trace

function from F, onto Fy, and let o = 7%1.
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Let a € F;, and consider sum
S(a,0) = qr;mlS(a),

where

rm_1

S(a) = Z x(aa’).

We observe that F, = Fy(a) since 2 is a primitive root modulo 7™, and express a

in basis {a, a?,..., "™}, say

=1
where a; € Fy for all j =1,...,(r — 1)r™ %
For i =0,...,7" ' — 1 we denote by a® the following subvector of length r — 1

of the coordinate vector a = (ay, ..., ag,m) of a:
a(l) - ((lefl,i, Aopm—1_4, ... ,a(rfl)rmflfi).

Let wt(x) denote the Hamming weight of a binary vector x.

Theorem 1. Let a € F,. Then,

mfl_l

S(a) = (—1)" @) (r — 2wt (a®)).
i=0

Moreover, there exists b € F, such that each subvector b® is of even weight and
S(a) =r™ —2wt(b).

The following simple lemma is key in proving Theorem 1.

Lemma 2. Let i be an integer. Then,

Tr(o) = {1 ifrm*1‘| i and r’™ {1,
0 otherwise.
Proof. If ™ | i, then o = 1 and Tr(1) = ¢(r™) -1 = 0. Let ¢ = r*/ where
0 <s<m-—1andr{7. Obviously, o’ is a primitive ™ *th root of unity. Moreover,
since 2 is a primitive root modulo ¥ for all s = 0,...,m — 1, the degree of o'
over Fy is ¢(r™*), and therefore the minimal polynomial of o’ over F is the ™ *th
cyclotomic polynomial Qum-—s(z) = L+a"" " 4. 4202 L glr=Dr" 7 (gee

e.g. [9, p.65]).
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Hence, the coefficient ¢ of the monomial of second highest degree in Q,m-s(x)

equals 1, if s = m — 1, and otherwise ¢ = 0. By the transitivity of traces we now

get Tr(a') = qﬂfﬁ)) ¢ =1r%-c=c, which completes the proof. O

Proof of Theorem 1. By using the partition (a) = U::o - o (o) we can write
S(a) in the form

r—1rm-1_-1 r—1prm—1_1 N

; -1 ittr™ T

S(CL) _ X(CLO&I—HTW ) _ (_1)Tr(zza )
t=0 =0 t=0 =0
Here
M _pm— 1
m— 1 m—1
Tr(a i+tr E : (1,] Tr a]-i—l-‘rtr‘ )’
J=1

and 71 | (j +4+tr™1) if and only if j = kr™! — i, where 1 < k < r — 1.
Moreover, since 1 < j+i+tr"™1 < 2™, we see that r™ | (j+i+¢r™ 1) if and only
if j+i+trm !t =r™ifand only if j = (r — t)r™ ! —i. Hence, r™ | (j + i + tr™ 1)
ifand only if 1 <r—t <r—1ifandonly if 1 <t <r — 1. It now follows from
Lemma 2, that

where € = 0 if £ = 0, and otherwise € = ag_ym-1_;
Let F(x) = (—1)*. Now,

rmol_] r—1 r—1prm=1-1
S(a) = Z F (Z akrm—1i> + F <Z Agpm—1_; + Q(p_g)pm—1 z>

i=0 k=1 t=1 =0
rml_1 r—1 e | r—1 r—1
= Z F (Z akrml_i> + F (Z akrml_i> F(a(r_t)Tm—l_i).
i=0 k=1 =0 k=1 t=1
Here
r—1
) (Z akr’”1—z> _ ( 1)Wt(a(z))
k=1
and

Z Flag_tym-1-) =r—1— 2wt(a?),

t=1
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and therefore

rm—l_q rm—l_q
S(a) =r (—1)t@™) 9 (—1)™ @ wt(a)
1=0 1=0
rm—1_1
= > ()M - 2wt(a)).
=0

This proves the first assertion in Theorem 1.

For a proof of the second assertion we observe, that we may choose for each odd
weight subvector a® of a an element b(®) € F5~! such that wt(b®) = r — wt(a®).
Now,

(—1)** @) (r — 2wt(a®)) = r — 2wt(b®),

and therefore there exists b € F, such that

rm=1_1 rm—1l_1
S(a)= Y (r—2wt(b) =r" =2 Y wit(b?) =" —2wt(b),
i=0 i=0
and the proof is complete. O]

The method of replacing the odd weight subvectors with even weight subvectors,
used in the proof of Theorem 1, can also be used in opposite direction to construct
all the vectors a for which S(a) = r™ — 4j for a fixed integer j, and this enables us

to determine the value distribution of S(a).

Theorem 3. Let t = ™', The value set of S(a), as a runs over F}, is

M 45 |G =1,.. . tr —1)/2}.

Moreover, for j € {1,...,t(r — 1)/2} the number of elements a € F, such that
S(a) =r"—4j is

t : r—1\or /r—1
0 > Y oy I )IG)
0<it,...,;; <=L k=0 1<n;1<--<np<t s=1 ns/ =1 My
_il_i'_‘.._l'_it:]? 1I<mp<--<my_p <t
where ng # my, for all s,v. In particular, if m = 1, then each value r — 47 is attained
exactly (QTJ) times.

Ifk = 0 or k = t, the most inner sum is defined to be [ (T_l) or szl ( rol ),

v=1 \24y,,, r—2ing

respectively.
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Proof. Let a € F}, and let A := {1,...,7™ '(r — 1)/2}. By Theorem 1, S(a) =
1™ — 2wt(b) for some b € F, consisting of even weight subvectors b(. It follows
that —r™ + 2rm=1 < S(a) < r™ — 4, and therefore S(a) = 7™ — 4j for some j € A.

On the other hand, for j € A we may write 2j = (r — 1)s + k, where s and k are
non-negative integers with k even and 0 < k < r — 3. Therefore, for each number
2j with j € A there exists an element b € F, such that all its subvectors b(®) are of
even weight and wt(b) = 2j. Hence, the assertion concerning the value set is true.

Let j € A, and let (2i,2is,...,2i;) be a non-negative solution of x; + xo +

-+ 2, = 2j. Let a € F, such that wt(al™) = 2i, for n = 1,...,¢. Now, by
replacing the subvectors a(™1) ... al) with vectors by,... b, € F5~! satisfying
wt(b,) = 7 — 2i,, for s =1,...,k, and by replacing a1 ... ,al ) with vectors

by, ..., b, . € Fy~! satisfying wt(b) = 2i,,, for v =1,...,t — k, we get exactly

k t—k
r—20 21

1<n<-<np<t  s=1 s/ p=1 My
1<mi<---<my_p<t

vectors a such that exactly k of its subvectors a® are of odd weight and S(a) =

7™ — 4j. Here we note that there does not exist b, € Fy ™! with wt(b,) = r — 2i,,,

if and only if 7,,, = 0. But in this case (:;ﬁ;) = 0. Finally we observe that if
r—1 r—1 r—1 r—1 T :

t =1, then (1) equals ( Y ) + (erj) = (2j ) + (23'71) = (2].)7 which completes the

proof. O

Example 4. Let r = 3. Now ¢t = 3™ ! and i; +- - - +i; = j has exactly ( ) solutions

with 0 <14q,...,4; < 1. For each such solution

s (AR S

= 1< <-<np<t s=1
1<m1< <my_ <t

and therefore the value set value set of S(a) is {3™ —4j | j = 1,...,t}, and each

value 3™ — 45 is attained exactly (;)Sj times.

Remark 5. Assume 2 is a primitive root modulo r. Then, 2 is a primitive root
modulo r™ for all positive integers m, if 2771 # 1 (r?) (see e.g. [5, Thm. 2, p.43]).
Moreover, the only primes p which are less than 3 - 107 and for which 2Pt =1 (p?)
are p = 1093, 3511 (see |7, p.73|).
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3. EVALUATION OF S(a,b)

Consider next S(a,b) with ab # 0. Since 2 is a primitive root modulo 7™, r™ is a
factor of 2°0")/2 1 1. By choosing s = 1, d = ¢(r™)/2 and n = r™ in [11, Thm.1],

we get

Lemma 6. Let b € IE‘:;. Then
o rm—1)./q—1 ifbe H,
S ey = U VS

where H is the subgroup of ¥, generated by A
We are now able to evaluate S(a,b) in the case ab # 0.
Theorem 7. Let a,b € F}, and let ¢ = ab= % Then,

D xlazt 4 br) = (1)) g — YIRS o)
z€lFY
where S(c) is given in Theorem 1. In particular, if m =1, then

Z X(aa:q;rl + bx) = (—1)Wt(c)(\/§ — @(r — 2wt(c))).

z€FY

Proof. By using the partition F, = Ui, oot v H, we get

S(a,b) = 3wt +2) = 3 xlea) Yo x(o'2)
::;%; - CQ :E:;X ,
and now, by Lemma 6, we get
S(.8) = (™ = DV~ () ~ (Va+1) Y xlea?)
= (0" = D)VE~ Dx(e) — (V+ 1D(S() — x(0))

= (v — 55 )x(€) = Y5 (S(e) = x(€))
= x(€)v/a - Y5 5(e).

By Lemma 2, Tr(c) = ;_ fcwm 1 = wt(c), and the proof is complete. O




EXPLICIT EVALUATION OF SOME EXPONENTIAL SUMS 7

Theorem 8. Let t = ™. The value set of S(a,b), as (a,b) runs over (F})?, is

(£q— L2 —45) | j=1,...,t(r—1)/2}.

Moreover, for j € {1,...,t(r —1)/2} the number of pairs (a,b) € (F})* such that
5(a8) = ey — Y2 — 45) s

SRR S S s H(—_zl) ()

USil,---JtSTT_l k=0 2<n1 << <t  s=1

i1t tie=j 2<my < <my_-1<t

where ng # m,, for all s,v, and h;, = (le) ife=1, and h;, = (T 221) if € =
If Kk = 0 ork =1t—1, the most inner sum is defined to be Ht ! (r. 1) or

v=1 szv
t—1 r—1 .
IT.-: (7,_2%), respectively.

Proof. By Theorems 3 and 1, for each number v —4j with j € A= {1,...,r™ 1 (r—
1)/2} there exists ¢ € F; such that S(c) = ™ — 4j and wt(c?) is even for all
1=20,...,t — 1. Since some of the subvectors of ¢ is nonzero, we may assume that
wt(c@) #£ 0. Let d € F, satisfying wt(d®) = r — wt(c?) and wt(d?) = wt(c?)
for all 1 <i <t—1. Now, by Theorem 1, S(c) = S(d) and therefore, by Theorem 7,

S(e,1) = /q— *[H( ™ —4j) and S(d,1) = —/q — ‘fﬂ( "™ — 45). This proves the
assertion concerning the value set.

We observe that, for each ¢ € F} there exist exactly ¢ — 1 pairs (a,b) € (F})?
such that ab=% = c. Let j € A. For each non-negative solution (2iy, 2iy, ..., 2i;)
of x1 + 29 + -+ 4+ x; = 25 we can construct exactly

r—1 r—1\'% r—1
% 2 (5D TE)
2<my <-- <mt 1<t

vectors ¢ such that wt(c(?)) is even, exactly k of the subvectors ¢, i =1,... ¢t —1,
are of odd weight, and S(c) = r™ — 4j. Hence the assertion concerning the number
of pairs (a,b) € (F})* such that S(a,b) = \/q — L (rm — 45) is true. The second

case is proved similarly. 0

rm

Example 9. Let r =3 and m > 1. Now ¢t = 3™, and i; + - -- 4+ i; = j has exactly

(tgl) or (;j) solutions with 0 < 4y,...,4; < 1, depending on whether 7; = 0 or
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11 = 1, respectively. For each such solution

LT () TG

= 2<n < <np <t s=1 v
2§m1 <---<mt,k,1§t

YL (2= if iy = 0,
1+ 30 (2 =31 ifd =1

Hence, the value distribution of S(a,b), as (a,b) runs over (F})?, is the following

[y

value ‘ frequency
Va— T2 E -4 [a- ()37 + (D)
— /G — G (3™ — 4j) 2(q —1)(;=,)3"

J
where j runs over the set {1,... t}.

Corollary 10. Let C be a binary cyclic [2°0™) —1,2¢(r™)] code with defining zeros
2¢(’“m),1

v and v . The weight distribution of the dual of C is given in the following
table, where ¢ = 2°0™) and j runs over the set {1,2,...,¢(r™)/2}.

weight frequency
0 1
q/2 q—1
%(q—l—%(rf—4j)) hi
1, m ,
%(q—l—ﬁJr*/f—mH(?” —45)) | fo
Ha—1+ g+ Y5=0m—45)) | fy

where f1 is given by (1), fa is given by (2) with h;, = (g;l), and f3 by (2) with
hil - (7‘7‘—_211)

Proof. The dual in question can be given as a trace code:

Ot = {c(a,b) = (Tr(a + b), Te(ay ™ + by), ..., Te(ay ™ +by72)) | a,b € F,).

Hence, for c(a,b) € C* we have

q—2

wh(e(a,b) = § 3 (1= (~1)™@ ) = (g~ 1~ S(a,b)).
i=0
Since S(0,0) = ¢ — 1 and S(0,b) = —1 for all b € F;, Theorems 3 and 8 now
completes the proof. O

Example 11. If m = 1, the frequencies are

fi= () fo=(a=1(3). md = (g~ D).
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If r =3 and m > 1, then, by Examples 4 and 9, the frequencies are
3m—1 . 3m—1_1 . 3m—1_1 -
flz( j )3j7f2:(q_1)<< j )3]+( j—1 >3J 1)7
3m—171 -
f3:2(q_1)( j—1 >3J L
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