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1. Introduction

Let [F be a finite field with r elements and let e be the canonical additive character of
F. An exponential sum over F is of the form S(f) := > .pe(f(z)) with f € F[X].
Exponential sums are important tools for studying the number of solutions to equa-
tions over finite fields and also for some coding theoretical applications. Bounds
for the absolute value of S(f), for example, can be used to estimate the number of
solutions to equations of the form »_ fi(z;) = «, with « € F, f; € F[X;], and the
weights of the codewords of binary cyclic codes. Furthermore, the determination of
the weight distribution of a binary cyclic code is a task equivalent to the determina-
tion of the distribution of the values of S(f) when S(f) is interpreted as a function
from an additive subgroup of F[X] into Z.

In general terms, the distribution of the values of S is very difficult to determine,
and we have to be satisfied with considering the bounds for the absolute values of
exponential sums, which is also difficult to do. Let f € F[X]. The classical bound
for |S(f)| is that proved by A. Weil [26] by deep methods taken from algebraic
geometry:

[S(HI < (deg f = 1)V,

provided that r and the degree of f are relatively prime. Although the original proof
of Weil has been simplified, the known proofs of the Weil bound are still difficult for
arbitrary f € F[X] (see [15], [24]). On the other hand, we can give an easy proof for
monomial S(aX”) by means of Gauss sums of the form > _p. e(x)x(z), where x
is a multiplicative character of F. Gauss sums have been studied extensively from
the 19th century up to present days at least in [7], [1], [2], [3], [6], [8], [19], [25]
and [14] and it is known that their explicit evaluation is in general difficult. On the
other hand, G(e, x) can be evaluated more or less explicitly by suitably restricting
the order of x

The aim of the dissertation is to study the interplay between Gauss sums and
monomial sums in certain special cases, i.e. when N has certain special proper-
ties. Assume, for example, that the multiplicative order of the characteristic of F
is ¢(IN)/2, where ¢ is the Euler function, and that —1 is not a power of the char-
acteristic of F modulo N. We shall develop a recursive method with respect to the
divisors of N for computing the distribution of the values of s(aX?). In terms of
coding theory this means that we can recursively compute the weight distribution
of irreducible cyclic codes of length (r — 1)/N from those of irreducible cyclic codes
of length (r—1)/D with D | N. The method allows us to generalize previous results
obtained by Baumert and Mykkeltveit [2] and van der Vlugt [25].

From the computational point of view, the recursion formulae together with a
superb algorithm developed in [9] for solving certain Diophantine equations open
up a possibility for determining the weight distributions of the codes involved in
less than O(log? 1) elementary arithmetical operations.



The investigation also leads us to a relation between certain monomial sums and
multiple Kloosterman sums of the form

Z e(xy - +x, +axyt . an )

L1,..., Ly EF*

with a # 0.

The Weil bound is often too weak for the absolute values of monomial sums with
large exponents (with respect to /r), and we get better estimates by the bounds
for multiple Kloosterman sums proved by Deligne in [5]. In particular, if the degree
of extension of ' over the prime field of I is even, we obtain for all divisors N of
r — 1 estimates for |S(aX®)| which are in many cases better than the Weil bound.

As Gauss sums have shown their usefulness in the study of monomial sums, it is
natural to try to use their properties with binomial sums S(aX® + gX7T), T > 0.
It will turn out that Gauss sums can enable some binomial sums, for which the
Weil bound is too weak, to be converted to multiple Kloosterman sums and again
we obtain sharp upper bounds by using the deep results of Deligne.

Results obtained in the manner described above are used to construct some cod-
ing theoretical examples. More precisely, we study the dimensions, weight distribu-
tions and minimum distances of some binary cyclic codes. We construct a binary
[23t — 1, 4t]-subcode of the 3rd order punctured Reed-Muller code, for example, and
using a deep result concerning the distribution of the values of Kloosterman sums
proved by Lachaud and Wolfman in [13], we are able to determine the set of weights
of the code.



2. Summary of the original articles

2.1. Preliminaries

In this subsection we shall fix some notations and list the most important properties
of characters of finite fields and Gauss sums needed later. For proofs, we refer to
[15], [22] and [11].

A character of a finite group (G, ) is a homomorphism ¢ from G to the group
of the non-zero complex numbers C*. The set G of all characters on G takes on a

group structure with respect to the operation - : G x G — G defined by
Dy, Py € G => (- P3)(a) = P1(a)P2(a) Vacd,
when we define the inverse @~ of ® € G and the identity element ®y by setting

d Ya) =®(a)Vaedq,

Bola)=1 V ac,

where the bar denotes the complex conjugation. It is proved in [22], for example,

that G is isomorphic to G and that the following character relations are valid

Y @) =

aceG

{|G| it ® = @,

0 otherwise,

‘G‘ if a = 1g,

S (a) = { (1)

o 0 otherwise,

where 14 is the identity element of G.
Let [F be the finite field with » = p™ elements, and let F* denote the multiplicative
group of F. The character group of the multiplicative (resp. additive) group of F is

called the multiplicative (resp. additive) character group of F. Let v be a primitive
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element of F. The multiplicative character group F of F consists of the mappings

Xj, J=0,1,...,7 — 2, defined by
X;(7") = exp(2mijk/(r—1)),  k=0,...,r =2

where 1 = /—1.

Let T'r denote the trace mapping from F to its prime field F,,. i.e.
Tr(m):m+mp+---+xpm_l Vzel.
The additive character group of F consists of the mappings e,, a € F, defined by
eq(r) = exp(2miTr(ax)/p) VackF.

We denote the character e; by e and call it the canonical additive character of F.

Exponential sums or additive character sums (over F) are of the form

z€F

where f € F[X]. If f is a monomial, i.e. of the form aX™, or a binomial, i.e. of
the form aX™ + X! with n,t € Z,, a, 3 € F*, we refer to these sums as monomial
and binomial sums, respectively.

Let ¢ and x be an additive character and a multiplicative character of F, respec-

tively. The Gauss sum G(x, ) over F is defined by

G, x) = > v(x)x(x).

relF*

If ¢ = e we also write G(x) = G(v, x). Let a be a fixed element of F and let 1,
denote the additive character defined by ¢, (z) = ¢(ax) for x € F.
The Gauss sum G(1), x) satisfies

r—1 ipr:eO?X:X()u
G(WX) = —1 ifw#607 X = Xo, (2)

0 if 1 = ey, X # Xo-
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If ¥ # ep and x # xo then
G, x)| = VT (3)

In addition, Gauss sums have the following properties

(@) G(Yab, X) = x(a)G(Yp,x)  for a € F*,b € F;

(b) G, x) = x(=1)G(¥, x);

() G(¥,X) = x(—=1)G(¥,x);

(d) G(, x)G(¥,X) = x(=1)r  for x # X0, ¥ # €o;

(e) G(Wp, X*) = G(Ywwr,x)  forbeF. (4)

It follows easily from the character relations that we have a Fourier expansion of
the restriction of ¥ to F* in terms of the multiplicative characters of F with Gauss

sums as coefficients:

v(@) = - Y CWDXE)  VeeF (5)
xeF

Let E be the extension field of F of degree n. A deep theorem of Davenport and
Hasse [4] (see also [15] for an elementary proof) relates certain Gauss sums over E

to the Gauss sums over [F:

The Davenport-Hasse theorem. Let Trg/r and Ng,p be the trace and norm

mappings from E into F, respectively. Then

G oTrgm,x o Ngjr) = (—1)"'G(¢, x)",
provided that not both of v and x are trivial.

We shall also need the prime ideal decomposition of some Gauss sums in the ring
of integers of certain cyclotomic fields. Let n € Z, and denote (, = exp(27i/n).
Let P be a fixed prime divisor of the ideal (p) in the ring of integers Z[(,,—1)] of
E := Q((p(r—1)), and consider the residue class field K := {0,1,g, .. ., 9" 2}, where
g=2C-1+P. Let a € {1,...,r —2}. A theorem of Stickelberger [23] (see also
[11, Ch. 14]) states that the highest power of P dividing the ideal generated by the

Gauss sum

r—2 )
CTr(gZ) —ai
¥4 r—1
=0
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is equal to the digit sum S,(a) in the p-base expansion of a. Since F and K are
isomorphic fields, there exists a primitive element ~ in F which maps onto g under
the isomorphism. Now the character y defined by x(v) = (,—1 is a multiplicative
character of order r — 1 of F. Thus, the highest power of P dividing (G(X%)) is
equal to Sy(a).

Assume now that a = (r—1)/N for some divisor N of r—1, and that G(x*) € F :=
Q(¢n)- Since G(X*)G(X*) = p™ the only possible prime divisors of (G(x®)) in Z[(x]
are prime divisors of (p). Let [[;_, P; and H:/:l PP with t = ¢(N)/ ordy(p) and

t'" = ¢(r — 1)/m, be the prime ideal decompositions of (p) in Op := Z[(y] and in
Op := Z[Cp(r—1)), respectively (see [11]). It then follows that ordp, (PiOg) =p — 1
fori =1,...,t. Now, by lifting the prime ideal decomposition of the ideal G(x*)OF
into O, we obtain (p— 1) ordp(G(X*)) = ordp(G(X*)) for some P € {P,..., P},
since P;Og and P;Op are relatively prime if i # j. Consequently, ordp(G(X*)) =
Sp(a)/(p—1). Let P’ be another prime divisor of (G(x®)) in Or. We know that
P' = g;1(P) for some o; € Gal(F/Q) (see [11, Ch. 12]). Further, o, (P) = 0o(P)
if and only if o501 € G := {0 € Gal(F/Q) | o(P) = P} < Gal(F/Q). Thus
P’ = o(P) if and only if 0 € 0] 'G),.

Let S C Z3} be a complete set of representatives of cosets of < p > in Z},. Since
the mapping [ZY — Gal(F/Q),i — o;] with o; : (i — (% is an isomorphism and
Gp =< 0, > (see [11, Ch. 13]) we have

(Gx) = ot @),
1€S
where b; = ordai_l(P)(G(ya)). Obviously b; = ordp(o;(G(X*))), and it is easy to
see that ordp(0;(G(X*))) =
the above, we get b; = Sp(ai)/(p — 1).

Sp(ai) (see [11, Ch. 14]). Now, by similar reasoning to

Thus the highest power of p dividing G (YT;N%) is
1 —1
hi= o min{Sp(TTi) lieSh. (7)

We may replace S by Z} since Sp(j) = Sp(pj) for all j € Zy. It also follows
that the highest power of p dividing G(X%i) = G(X(N_i)%) is equal to h, since

(N —i,N)=1if and only if (7, V) = 1.
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2.2. Gauss sums and monomial sums

Let F be the finite field with r elements and let v be a fixed primitive element of F.
In this subsection we consider a relation between Gauss sums and monomial sums
s(a,N,r) =3 cp e(az?). Since s(o, N,7) = s(a,d,r) with d = (N,r — 1), we
may assume that IV is a divisor of r — 1.

Summing both sides of (5) over F} we obtain

(0, N,r) = = 3" GEx) 31 (@),

x€F z€lFy

By (1), the inner sum is equal to » — 1 or 0 depending, respectively, on whether or
not y is (r — 1) /N:th power in F. Thus
s(a, Nyr) =Y GR)x(@) = D G()x(@), (8)
x€H x€H
where H is the subgroup of order N of F.

The equations above are obtained at least in [15], and are the starting points for
all the considerations concerning monomial sums in this dissertation.

Let us consider the determination of the distribution of the values of s(a, N, )
with N a fixed divisor of » — 1. Let p denote the characteristic of F and let £ =
ordy(p), N > 2.

Assume that —1 is a power of p modulo N and let x € H. Since x*(a) = x/ ()
for all « € F* if i = j (N), it follows from (4c) and (4e) that G(x) = G(x7!) =
x(=1)G(x) for all x € H. If p = 2 then x(—1) = x(1) = 1, and therefore G(x) € R
for all x € H. Assume that p > 2. Since p* = —1 (N) for some ¢t € Z,, we have
k| 2t, and consequently 2 | k. Now p*/2 = —1 (N), and therefore N is a divisor
of \/r —1 or \/r +1. Thus N divides (r — 1)/2 which implies that x(—1) = 1 and
G(x) € R for all x € H. It can also be proved that if G(x) € R for all x € H then
—1 is a power of p modulo N. A short version of this is given in [6].

Assume now that r = p> and d | p* + 1. Let y be of order d > 1 in F.
Stickelberger proved in [23] (see also [15]) that

S+1
p° if d odd or £ ; even,
G = ¢ o)
—p° if d even and odd.

d
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By combining the result with the Davenport-Hasse theorem it is easy to evaluate

2

G(x) when r = p?*!, upon which we obtain

Theorem 1 (Theorem 2.5 in I). Let v be a primitive element of F and assume

that N | p®* +1, N > 1. Then

> e(ya) =

zelF <_1)Z_1(N - 1)\/7_0 ifa=t (N)7
where t = 0 if
(1) p=2,orp>2and2|l,orp>22fland?2| (p*+1)/N;
and t = N/2 if

(2)p>2,2tland 2t (p*+1)/N.

For odd N there is no need to use the Davenport-Hasse theorem to evaluate G(x)
and the related monomial sums (see Theorem 1 in II).

Assume now that N is odd and —1 is not a power of p modulo N. Write r = p™
with m > 1 and assume that the order of x is N. If p = 2, it follows from (4e) that
G(x) belongs to the fixed field of the subgroup of Gal(Q({n)/Q) that is isomorphic
to < 2 >C Z},. This fixed field is a subfield of Q((x) whose degree of extension
over Q is ¢(N)/k where k = ordy(2) i.e. the multiplicative order of 2 modulo N.
Suppose that k = ¢(NN)/2. Now G(x) belongs to a quadratic subfield of Q({x ), and
we can write G(x) = (b+cv/—f)/2 with b= ¢ (2), f € Z,. Thus (b, c) is a solution

of a relatively simple Diophantine equation
2 4 fy? = 4r. (10)

More precisely, it follows from (7) that we can convert the equation (10) into a form
from which we are able to evaluate G(x) up to an ambiguity in the signs of b and
c. The sign of b can also be determined from a simple congruence (see II).

It is straightforward to verify that all that we said in the case p = 2 also holds if
p> 2, k= ¢(N)/2: all we have to do is to show that G(x) € Q({n). For this, let
o be any automorphism of Q((,). Since the Galois group of Q((,n) is isomorphic
to the direct product of the Galois groups of Q((,) and Q((n), there exists an
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automorphism of Q((,n), say v, whose restrictions to Q(¢,) and Q({n) are o and

idg(cy), respectively. Since 1((,) = (g, for some j € Z;, we have

H(G) =D G x(@) =) e(iz)x(z) = x(H)G(x),

relF* relF*

by (4a). Since the lemmas 2 and 6, proved in II, also holds in the case p > 2, it
follows from them that p — 1 is not divisible by any divisor of N which is greater
than 1, and therefore N divides (r — 1)/(p — 1), if N > 3. Thus x(j) = 1, and
consequently G(x) is invariant under . It follows that G(x) belongs to the fixed
field of < ¢ >< Gal((pn), i-e. to the extension field of Q of degree ¢p(pN)/¢(p), i.e.
to Q(¢{n). From now on we assume that N > 3 if p > 2.

Despite the ambiguity in the sign of ¢, Baumert and Mykkeltveit [2] succeeded in
determining the distribution of the values of s(«, N,r) when N is a prime, and van
der Vlugt [25] succeeded when N is the product of two different primes. Consider
next a more general N. Assume that N is divisible by at least three primes, say
p1,p2 and p3, and write N = p{'py*ps* N’ where p; { N’ for i = 1,2,3. Since
ord,u (p) and ord/(p) divide ¢(N)/4, it follows from

ordy (p) = l.c.m(ord,m (p), ord,u2 (p), ord,us (p), ordn/(p))

that ordy (p) divides ¢(N)/4. Thus the most general form for N is: N = pip} with
u,v >0, N > 1.

As N can have at most two prime divisors, we can try to convert the sum
> verr G(X)x(a) to a form in which the summing is done over the factors of N. We
then use the Mobius inversion formula to the identity s(c, N,7) =3 oy G(X)x(@)
to obtain a simple relation between the sum of the sums s(«, D, r) corresponding
to the square-free factors N/D of N and a possible evaluable quantity depending
on x and «. This is the key idea which is used to obtain a recursive algorithm for
computing the distribution of the values of s(«, N, r) in II. To state the main results
of II, we first fix some notations.

Let » = p'* with & = ordy(p) and [ > 1. Let D be a divisor of N and define

h= ]%mm{sp((r —1)/D), 1k — S,((r — 1)/D)}.
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We choose ( = exp(27i/N) and normalize the character y by defining x(v) = (.
Let

S(a,D) := Z e(y*2P),

relF*

and let CP denote the p-cyclotomic coset modulo D defined by a.

It is shown in II that if & = ¢(N)/2 and —1 ¢< 2 >C Z},, we have three cases
to deal with:

AN =p¥ pp =3 (4);
B. N =pip5, p1 =1 (4),0ord,u(p) = ¢(p}) and p = 3 (4), ordys (p) = ¢(ph);
C. N =pip3, p1 =1,3 (4),ord,u(p) = ¢(pt) and py =3 (4), ordyy (p) = ¢(p3)/2.

This result also holds if p > 2, by the proof of lemma 6 in II.

Theorem 2 (Theorem 2 in II). Assume that the case A is valid and let D > 1.

Then
b+ cy/—p
G(NP) = flpha b,cZ0 (p).

Also, the distribution of the values of S(a, D) can be computed recursively by the

following relations:

[ ¢(D)

prh—l—S(O,D/pl) ifa =0,
= D(b— h
(1) S(a, D) _ ( 2;6])1)17 + S(O, D/p1) ifa e C%/p17
1
S(a,D/p1) otherwise,

where € € {—1, 1},

(2) 0* + prc® = 4p™ 2,

(3) #(D)bp" = ~25(0, D/p1) (D),
(4) S(0,1) = —1.

We can replace the congruence (3) with (3’), which is easier to use in practical

calculations and implies that G(XN /D )

(3) bp" = =2 (p1).

is not a real number (see III):



Theorem 3 (Theorem 3 in II).

with 1 < s<wu,1<t<wv. Then

b+ cy/—p1p
G(XN/D) = %Ph, b,c#0 (

).

16

Assume that the case B is valid and let D = p$p}

Also, the distribution of the values of S(a, D) can be computed recursively by the

following relations:

(1) S(a, D)
( ¢(D)b p" +5(0,D/p1) + S(0,D/p3) — ( )
s 5] H0.2)
_%b h+5< D D/p1>—|—SOD/p2 S( i)

S(a7D/p1)
S(G,D/pz)

. S(G,D/pl) =

S(G,D/pz)

where i > 2, j € {0,1}, and € € {—1,1}.
(2) b? + pipac?® = 4p™ 2",

(3) d(D)bp" = =2(S(0, 7177) = S(0, D/p1) = S(0, D/p2)) (D),
(-1 Y D' —1)r—1  ifD'|a,

(4) S(@D)=¢ " |
(-1)"Vr—1 if D' ta,

where I’ =1 (2) if D' =p*, m >0, and ' =0 (2) if D' = py, n > 0.

(5) S(0,1) = —1.

pip
= D(b D D D
(b + ecprpa)p” n S( ,_> " S( ) ( )
2p1p2 pPip2 P1 piD2’ D2 p1p2

ifa=0,
ifa e Cg/pl,

jfa/ c Cg/pQ,

jfaEC'EDD s

pP1P2

IfGECDD s

7
p1p2

jfa/ c CEDD ,
1P}

otherwise,

We can replace the congruence (3) with (3’), which is easier to use in practical

calculations and which implies that G(x™/P)

(3) bph = (—=1)"712 (p1p2).

is not a real number (see III):

Theorems 2 and 3 imply that we can compute the distribution of the values of

S(a, D) for all divisors D of N (see II and III). We note that van der Vlugt [25]
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was able to determine the distribution of the values of S(a, N) in the case C with
N = pq, but we are not able to generalize on this result.

The algorithms in Theorems 2 and 3 are easy to implement, e.g. using MATHE-
MATICA (see Appendix). The critical step from the computational point of view
is the solving of the Diophantine equations. Fortunately, a fast algorithm for that
was developed in [9], and this together with our algorithms allows us to compute
the exponential sums involved in the O(ulogr) and O(uwvlogr) steps, depending on
whether the case is A or B, respectively. We used these algorithms in III to obtain

the weight distributions of certain irreducible cyclic codes.

We finish the discussion concerning monomial sums by considering the absolute
values of s(a, N,r). First we note that taking the absolute values of both sides of

(8) and using (2) and (3), we obtain the Weil bound:
[s(a, N,r)| < (N = 1)vr+ L.

This simple observation is made at least in [15] and [22]. Theorem 1 shows that the
Weil bound is obtained for certain divisors N < /7 of r — 1. On the other hand
Theorems 3 and 4 imply that the Weil bound is never obtained if one of the cases

A or B above is valid, since the Gauss sums involved are not real.

We next consider the sums s(a, N, r), for which the Weil bound is often too weak,
i.e. when N is large with respect to /7. We shall first fix some notations.

Let F' denote the finite field with g elements and let £ denote the extension field
of F' with r = ¢ elements. Let e and 1 denote the canonical additive characters
of E and F, respectively. Let n € Z,, § € F* and define an n-dimensional (or

multiple) Kloosterman sum over F'

K,(B) = Z Y(xy+ -+ a4+ Pyt ).

xeF*

We obtain from the Davenport-Hasse theorem the following relation between

monomial sums and (m — 1)-dimensional Kloosterman sums.
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Theorem 4 (Theorem 2.2 in I). For all o € E*
s(a,q=1,r) = (=1)"" Y 9(0)"Xx(Np/r()) = (=1)" (g = 1) K1 (N r (@),
x€F

where g(x) is a Gauss sum over F and Ng,p is the norm mapping from E to F'.

Let N be a divisor of ¢ — 1. Since we have a partition of the group of the N-th
powers of E* into the cosets of the subgroup of (¢ — 1):th powers we can convert
the sum s(a, IV, r) into a sum of (m — 1)-dimensional Kloosterman sums over F.

The Deligne bound
[Kn(a)] < (n+1)g"?

now implies

Corollary 1 (Corollary 2.4 in I). Let a € E* and N | ¢ — 1. Then
[s(c, N,r)| < m(q"/? — g7 %)/
Deligne’s difficult proof is contained in [5].

Theorem 4 also implies

Corollary 2 (Corollary 2.3 in I). Let 8 € F*. Then

The bound in corollary 2 is practically the same as the bound

2 n+1 "t -1
[Kn(B)" < q - q—il

obtained in [12], and is a generalizion and a slight improvement of the classical

bound |K,(8)| < ¢“= proved by Mordell for the prime ¢ in [21].

Assume now that » = p™ with m > 0 even and consider the sums s(«, N, r),

a # 0. We may write N = dt where d | ¢+ 1and t|q—1 with ¢ = p™/2. We have
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already dealt with the cases where d =1 or t = 1, and so we assume that d,t > 1.
atl .
Because of the partition < y% >=[J, 4, Pydti < 4@+ Dt 5 we have

a+1 q 1_
7 —1

( — dt Z Z a,ydtz,y(q—l—l)t)
= Z Z¢TTF/Ka7 at),

1=0 xeK*
where K is the subfield of F with ¢ elements and ) is the canonical additive character
of K.
If o € K then s(a, N,r) =r — 1. Assume a ¢ K.

If p=2and a ¢ K, then Trg g (ay™") = 0 if and only if dti = —ind,(a) (g+1).
Also, the congruence is solvable if and only if d | ind,(c), and so there exists at
most one i € {0,...,(¢+ 1)/d — 1} for which the congruence is solvable. Now, by
the Weil bound, we have

Theorem 5.

|s(av, dt, r)|
(t =D 4 d+1)r—(d—=1)(t—-1D)rY*—2d+1  ifind,(a) =0 (d),
(t—D)r/ e+ (t—1)rt/* +1 if ind., (a) £ 0 (d).

If p > 2, then Trg g (ay®") = 0 if and only if dti = (¢+1)/2—ind,(«) (g+1). It

<

is easy to see that (dt,q+1) is equal to 2d if 2 | t and d < ¢+ 1 (Case 1). Otherwise

it equals d (Case 2). Now we have

Theorem 5°. If ind,(a) = (¢+1)/2 (nd) then

1s(a, dt, )| < ((t = D)r/* +nd +1)/r — (nd — 1)(t — 1)r'/* — 2nd + 1;
otherwise

s(a, dt,r)| < (t — D)rV/4/r 4 (t — D)rt/* + 1,

where n = 1 or 2 depending on whether Case 1 or Case 2 is valid, respectively.

We observe that our bounds are better than the Weil bound if d > /4, for

example.
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2.3. Gauss sums and binomial sums

Let f = aX®" + 3X € F[X], a, 3 €F, a # 0. Let us denote
s(a, B, N, 1) := Z e(az™ + Bz).
zeF*
Two methods come to mind for studying the sums s(«, 8, N,7) with 5 # 0 using
M)

Gauss sums. First, expanding e(ax™) using (5), we arrive at the relation

s(a, B, N,r —ZG )x(ap™M). (11)

x€F
On the other hand, expanding e(ﬁx) using (5) leads us to the relation
(0, 8,N,7) = = 3" GEX(H) Y x(a)e(ar™). (12)
XGIF zel*

We see that we can convert the sum s(«, 3, N,r) into a simpler form if we can
evaluate G(x") or the product of the Gauss sums G(X)G(x") or hybrid sums
- x(z)e(ax). These are in general hard tasks, but as we shall see, they can
be achieved in certain special cases.

If (N,r —1) = 1, the substitution  — 2’ makes the inner sum in (12) to be
x(a™HG(x") by (4a), if t is the inverse of N modulo 7 — 1. Thus, no matter whether
the starting point is (11) or (12), we have to analyze the sums of the products of
two Gauss sums.

Assume now that N |r—1, N > 1. Let F' denote the finite field with ¢ elements
and let F denote the extension field of F' with r = ¢ elements. Let e and v denote
the canonical additive characters of E and F', respectively.

Let us first consider (11). Let H be the subgroup of order N of E. Let us fix a
generator of F, say A. Denote J := {0,...,(r —1)/N —1}. Now {M | j € J} is a
complete set of representatives of the cosets of H, and we have

— 1 N3y iy )
s(a, B, N, 7) 7’_1<,-EJZ\{0} (A XEZHG)\ erHG )

We see that it may be possible to convert the above sum into a simpler form if

we can evaluate G(A™N7). We assume that N = (r —1)/(¢+ 1) and m is even, since

we can then use (9). Let M denote the field satisfying F C M C E, [M : F| = 2.
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Let us fix a generator of M, say Ay, by setting Mi(Nga(7)) = Af(y), where
t = (r—1)/(¢*>—1) and 7 is a primitive element of E. It follows from the Davenport-
Hasse theorem that G(AN7) = (—1)m/2_1g()\§&_1)j)m/2, where g()\g\g[_l)j) is a Gauss
sum over M. Denote ¢ = (—1)™/2=1. Since ord(A%™ ") = (¢ + 1)/(¢ + 1, ),
it follows from (9) that g()\g\g[_l)j) = —q if and only if j and ¢ are odd. Thus
G(A\NI) = ey/rif 2| g or 2| m/2, and otherwise G(AN7) = ¢(—1)7/r. In the latter
case we also have (—1)7(Mx)(af™N) = (Mx)(—aB~Y), since x(—1) = 1 for all
X € H. Now, by (8) we obtain

s(a, B3, N,r) = <e\/_ Z Z GNX) N x)(xapg™™N Z G(X ))

jeJ\{0} x€eH =
T i 1 <6\/; D GRx(FaB™) = (evr+1) Y e(aﬁ_N:cN)>.
X€E fpny=A

It follows from (5) that

1
r—1

s(a, B, N, 1) = e\/o_“e(iozﬁ_N) —

> e(ap V), (13)

rxeb*

where the + sign holds if and only if 2 | ¢ or m = 0 (4). To handle the monomial

sum in (13) we need a simple

Lemma (Proposition 2.6 in I).

r—1 if Trg/p(a) =0,

e(axz;ﬁ) =q r—1 .

Now, by (13) and this lemma, we have

Theorem 6 (Theorem 2.7 in I). Let a, 5 € E, 8 # 0 and assume that m is even.
Then
-1 IfT’I“E/M(CE) :0,

_qym/2-1, ; ()™ r+1
1yt 4 D

r—1

S\&, 0y —/——,
(a8 qg+1

r) =

Kl(V> IfTT’E/M(Oé) 7&0,

where § = aﬁ_%, v = Nyrp(Trg/m(0)) and the — sign holds if and only if m = 2
(4).

Corollary 3. Let o, 3 € E, 3 # 0 and assume that m is even. Then

s(a, 8 ﬂ__(zrll )it

1

2m

ra +1

m
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We shall next consider (12):
(@ B.Nr) = 1 3 GENE) 3 xwe(an™)

Let us fix a primitive element of E, say ~. Let T be a subgroup of order N of E*
and denote J := {0,...,(r—1)/N—1}. Theset S := {77 | j € J} is now a complete
set of representatives of cosets of 1" in E*. Obviously

> x(@eplax™) = x(+ NS x(@),

rekB* jedJ zeT
and ) ., x(xz) = N or 0 depending on whether ord(x) divides (r — 1)/N or not.

Let X\ denote a generator of E. Now

S(CE,B,N, -

OANB) ST AN (37)e(ay ™).

zEJ jedJ

Let us fix a generator of F, say Ap, by setting Ar(Ng,p(v)) = A(v), where
t=(r—1)/(¢—1). Assume that N =t. The inner sum is now nothing more than
a Gauss sum g(\%,15) over F' where 1) is the canonical additive character of F' and

d = Trg/r(a). By the Davenport-Hasse theorem, we now have

s(er, B, N, 7 Zg (Np) ™9 (N, 105) N (N 2 (3))
ieJ
- % 5 030" (- X (N (3)).
xeF

Assume that § = 0. Now g(x,¥s) = ¢—1 or 0, depending on whether y is trivial
or not. Thus

s(a, B, N,r) = %(—1)"‘@ —1)=-1.

Assume that § # 0. Now g(x, ¥s) = X(0)g(x). We also have g(x)g(x) = x(—1)q,

if x is not the trivial character xo. Consequently,

_1\ym—1
s(a, B, N,7) = (DTQ > 9@ X (—Ngp(B)Trgp(e)™h) + q—%
XE€F\{xo0}
CU0 S o x(= Ny (D Triye(a)™) — 1.
xEF

If m = 2, we obtain by (5)
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Theorem 7 (Theorem 2.8 in1I). If o, € E, B # 0. Then

Z e(axi™ + Br) =

reE*

{—1 ifa+a? =0,

—qp(=p (a+a?) ) -1 ifa+al#0,

Assume that m > 2. Let E’ be an extension field of degree m — 1 over F.
Because of the surjectivity of the norm mapping, we can choose v € E’ such that

Ng/p(v) = =Ng/p(8)Tre/p(a)~t. By Theorem 4, we now obtain

Z e (va?1) )y QZ NE/F(ﬁ)TTE/F(a>_1)-

meEl * XGF
We have thus proved

Theorem 8 (Theorem 2.9 in I). Let o, € E, 8 # 0. If m > 2 then

S(avﬁvqj7r =

Corollary 4. Let a,3 € E, 3 # 0. Then

r—1

|S(a7ﬁ7ﬁ77ﬁ)‘ < (m— 1)\/;—|— 1.

The case # = 0 is easy to deal with:

r—1 if TTE/F(OC) = O,

S elaarit) = L0 S G(Trpple)y) =4 r-1 (14)

fony=H -1 < — if Trg/r(a) # 0.

Thus our study of s(«, 3, (r —1)/(q¢ — 1), ) is completed.

Now that we have found these results, we may try to find simpler proofs for

them. This is done in I by starting from the equation

t—1

sl B,Nr) =3 e(ar™) 3 e(Ba), (15)

s
Il
=
8
m
=
A
2
N
vV

where T'= (r — 1) /N.

o1 ) { -1 if Trg/p(a) =
(=)™ 'qKmo(=Ng/p(B)Trgp(a)"') =1 if Trgp(a) #0.

0,
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We conclude the discussion of binomial sums by considering the sums

s(a, B, N, T,r) := Z e(az™ + BzT),

reF*

where N is a divisor of r — 1 greater than 1 and NT = r — 1. We could proceed as

in the proof of Theorem 8, but instead of that we start from (15).

Since we have a partition F* = va 01 v < 4N >, we obtain

N-1
s(a, B, N, T,r) = Ze By Z e(ayNizlV).
i=0 zeE<YN >

N

Assume now that (N, T) = 1. It follows that the mapping x — x*" is a permutation

of < 4N >, and therefore
Z e(ayNiaz?) = Z e(ay™Niz) = Z e(ax).
rze<yN > re<yYN > re<yN>

Thus
s(a, BN, T,r) = (Y elax))( Y e(Br)),

zeE<YN > ze<yT>

and we have
Theorem 9. Let NT' =r —1 with N > 1. If (N,T) =1, then

s(a, N,7)s(8,T,7)

r—1

s(a, B, N, T,r) =

Corollary 5. Let r = 22", Then

2rt/t if § # 6%,

|s(a, 8,2 — 1,2" + 1,7)| < .
2= B =6,

Proof. Since (2" —1,2" + 1) = 1, the bound follows from Theorems 1 and 9 and
corollary 1. [J
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2.4. Coding theoretic applications

In this subsection we give interpretations in terms of coding theory for the results
obtained so far. We first state some preliminaries concerning binary cyclic codes.
For more complete descriptions, see [17] and [10].

Let F5 denote the n-dimensional vector space over Fy, and let C be a k-dimensional
subspace of FJ. We call C a linear [n, k]-code over Fy, and an element of C a code-
word (of C). The weight w(c) of a codeword ¢ € C is the sum of the coordinates of
c. Let N; denote the number of codewords of C of weight i. The weight distribution
of C is the set W(C) :={(i,N;) | i =0,1,...n,N; # 0} and the minimum distance
of C is the weight of the non-zero codeword with smallest weight.

Assume now that C is invariant under the cyclic shift of the coordinates of every
codeword of C. Such a code is called cyclic. There is a one to one correspondence
between the cyclic [n, k]-codes C and the ideals I of the residue class ring R,, :=
Fy[X]/ < X™41 > (see [17]). Furthermore, we may think a codeword (ag, - . ., Gn_1)
of C as an element ag + a1 X +...,a,1 X" '+ < X" +1 > of I, and conversely.

Let I be an ideal of R,, and let C be the corresponding cyclic code. We know
that I is generated by an element g(X)+ < X™ 4+ 1 >, where g(X) is a divisor of
X"+ 1 in Fo[X] (see [17]). We call g(X) the generator polynomial of C and the
zeros of g(X) in the splitting field of X™ 4 1 the zeros of C. The cyclic code with
the generator polynomial X9&?(X)p(X—1) with h(X) = (X" +1)/g(X) is called
the dual of C.

Let r =2™ and nN =r — 1. Let F denote the field with r elements and let v be
a primitive element of F. Any cyclic code of length n has a very simple description
by means of the trace function. In fact, let P be an additive subgroup of F5[X] and
define a linear code C of length n by setting

C=C(P)={c(f) | f € P},

where

c(f) = (Tr(f)), Tr(f(v),-... Tr(f ("))

It is shown in [10] that the dual of a cyclic code B of length n with zeros vV51,. .., v
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is the code C(P) with P = {31 | a; X% | a; € F}. Since the dual of the dual of B
is B, every cyclic code has the above description.

Let us consider the weight of a word ¢(f) of the cyclic code C(P) with P =
{3 a; XN | a; € F}. Clearly

w(e(f)) =

N —

1=1

S0 (> ay )
=0

= L= Y (X a9
j=0 =1
1 $
= 5 (r = D e ™). (16)

zeF  i=1

Thus the determination of the weight distribution of C is an equivalent task to the

determination of the distribution of the values of ) _pe(f(x)) with f(X) € P.

Let us now consider more closely the cyclic code C(P) with all s;’s in the same
2-cyclotomic coset modulo n defined by s := s;. In other words C := C(P) is
the dual of the code B with an irreducible generator polynomial g(X) (see [17]).
Consequently, the generator polynomial of C is h(X) := (X" +1)/f(X) with f(X) =
Xdegg(X) (X 1), Since f(X) is irreducible, it follows that the ideal generated by
h(X)+ < X™+1 > is a minimal ideal of R,,. In other words, C contains no subspace
# 0 which is closed under the cyclic shift operator. Code C is called an irreducible
cyclic code, since the ideal corresponding to C cannot be written non-trivially as
the sum of its subideals.

The dimension dimC(P) of C over [y is easy to determine. Since the number
of elements on the 2-cyclotomic coset modulo n defined by s is equal to ord,(2)
with n' = n/(n,s), degg(X) = ord,/(2). Since dimC = n — degh(X) (see [17]),
dim C(P) = ord,, (2).

As Tr(az?) = Tr(y/ar) for all a € F, we arrive at the following result proved
by van Lint in [16]: The set

C = {c(a) :== (Tr(a), Tr(any™), ..., Tr(ay™ " V¥)) | a € F}

is an irreducible cyclic code of dimension ord,, (2) over Fs.
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Let F' be a homomorphism from (FF, +) to C defined by a — ¢(«). Each codeword
occurs |Ker(F)| = 2770w () times in C. We call C a degenerate code if m >
ord,(2). Otherwise we call C a non-degenerate code. Denote d = (n, s). A sufficient

condition for the bijectivity of F is Nd < /7 +1, since for a # 0, | Y. _p e(az™?)| <

x€F
(Nd — 1)y/r. Furthermore, this condition holds if m/ordyg(2) > 2, since then

Nd < r— 1.

Example 1. Let N = 1. The code C(P) with P = {ax | a € F} is now the dual
of the Hamming code of length 2™ — 1 i.e. the dual of a [2"™ — 1,n — ord,(2)] =
[2™ —1,2™ — m — 1] code. The [2™ — 1,m] code C(P) is called the Simplex code.
The weight distribution of C(P) is {(0,1), (2™~1,2™ — 1)}, by (1) and (16).

Example 2. Let N > 1 and —1 €< 2 >C Z}. Now the code C(P) with P =
{axz™ | a € F} is an irreducible cyclic [(2™ — 1)/N,m] code. The dimension is m,
since N < /r+1 (see the discussion after (8)). The weight distribution of the code
is {(0,1), (wq, (r —1)/N), (wa, (N —1)(r — 1)/N)}, where
_ 1 NN yomi2y g L N 1om/2
w1—2N(T+( 1)'(N —-1)2 ),wg—zN(T+( 1) =2m=),
with | = m/ordy(2), by Theorem 1 and (16).

Example 3. Let ordy(2) = ¢(IN)/2 and assume that —1 ¢< 2 >C Z},. Suppose
that case A or B is valid (see Theorems 2 and 3). The code C(P) with P = {a X |
a € F} is an irreducible cyclic [(2™ — 1)/N, ord,,(2)]-code. The weight distribution
of the code can be computed by Theorems 2 and 3. See also III, where algorithms
for the computation of the weight distributions and also some weight distributions

are presented, and the Appendix for the implementation of these algorithms using

MATHEMATICA .
Denote ¢ = 2%, t > 1 and r = ¢™, m > 1.

Example 4. Let N = ¢ — 1. The code C(P) with P = {aX®" | a € F} is an
irreducible cyclic [(¢™ —1)/(q — 1), mt] code, since mt/ordy(2) > 2. The weight of
any word ¢ := c(a) € C(P), a # 0, satisfies the inequality

m/2 _ 1
12w(c) — n| < min{mg™=1/2 | /gqgm—1/2 _ q :
q—

|2
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by corollary 1 and the Weil bound.

The first two examples are well known (see e.g. [17] ). Example 4 is from I. If
m = 2, the dual in example 4 is the dual of the Zetterberg code (see [17]), in which
case it has been studied at least in [13] and [20].

Let us again consider C := C(P) with P = {3, a;X"% | a; € F}. Let us
assume that all s;’s lie in different 2-cyclotomic cosets modulo n. It follows from
the linearity of the trace map that the ideal corresponding to C is the sum of the
ideals corresponding to C; := C(P;) with P, = {aX"* | a € F}. Since the ideals
corresponding to C; are minimal, it follows that the sum is direct. We say that the
cyclic code C is the direct sum of irreducible cyclic codes C;. Clearly the dimension of
Cis Y ;. ord, (2) with nj = n/(n,s;). Furthermore, dim C = wm if NM < \/r +1
with M = max{(n, s;)}, and this condition is satisfied if m/ordy(2) > 2.

Example 5. Let N = 1 and m = 2. The code C(P) with P = {aX! + BX |
a, B € F} is a cyclic [¢* — 1, 3t] code since ord,2_1(2) = 2t and ord,_1(2) = ¢. The
code is the direct sum of the Simplex code of length ¢? — 1 and the irreducible cyclic
code obtained by pasting together ¢ + 1 copies of the Simplex code of length ¢ — 1.
The weight distribution of the code is

{(0, 1), (22t—1_2t—1’ 2t—1(22t_1)), (22t—1, 22t_1>’ (22t—1 +2t—1, 23t—1 _22t +2t—1>}

by the following discussion.

Denote
(o, B) = (Tr(a+ 8), Tr(ay® ' + B7),..., Tr(ay@ D=2 4 3y7=2)) € C(P).

If ¢(o/, 5') € C(P) it follows from the linearity of the trace map and from Theorems
1 and 7 that ¢(a, 8) = c(o/, ") if and only if T(a) = T(a/) and § = (', where
T is the trace map from F to its subfield with 2! elements, say K. Let 3 be a
fixed element of F*. If a runs over all elements of [ satisfying T'(a) # 0, then
T(B8* T (o + o)1) runs over all elements of K*. There exist 267! — 1 elements

6 € K* satisfying Ty r,(6) = 0 and 27! elements § € K* satisfying Tr /r, (0) = 1.
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We now let 3 vary over F* and it follows from Theorem 7 that there are 2¢=1(2%t —1)
codewords of weight 2261 — 2t=1 " (2¢t=1 _ 1)(22¢ — 1) words of weight 22!~ + 2¢=1
and 22¢ — 1 words of weight 22¢=1 in C(P). Let 3 = 0. It now follows from Theorem

1 that there are 2! — 1 words more of weight 22~ +2¢=1 and the zero word in C(P).

Example 6. Let N =1 and m > 2. The code C(P) with P = {aX%+ Bz | o, €
F.},d=(¢"—1)/(q—1), is a cyclic [¢"™ —1, (m+1)t]-code. Tt follows from Theorem
8, Corollary 2, Corollary 4 and (14) that there are

(1) ¢"™ — 1 words of weight ¢"/2 and

(2) ¢ — 1 words of weight (¢"* — 1+ (¢™ —1)/(¢—1))/2

in the code C(P). For the remaining (¢™ — 1)(¢ — 1) words ¢ # (0, ...,0) we have
(3) g — 1 < [2w(c) — n| < min{ /gg™/? — Y21 L1 (m — 1)gm/2 4 1),

This code is a small subcode of m-th order punctured Reed-Muller code R*(m, tm)
(see [10] for the trace function description of Reed-Muller codes). We note that the
weights in Cases 2 and 3 are exactly divisible by 2=! which is in accordance with
the divisibility result of McEliece [18] (see also [17]) which states that the weights of
an arbitrary Reed-Muller code R(l,u) are divisible by 21%1=1 but not necessarily
exactly. This example also shows us that it may be difficult to determine the weight
distribution of R(l,u) if [ > 2 and [ | u, since we the have to be able to compute
the distribution of the values of multiple Kloosterman sums (see Research Problem
15.1 in [17]). We can go further in the example if we assume that m = 3, i.e. the
code under consideration is a [23! — 1, 4¢] subcode of R*(3,3t). It is proved in [13]
that the set of values of Kloosterman sum K;(«) over the field of order ¢ is equal

to the set {i | i € [-2,/g,2,/q],7 = —1 (4)}. Thus we can replace (3) by

(3”) The set of the weights of the remaining (¢ — 1)(¢ — 1) non-zero codewords is
equal to the set

1

{561(61”“1 —i) i€ [-2yq,2yq,i=—-1 (4)}.
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