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Laplace transform

Laplace transform: Introduction
In the book of Kreyzig: " Advanced engineering mathematics”; see Chapter 5 (Edition 8) or

Chapter 6 (Edition 9 and 10)

The Laplace transform is a transformation that can be used to solve ordinary differential
equations (ODE'’s). The reason being that by means of this transformation taking the derivative

is transformed into multiplying with the free variable.

?Easy solution method”

Transformed problem
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Figure: Idea of using (integral) transforms.
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Laplace transform

For any function f defined (at least) on (0, c0) the Laplace transform, denoted by £(f;s) or F(s),
is defined as

£(f;s) = /Ooo f(t)e *tdt.

Clearly, we can define the Laplace transform only for functions f such that the righthand side
makes sense. Furthermore, the function f is also called the inverse transform of £(f;s), i.e

£7YL(f;s);t) = f(t) and £(£7 (g t);s) = g(s).

Example
Take cos(t), then (for s > 0)

£L(cos(t);s) = - cos(t)e*'dt = [(cos t)_—le*“]gO i sin(t)e™
0 s s Jo

101 L[> 1 1
_ - + ?[sin(t)efst]go _ 572/0 (cos t)efstdt = T S—ZE(COS(t); s).

From the above formula line £(cos(t);s) can be algebraically solved:

£(cos(t);s) = ﬁ .
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Laplace transform

The following theorem is giving a growth condition on f such that its Laplace transform exists.
Note that the growth condition is not necessary.

Theorem
Let f(t) be defined and piecewise continuous on every finite interval of the semi-axis R .
Moreover assume that there exists constants M and k such that

f(t) < Me*t, t>o0.

Then the Laplace transform £(f;s) exists for all s > k.

For taking inverse Laplace transforms the following uniqueness hold: If two functions have the
same Laplace transforms they differ only on intervals of length zero (with respect to the Lebesgue
measure), which, in some sense, means that they can only take different values at isolated points
(although there are many such points). In particular, practically, this means for us that if two
continuous functions have the same Laplace transform, then the two continuous functions are
identical.

For the inverse Laplace transform the following formula holds:

1 . _ 1 c+ico s
L7 (F(s)it) = — F(s)e®ds.
27i

—ioco

In practice we will not use this formula, but we will use tables to find inverse Laplace transforms.
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Laplace transform

Laplace transform: Basic properties
As a direct consequence of the properties of integrals, Laplace transformations have the following
properties.
(i) Linearity: for a,b € C
L(af(t) + bg(t); s) = aL(f(t);s) + bL(g(t); s);
(ii) Shifting: if f(t) has the transformation £(f(t);s) for s > k, k € R, then
£(e?f(t);s) = £(f(t);s —a), s—a> k;

(iii) Scaling:

1

L(f(at);s) = -£ (f(t); f) , a>o.
a a

Example
Recall that cos(t) = (et + e~')/2. Hence, by the linearity of the Laplace transform

eos(0)) = 3 (2t + e 759) = 5 (5 + ) = o

Here we used that 1

s—a

£(e?;s) =
By means of (iii) we can even extend this result. If w > 0, then

1 s/w s

1 s
L(cos(wt); s) = ;2 (cos t ;) o1t (s/w)? 24 w?’
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Laplace transform
Laplace transform: Convolution

The Laplace transform preserves the additive structure, i.e.
L(f(t) + ag(t); s) = £(f(1); 5) + aL(g(t); s).
However, it does not preserve the multiplicative structure, i.e.
L(f(¢) - g(t);s) # L£(F(1): s) - £(g(t); 9)-

To get the above formula "to work” we need to change the product. Therefore the concept of
convolution is needed: If f(x) and g(x) are function on R which are zero for x < 0, then

(f=g)(t) = /Ot f(r)g(t —r)dr = /ot g(r)f(t —7)dr = (g = f)(t).
With this definition
L£((f * g)(t):s) = £(f(t); s) - £(g(t); )

Example

t t12 37t +3 3 3
t*t:/T(t_T)dT: Luniunt DN
0 2 3 0
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Laplace transform

A typical application of the convolution is to find inverse Laplace transforms.

Example
Find the inverse Laplace transform of 1/((s — 3)(s + 5)).

1 1 1
£(f(t);s) = = = &(e%;5)L(e7 % s) = £(e3F x e 5).
(F:9) = T35 vs) ~s—asss & 9 )= )
Hence,
t t e8‘1' t 1
f(t) =3t xe 5 = / 37e T qr = / e %e8Tdr = 75t [7} == (¥ — 0.
0 0 8 |p 8

Since the function is rational, an easier method in this case would have been to use partial
fraction expansions. The partial fraction expansion of 1/((s — 3)(s + 5)) is given by

(573)1(s+5) :%(sis_s;)‘

Hence,

T (emmern ) =s (7 () 2 () =s @ e
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Laplace transform

Laplace transform: Application to ODE'’s

Recall that Laplace transforms were introduced to solve differential equations. The following
properties of Laplace transforms make that possible; essentially, they show that the Laplace
transformation transforms taking the derivative into multiplication with the free variable.

(i) for a piecewise differentiable function f which satisfies the condition in the above theorem
£(f'(t); s) = sL(f(t);s) — £(0).

(i) for a piecewise continuous function f which satisfies the condition in the above theorem

£ (/Ot f(T)dT;S) = éﬂ(f(t);s);

(iii) for a piecewise continuous function f
dn
ds”

(iv) for a piecewise continuous function f such that the Laplace transform of f(t)/t exists

e (Ltt);s) - /:O S(F(£): u)du.

In particular, if we apply (i) repeatedly (to a smooth enough function), then we obtain

L(f(t);s) = (=1)"L(t"f(t); s);

n—1
L(F(t);s) = s"L(F(t);s) — > s"TIFD(0) = s"g(F(t);s) — s"HF(0) — ... — F"1)(0).
i=0
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Laplace transform

Example
a) Recall that £(cos(t);s) = s/(1 + s?). Hence

£(sin(t); s) = £(—(cos(t))’;s) = —L((cos(t))’;s) = (=1) - (s - £(cos(t); s) — cos(0))

_75(;)+1_ s2+1+s2_ 1
N 1+s2 T 1452 1452 1482
b) Let the initial value problem be given by
f(t) — f'(t) — 6f(t) =0, £(0)=6,f'(0)=13.

To solve this problem the Laplace transform is used: Applying the Laplace transform to the above
differential equation yields:

0=2£(0;s) == £(f" — ' —6f;s) = £(f";5) — £(f';5) — 6L(f; s)
= (522(1‘; s) — sf(0) — £'(0)) — (s&(f;s) — £(0)) — 6L(f;s)
= (s> —s—6)L(f;s) —6s—7.
This implies that

o(F:s) = 6s+7 6s+7 5 n 1
T s2-5-6 (s—3)(s+2) s—3 s+4+2
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Laplace transform

Now apply the inverse Laplace transform:

F(6) = £ 125 e) = £,1< I ;t)

s—3 s+2

=5 () +o7 (g t) =5

The final step is to check whether this is really a solution.
c)Let the inhomogeneous initial value problem be given by
f'(t) — 3f(t) = e™%, f(0)=0.
Laplace transforming the above differential equation yields
L(f —3f;s) = £(e 5 s) = (s +5)7L.

The lefthand side can be calculated using the rules:

2t

£(f' —3f;s) = £(f';s) — 3L(f; s) = s£(f;s) — £(0) — 3L(f;s) = (s — 3)L(f;s).
Combing the above formula lines yields
(s —3)L(f;s) = S+i5 or, equivalently, £(f;s)= m

Hence, a calculation from one of the preceding examples shows that

F(t) = S H(E(F(t); 5); t) = % (3t — e75t).
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Laplace transform

Laplace transform: Distributions

Previously, Laplace transforms of ordinary functions were calculated. It is also useful/possible to
calculate Laplace transforms of " quasi-functions”, so-called distributions.

Informally, the é-function 6(t) (also called the Dirac delta) is defined as being oo at 0 and 0
everywhere else. Formally, it is defined by means of integrals;

JRCICIE I W

0, otherwise.
Hence, in particular,
b
1, a<0<b;
/a o(t)de = { 0, otherwise.

The delta function can be shifted to any other point ¢ € R:

/b‘s(t* c)f(t)dt = { f(c), a<c<b;

0, otherwise.

Calculating the Laplace transform of the d-function is direct;

_ oo —st _ 07 a<o;
S(J(tfa),s)_/o 5(t - a)e dt_{ o 52l

)

In particular, the Laplace of the delta function is 1.
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Laplace transform

A function closely connected with the § function is the Heaviside function u(t — a) defined as
_ 0, t<a
we-a={ 3 137
Its Laplace transform is for 0 < a given by
e 1
L(u(t — a);s) = / e Bdt =[(—1/s)e "] = ~e
a s

for s > 0.

Observe that
1
L(u(t —a);s) = Se 7£(6(tfa) (/ O(u — a)du; s)

l.e. u(t —a)"is" the primitive of § or, equivalently, § "is” the derivative of u(t — a).
Moreover, the Heaviside function satisfies:

L(u(t — a)f(t — a);s) = e~ *L(f(t);s).
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Laplace transform

Example

Solve for0 < a< b
f(t) +4f(t)=6(t —b) —6&(t—a), f(0)=0.

Taking Laplace transforms on the lefthand side of the above differential equation yields
L(f' +4f;s) = &(f';s) + 4L(f;s) = s&(f;s) — £(0) + 4L(f;s) = (s + 4)L(f; s).
The Laplace transform of the righthand side is given by
L(5(t—b) —(t—a)s) =e b — e

Therefore

£(f;s) = 5i4 (e*bS - e*as)
1

ab_ 1 b(sta) _ e o—alst)
s+4 s+4

e*e(u(t — b); s+ 4) — e*L(u(t — a); s + 4)
=e*g(e*u(t — b);s) — e*2 (e *u(t — a); s)

= g(e Mt D y(t — b) — e Ht=Ay(t — a); ).

=€

Consequently,
F(t) = e 4D y(t — b) — et y(t — a).
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Fourier series

Fourier series: Introduction

Fourier series are a way in which functions can be approximated by simpler functions. In the case
of Fourier series this is done by the trigonometric functions: sin(nx) and cos(nx), n € N. In some
sense there are many of these function, hence one can also approximate many functions,
particular smooth ones, very good with them as we will see below.

For any function f defined (at least) on [—m, 7] define the numbers a, and b, by

ap = l/ f(t)dt;

s

1 ™

an = f/ f(t) cos(nt)dt
T™J—7
1 [m .

by = 7/ f(t) sin(nt)dt,
™7

Then the Fourier series of f (on [—m,7]), denoted by Sy, is defined as
S¢(x) = 2 + Z (an cos(nx) + by sin(nx)), x € R.
2 =

Since the Fourier series of a function is an infinite-sum, one needs some condition on f for the
righthand side to make sense. In particular, the Fourier series of a function might not exists for
any point x € R.
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Fourier series

1
1 - 7
2 ar 1
_
(a) The function f. (b) Its first Fourier approximation.
1 1A
/ AN
- 7 - 7
1 1
£ N
(c) Its second Fourier approximation. (d) Its third Fourier approximation.

Figure: f and its first three partial sums of the corresponding Fourier series.
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Fourier series

Since there are so many functions used to make the Fourier-series, it can be expected that the
obtained approximating function is also "very close” to the function which is approached. The
following theorem makes this precise.

Theorem

Let f be 2m-periodic and piecewise continuous on the interval [—m,w]. Furthermore, assume that
f has a lefthand and righthand side derivative at each point of the interval. Then its Fourier
series S¢ converges for every x € [—x, w]. In fact,

Fx=) + Fxt).

Se(x) = 5

For calculational purposes the following rules for calculating Fourier series are very useful:
Surrg(x) = aS¢(x) + S(x), a € C;
if fis even, i.e. f(—x)=f(x), then b, =0, n=1,2,3..;
if fis odd, i.e. f(—x) = —f(x), then a, =0, n=0,1,2..;
B if f(x) =2 + 3V, (ancos(nx) + bysin(nx)), N € N, then S¢(x) = f(x).
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Fourier series

Example
a) Let f(x) = x,—m < x < 7, then to determine its Fourier series we only need to determine the
b,, because f is an odd function.

by = %/: tsin(nt)dt = % H—tcosrgnt)}i + /_: cos(nnt)dt:|

1 1. ~ 2(-1)"
= (1) w1+ g Bin(ee)T, = -2
nm wn n
Hence the Fourier series of f is given by
Z by sin(nx) = 2 Z —— sin(nx) = 2 | sin(x) — 1S|n(2x) + - L sm(3x) .
2

b) Determine the Fourier series of h(x) = x + 2 cos(3x) + 105sin(8x), —7 < x < 7. To determine
this Fourier series easily, use the given rules. Therefore define g(x) = 2 cos(3x) 4 105sin(8x), then

Sh(x) = S¢(x) + Sg(x) = Sf(x) + 2cos(3x) + 10sin(8x) = . ..

c) Applying the above theorem to the function f from a) at 7 /2 yields

- 0 1\(n+1) - > (_1}(2k+2) - 0
5 =f(5 Ty =s¢(Z )_ZE%sin(nE):2;%sin((2k+l)5):2k:0
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Appendix

Appendix: Partial fraction expansions.

Let f = p/q, where p and q are polynomials, be a rational function. Moreover, assume that
deg(p) < deg(q) and let b;, i =1,---, n denote the poles of g and assume that they are simple,

b,-;ébj,then
ai
f(t) = .
(=3 2

i=1

Moreover, if f = p/q, where p and q are polynomials such that deg(p) < deg(q) and assume that
b is the only pole of g, then

f(t) = Zl @ jib)".

Example
Let f(t) =3/((t — 4)(t + 4)), then

A B B(t—4)+A(t+4) (A+B)t+4(A—B)
—4  t4+4 (t—4)(t+4) (t—4)(t+4)

f(t) = "

Hence A+ B=0and (A— B) =3/4. l.e. A=3/8 and B = —3/8. Therefore
3 1 1
f(t):—(———).
s8\t—4 t+4
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