Liite A: FOURIER TRANSFORMATION

A.1 Fourier series
The 2L-periodic Fourier series of the function f(t)
In trigonometric form
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In exponential or complex form

where

In particular,

Parseval’s identity
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2 Appendiz A. Fourier transformation

A.2 TFourier transformation

F(w) = F(f(t);w) = / T f(tetat

Inverse transform f(t) = F 1 F(w);t) = &= [* F(w)e™dw

Linearity Flaf(t)+bg(t);w) = aF(f(t);w) 4+ bF(g(t); w)
Scaling F(f(at);w) = LF(f(); %) (a>0)

Shifting F(f(t—to);w) = e ™o F(f(t);w)

Frequency shift F(f(t)etotw) = F(f(t);w — wo)

Convolution (f#9)(t) = 25, f(s)g(t — s)ds = [Z f(t = s)g(s)ds

Convolution theorem F((f*g)(t);w) =F(f(t);w)F(g(t); w)

Transform of derivative F (%f(t); w) = (iw)"F(f(t);w)

Transform of primitive ~ F (ffoo f(s) ds;w) = ‘F(fi(fu);w) + 7o (w)F(f(t);0)
Parseval’s identity [ If@Pdt = 5= [ [ F(f);w)Pdw = o= [ |F(w)[*dw
A.3 Discrete Fourier transform (DFT)
L N1 o
X(k) = §(x(n);k) = n;) w(n)e PN

Ky Sisg X (e F

Lincarity §ar(n) + by(n): k) = a§(£(n):k) + b3 (y(n); k)
Shifting §lz(n —no): k) = e MK F(2(n); k)
Modulation 3 (em%%x(n); k) — F(z(n): k — ko)
Convolution (zxy)(n) = g z(k)y(n — k)

Convolution theorem  F(z(n); k)F(y(n); k) = F(& (@ * y)(n); k)



Appendiz A. Fourier transformation

Function Fourier transform
17 b < t < C efibw_eficw
0, otherwise w
1, —c<t<e 2sin(cw)
0, otherwise w
et a>0 wffag
2 7—02
e a>0 e e
sin(at) U ‘w’ <a
o a>0 {0, w| > a
7t2_~1_a2, a>0 ge_a‘w‘
d(t) 1
1 270 (w)
gtwot 270 (w — wy)
1, t<0 P
s(t) = { 1, t>0 iw
0, t<0 1
u(t) { 1 t>0 %%—Wé(w)
_ 1
u(t)e™ ™, a>0 pw
cos(at) m[0(w —a) + 0(w + a)]
sin(at) —im [§(w —a) — d(w + a)]

Taulukko A.1: Fourier transforms.



Liite B: LAPLACE TRANSFORMATION

F(s) = L(f(t):5) = /0 " f(t)etat

Inverse transform Ft) = LY F(s);t) = o [T F(s)et*ds
=g fo F(s)eds = 3 Reseq, {F(s)e*'}
a; pole of F
Linearity L(af(t) +bg(t); s) = al(f(t);w) + bL(g(t); )
Scaling L(f(at);s) = GL(f(t);5) (a>0)
Shifting (to the right) L(u(t —to)f(t —to);s) = e SOL(f(L); ),

Whereu(t):{ (1)’ iig jato >0

Multiplying with exponential function L(e® f(t);s) = L(f(t);s — a)

Transform of the derivative E(%f(t); s) = s"L(f(t);s) — s"1£(0)
=s"2f1(0) = = F(0)
Transform of the primitive (fo u)du; s) =1L(f(t);s)
Multiplying with potentials L((t"f(t);s) = (—1)" (f;ﬁ(f(t); s), n=0,1,2,...

Primitive of the Laplace transform LAf(t);s) = [ F(u)du

Transform of periodic function L(f(t);s) = wv ft+T) = f(t)
Convolution (f*g)( fo g(t —s)ds

Convolution theorem L((fxg)(t);s)=L(>f(t);s)L(g(t);s)



Appendiz B. Laplace transformation 5

In Table B.1 the Laplace transform is defined for the values Res > 0, unless
otherwise stated.

Function Laplace transform
o(t) 1

. 0, t<0 1
1ta1u(t)—{ L t>0 @

et L. (Res>a)

tn T

sin(at) P

cos(at) T

1 — cos(at) s(sQaiJQraQ)

tsin(at) (sgi%)g

t cos(at) %

et diln“, (Re s > max{0,a})
e sin(bt) W, (Res > a)

e cos(bt) ﬁ, (Res > a)

Taulukko B.1: Laplace transforms.



Liite C: Z TRANSFORMATIONS

The two-sided Z transform is given by

and the one-sided Z transform is given by

X(z) =

Inverse transform

Linearity

One-sided shift (right)

One-sided shift (left)

Two-sided shift
Multiplying with potentials
Multiplying with n
Convolution

Convolution theorem

Z(x(n);z) = Z x(n)z™"
)= Zx(n
n=0
z(n) = 271X (2);n) = 5 $, X(2)z" 1dz
Z(ax(n) +by(n); 2) = aZ(x(n); z) + bZ(y(n); z)
D = DN Dy
Z(x(n—mng);z)=2""Z(x(n); z) + 2z~ Z,;i_no z(k)zF

D=D; jany>0

Z(z(n+mno); z) =2"Z(z(n);
D=D; janyg>0

2) = 2" 3 w (k)2

Z(x(n—mng);z) =2z 2Z(x(n);z), D=D

Z(a"z(n);z) = 2 (z(n); 2), D ={lala <|z| <lalB}

Z(na(n);z) = —z 3 Z(x(n);2), D=D

(@ xy)(n) =3 g z(k)y(n — k)



Appendiz C. Z Transformations 7

Series Z transform Region of convergence
1, n>0 - . ]
u(n)—{O’ n<0 ] D={zeC:|z| > 1}

n _Ja", n>0 ~ _ )

au(n)—{ 0 n<0 o D={zeC:|z| > |al}

n, n>0 -

nu(n):{07 n<0 ey D={zeC:|z| > 1}
n _J na", n>0 az _ )

na™u(n) = { 0. n<0 e D={zeC:|z| >|a|}
1
nh n > 0 1 o

{ 0, n<0 ¢ D =C\ {0}

d(n) 1 D=C

d(n —ng) z7 "o D=C,ny<0,jaD=C\{0},no>0

Taulukko C.1: Z transforms.



Liite D: COMPLEX ANALYSIS

Some formulas from complex analysis:

; [e’e] on ) e o] N Z2n+1 e’} . Z2n
e :”;Oﬁ, SIHZ:”;O(fl) m7 COSZ:;(fl) (2n)|
() 5y = M f(2) _
f (ZO)_MfC(zfzo)nﬂ dz, n=0,1,2,...
3 " 1 1)
f(z):n;wan(Z*ZO) ) anmfc(g_zwdf, n:(),:tl,:t2,...
Res b g [ m
e5ema () = oty B | (= 200" 1)

/_oof(x)dx:27ri Z Res f(z)

zeCy4 pole



