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Liite A: Fourier transformation

A.1 Fourier series
The 2L-periodic Fourier series of the function f(t)

In trigonometric form

f(t) ∼ Sf (t) =
a0
2

+

∞∑
n=1

(an cos(
nπ

L
t) + bn sin(

nπ

L
t)),

missä

a0 =
1

L

∫ L

−L
f(t)dt, an =

1

L

∫ L

−L
f(t) cos(

nπ

L
t)dt, bn =

1

L

∫ L

−L
f(t) sin(

nπ

L
t)dt.

In exponential or complex form

f(t) ∼ Sf (t) =

∞∑
n=−∞

cne
inπ
L
t,

where

cn =
1

2L

∫ L

−L
f(t)e−i

nπ
L
tdt

In particular,

c0 =
a0
2
, cn =

an − ibn
2

ja c−n = cn.

Parseval’s identity

1

2L

∫ L

−L
|f(t)|2 dt =

∞∑
n=−∞

|cn|2 = |c0|2 + 2
∞∑
n=1

|cn|2 =
a20
4

+
∞∑
n=1

a2n + b2n
2

.



2 Appendix A. Fourier transformation

A.2 Fourier transformation

F (w) = F(f(t);w) =

∫ ∞
−∞

f(t)e−iwtdt

Inverse transform f(t) = F−1(F (w); t) = 1
2π

∫∞
−∞ F (w)eitwdw

Linearity F(af(t) + bg(t);w) = aF(f(t);w) + bF(g(t);w)

Scaling F(f(at);w) = 1
aF(f(t); wa ) (a > 0)

Shifting F(f(t− t0);w) = e−iwt0F(f(t);w)

Frequency shift F(f(t)eiw0t;w) = F(f(t);w − w0)

Convolution (f ∗ g)(t) =
∫∞
−∞ f(s)g(t− s)ds =

∫∞
−∞ f(t− s)g(s)ds

Convolution theorem F((f ∗ g)(t);w) = F(f(t);w)F(g(t);w)

Transform of derivative F
(
dn

dtn f(t);w
)

= (iw)nF(f(t);w)

Transform of primitive F
(∫ t
−∞ f(s) ds;w

)
=
F(f(t);w)

iw
+ πδ(w)F(f(t); 0)

Parseval’s identity
∫∞
−∞ |f(t)|2 dt = 1

2π

∫∞
−∞ |F(f(t);w)|2dw = 1

2π

∫∞
−∞ |F (w)|2dw

A.3 Discrete Fourier transform (DFT)

X(k) = F(x(n); k) =
1

N

N−1∑
n=0

x(n)e−ink
2π
N

Inverse transformation x(n) = F−1(X(k);n) =
∑N−1

k=0 X(k)eink
2π
N

Linearity F(ax(n) + by(n); k) = aF(f(n); k) + bF(y(n); k)

Shifting F(x(n− n0); k) = e−in0k
2π
N F(x(n); k)

Modulation F
(
eink0

2π
N x(n); k

)
= F(x(n); k − k0)

Convolution (x ∗ y)(n) =
∑N−1

k=0 x(k)y(n− k)

Convolution theorem F(x(n); k)F(y(n); k) = F( 1
N (x ∗ y)(n); k)
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Function Fourier transform

{
1, b < t < c
0, otherwise

e−ibw−e−icw
iw{

1, −c < t < c
0, otherwise

2 sin(cw)
w

e−a|t|, a > 0 2a
w2+a2

e−at
2
, a > 0

√
π
a e
−w

2

4a

sin(at)
t , a > 0

{
π, |w| < a
0, |w| > a

1
t2+a2

, a > 0 π
a e
−a|w|

δ(t) 1

1 2πδ(w)

eiw0t 2πδ(w − w0)

s(t) =

{
−1, t < 0

1, t > 0

2

iw

u(t) =

{
0, t < 0
1, t > 0

1

iw
+ πδ(w)

u(t)e−at, a > 0 1
a+iw

cos(at) π [δ(w − a) + δ(w + a)]

sin(at) −iπ [δ(w − a)− δ(w + a)]

Taulukko A.1: Fourier transforms.
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Liite B: Laplace transformation

F (s) = L(f(t); s) =

∫ ∞
0

f(t)e−stdt

Inverse transform f(t) = L−1(F (s); t) = 1
2πi

∫ c+i∞
c−i∞ F (s)etsds

= 1
2πi

∮
C F (s)etsds =

∑
aj pole of F

Ress=aj
{
F (s)est

}
Linearity L(af(t) + bg(t); s) = aL(f(t);w) + bL(g(t); s)

Scaling L(f(at); s) = 1
aL(f(t); sa) (a > 0)

Shifting (to the right) L(u(t− t0)f(t− t0); s) = e−st0L(f(t); s),

where u(t) =

{
0, t < 0
1, t ≥ 0

ja t0 ≥ 0

Multiplying with exponential function L(eatf(t); s) = L(f(t); s− a)

Transform of the derivative L( dn

dtn f(t); s) = snL(f(t); s)− sn−1f(0)

−sn−2f ′(0)− . . .− f (n−1)(0)

Transform of the primitive L
(∫ t

0 f(u)du; s
)

= 1
sL(f(t); s)

Multiplying with potentials L((tnf(t); s) = (−1)n dn

dsnL(f(t); s), n = 0, 1, 2, . . .

Primitive of the Laplace transform L(1t f(t); s) =
∫∞
s F (u)du

Transform of periodic function L(f(t); s) =
∫ T
0 f(t)e−stdt

1−e−sT , f(t+ T ) = f(t)

Convolution (f ∗ g)(t) =
∫ t
0 f(s)g(t− s)ds

Convolution theorem L((f ∗ g)(t); s) = L(f(t); s)L(g(t); s)
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In Table B.1 the Laplace transform is defined for the values Re s > 0, unless
otherwise stated.

Function Laplace transform

δ(t) 1

1 tai u(t) =

{
0, t < 0
1, t ≥ 0

1
s

eat 1
s−a , (Re s > a)

tn n!
sn+1

sin(at) a
s2+a2

cos(at) s
s2+a2

1− cos(at) a2

s(s2+a2)

t sin(at) 2as
(s2+a2)2

t cos(at) s2−a2
(s2+a2)2

eattn n!
(s−a)n+1 , (Re s > max{0, a})

eat sin(bt) b
(s−a)2+b2 , (Re s > a)

eat cos(bt) s−a
(s−a)2+b2 , (Re s > a)

Taulukko B.1: Laplace transforms.
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Liite C: Z Transformations

The two-sided Z transform is given by

X(z) = Z(x(n); z) =

∞∑
n=−∞

x(n)z−n

and the one-sided Z transform is given by

X(z) = Z(x(n); z) =

∞∑
n=0

x(n)z−n

Inverse transform x(n) = Z−1(X(z);n) = 1
2πi

∮
C X(z)zn−1dz

Linearity Z(ax(n) + by(n); z) = aZ(x(n); z) + bZ(y(n); z)
D = D1 ∩D2

One-sided shift (right) Z(x(n− n0); z) = z−n0Z(x(n); z) + z−n0
∑−1

k=−n0
x(k)z−k

D = D1 ja n0 > 0

One-sided shift (left) Z(x(n+ n0); z) = zn0Z(x(n); z)− zn0
∑n0−1

k=0 x(k)z−k

D = D1 ja n0 > 0

Two-sided shift Z(x(n− n0); z) = z−n0Z(x(n); z), D = D1

Multiplying with potentials Z(anx(n); z) = Z
(
x(n); za

)
, D = {|a|α < |z| < |a|β}

Multiplying with n Z(nx(n); z) = −z d
dzZ(x(n); z), D = D1

Convolution (x ∗ y)(n) =
∑n

k=0 x(k)y(n− k)

Convolution theorem Z((x ∗ y)(n); z) = Z(x(n); z)Z(y(n); z), D = D1 ∩D2
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Series Z transform Region of convergence

u(n) =

{
1, n ≥ 0
0, n < 0

z
z−1 D = {z ∈ C : |z| > 1}

anu(n) =

{
an, n ≥ 0
0, n < 0

z
z−a D = {z ∈ C : |z| > |a|}

nu(n) =

{
n, n ≥ 0
0, n < 0

z
(z−1)2 D = {z ∈ C : |z| > 1}

nanu(n) =

{
nan, n ≥ 0

0, n < 0
az

(z−a)2 D = {z ∈ C : |z| > |a|}{
1
n! , n ≥ 0
0, n < 0

e
1
z D = C \ {0}

δ(n) 1 D = C

δ(n− n0) z−n0 D = C, n0 ≤ 0, ja D = C \ {0}, n0 > 0

Taulukko C.1: Z transforms.
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Liite D: Complex analysis

Some formulas from complex analysis:

ez =

∞∑
n=0

zn

n!
, sin z =

∞∑
n=0

(−1)n
z2n+1

(2n+ 1)!
, cos z =

∞∑
n=0

(−1)n
z2n

(2n)!

f (n)(z0) =
n!

2πi

∮
C

f(z)

(z − z0)n+1
dz, n = 0, 1, 2, . . .

f(z) =

∞∑
n=−∞

an(z − z0)n, an =
1

2πi

∮
C

f(ξ)

(ξ − z0)n+1
dξ, n = 0,±1,±2, . . .

Resz=z0f(z) =
1

(m− 1)!
lim
z→z0

[
dm−1

dzm−1
((z − z0)mf(z))

]
.∫ ∞

−∞
f(x) dx = 2πi

∑
z∈C+ pole

Res f(z)


