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Abstract

Pynndnen, Seppo (1984). A consistent criterion for estimating the dimension of a
model. Proceedings of the University of Vaasa., Discussion Papers 59, 12 p.

In this paper we consider the problem of selecting a suitable dimension of a
model. We present the main theory of an information criterion introduced by
Akaike (1973) for the dimensionality problem. We propose an asymptotically
consistent criterion for dimensionality, based on Akaike's principles. Some
asymptotic properties of these two criteria are also investigated.

Seppo Pynngnen, School of Business Studies, University of Vaasa, Raastuvankatu
31, SF-65100 Vaasa 10, Finland.

1. Introduction

In applied statistics we are often faced with the problem of selecting an
appropriate dimension of a model. Examples of this are variable selection in
regression analysis, number of factors in classic factor analysis, and choosing the

length of lag in an autoregressive and related problems.



Selection of the dimension should at first hand be based on the theory of the
subject. Thus, for example in econometrics theoretical considerations may give
a clue for the dimension and also perhaps the sign of a parameter and its range
of possible values. However, other things being equal, the decision of the
dimension must sometimes be based on data at hand. So it is reasonable to try to
develope test procedures and single statistics, on which we can base our decision
about the appropriate dimension. A classic approach to this problem has been
iterative estimation-test procedure, in which the parameters are first estimated
for each model and then tested. This procedure is repeted until all the
remaining estimates appear te be statistically significant. In certain cases this
approach leads to logical contradictions. For example in regression analysis the
F-statistic of the forward selection procedure is based on the idea that the
model which has one parameter more than the model under null hypothesis is the
right one if the null hypothesis is rejected. However, in the next step this
alternative will be the new null hypothesis, so if we reject it at this step we have
a logical contradiction with the previous step. It is also a methodological
contradiction except the special case, where regressors are orthogonal. Another
point for critisism that concerns hypothesis testing generally is the degree of

subjectivity in choosing the significance level of a test.

As alternatives to this iterative estimating-testing procedure different criterion
functions has been developed, on which one can base his decision about the order
of a model. A good presentation of the most important of these methods can be
found in Amemiya (1980) (see also Hocking (1976), Thompson (1978), and Judge et
al. (1980) ch. 11).

In this paper we shall consider the problem of selecting the dimension as an
estimation theoretic problem, to be understood as an extension of the method of
maximum likelihood (ML) to multimodel situation. It is well known that the
method of maximum likelihood as such is not applicable to this situation, because
it invariably leads to the largest dimension, and so it does not respond to our
intuitive consept of the right dimension of a model. Akaike (1973) has expressed
such an extension to ML-method by suggesting the selection of that alternative

which minimizes the criterion

(1) AIC(k) : = -2 log L(, 8)+ 2k,



where log: natural logarithm
L: the likelihood function
k9t ML estimator of | 6 = (el,...,ek,o,...,o)
k: the number of parameters to be estimated
k =0,1,...,K < o,

We shall present the theoretic backgrounds of Akaike's information criterion in
chapter 2. In chapter 3 we shall suggest a Schwartz (1978) type information
criterion based on Akaike's point of view. As a result we get a Consistent
Information Criterion

2) CIC(k) : = -log L(, 8) + (1/2)k log(n/2m) .

The decision strategy is similar to AIC, that is, select that alternative which
minimises CIC. In chapter 4 we investigate some asymptotic properties of AIC
and CIC.

2. Akaike's information criterion

In this chapter we follow - as far as it concerns AIC - Amemiya's (1980) article.
Let's denote by L(6,X) or as above briefly by L(8) the likelihood function,
where © denotes K - dimensional parameter vector and X is a n dimensional
random vector where the components are not necessarily independent. Let 6 o
denote the true parameter value and ke the restricted alternative, k = 0,...,K <
«, Akaike (1973) assumes that k%
where k6o is defined by (4) such that W(Go,keo)z m&ré W(eo,ke ). In other
words he assumes that eo "almost" satisfies the restrictions introduced to ke .

We put this hypothesis explisitely, i.e. we assume that 8o satisfies the

and 60 are situated very near each other,

restrictions set by the hypothesis
(3) H:e= 6= (87500018 | s0502250)

Let 6§ and ké denote the maximum likelihood estimates of 6 and ke
respectively. For estimation Akaike suggest the loss function



L(e

(4) W(8 5, 8) : = =(2/n) [ log (L(

) L(Go,x) dx ,

where k@ is understood as constant under integration, and x is a n-vector.
Thus W defines Kullback-Leibler's mean discrimination information multiplied
by two. Hence W(g ,ke) >0 whenever 6, #,6, and equals to zero if and only
if e ke
main results of this paper. Since 6, is unknown Akaike suggest to estimate W
by

This property is repetedly explmted in the following proofs of the

(5) Ayt =-(2/n)1 L4
Kk.:-(Zn) Og(L ~

ik

Although (5) is a consistent estimator to W, it has the drawback that it attains
its minimum trivially only, if we select k equal to K. Akaike proceeds as
follows to find a more useful and yet accurate approximation to W.

By assuming usual regularity conditions (see e.g. Cox and Hinkley (1974), ch. 9),

we get by using the Taylor series expansion with respect to ké in the

neighbourhood of 18

6) WG 0, 8= |16 - 81| 2+002),

2 A
5 log L(,8,X)]( 8 - 0), Dy

where Hk'é - ol 2, - -(l/n)(ké - kGB)'F_'[D
—3/2)

denotes differentiation with respect to 6, "'" denotes transpose, and O(n

is the remainder.

In (6) we have also exploited the fact that E D glog !_(ke,x) = 0 under the
hypothesis (3). By expanding next log L( 0,X) into the Taylor series with
respect to ke around ke’ and taking into account that Dglog L(ke X) =0, we

have

A a 2 -3/2
) -(2/n)log L(, 8,X) = -(2/n)log L, 6,X) + || 8- 8l “+0Mm™%)
Similarly we have

(8) -(2/n)log L(8,X) = -(2/n)log L(8,X) + || (8 -6 ]| 2,032,



Under the hypothesis (3) the left hand sides of (7) and (8) are equal. Thus we get
an approximation to KAk into the form
foa 12 _ 1 a 2 -3/2
©) kh= 118 - 81 [ “ =[] - o] ]“+0m4).
Hypothesis (3) being valid we get by (6) and by a chi-square approximation of

.8 - ke||2 that E W(6,,.0) = k/n. Similarly E | [, - eoi[ZuK/n and
E][B8 -8l 2=kn. Thus

(11D E(KA k- K/n+ 2k/m)=EW.

By ignoring O(n'l/ 2) and the constant terms, we get Akaike's fnformation

criterion (1).

Through these considerations we see instantly that there exist no trivial
transformation for AIC to be a "good" estimator to W, when the hypothesis (3)
is not valid, in the general case (i.e. when the Fisher information matrix
-E D2
drawback of this method, since as we shall see in chapter 4, the probability of

log L(6,X) is nondiagonal). However, this appears not to be a serious

underfitting a model diminishes asymptotically to zero (see also Shibata 1976,
Bhansali and Downham 1977 and Geweke and Meese 1981). The same is not true
with the probability of overfitting a model (see ch. 4).

To eliminate this inconsistency, we propose in the following chapter a different
approximation to the log-likelihood ratio to get an information criterion that has

the property of consistency.

3. A consistent criterion for the dimension of a model

To make considerations simpler we assume in this and the subsequent chapter
that the components of X are independent and identically distributed. By
assuming that 6 satisfies the restrictions of 8 (i.e. the hypothesis (3) is in
effect), k@ is also the maximum likelihood estimator of 6 . It also is, at least
asymptotically, a sufficient statistic for © in this case. In fact, by assuming
the usual regularity conditions and hypothesis (3), we have 60 = k@ + O(n‘l/z),



and by simple manipulation of (7) we get
(12) L(6,,X) = g(;.85 8,)h(X) ,

where g(ké; 6,) ¢ = exp{-(n/2) || ké - 8¢ | [2 + O(n'llz)} and
h(X): = L(k§;X), which does not depend on 6.

Thus under the assumptions above, ké is at least ‘asymptotically sufficient for
e.

On the other hand if the assumptions made are valid, the asymptotic distribution
of k@ is N(eo’ (nleo)_l)’ where Ieo is a k x k Fisher information matrix at 6 o
with respect to one observation. So we can approximate the likelihood of 6 at
80 by

0 N ' .
@iz P L0208 -85) Ty (O - 0)}

(13) L™ (60 8) =

1+ 02y,
Hence by sufficiency, we can write
(14) L(8,,X) = e(X)L*(8,,,.8) ,
where c(X) does not depend on 6, and thus includes no information about it.

We suggest to replace in the log-likelihood ratio (5) the estimator L( 6) of
L(6,) by L(8)= e(xL” (eo,ke), approximating 6_ by ke. Thus we get

(15) ny s =-(2/ n)[ log L(,8) - log L(eo)]

= -(2/n)log L(ké) + (k/mlog(n/2)

+1/mlog( [T, |) + (2/mlog(c(X)) + Om~>/2)

(8]

By ignoring the constant terms and O(n'l/ 2), we get the criterion (2).



As in the case of AIC, we must emphasize that CIC is not transformable by any
simple transformation to a useful estimator of W in the general case, when the

hypothesis (3) is not valid.

4. Asymptotic properties

As we already noted in the previous chapter, we assume in this chapter also that
the components of X are independent and identically distributed. Let us denote
AIC and CIC generally,

(16) IC(k) : = -log L(ké) + g(n)k .

Thus in AIC g(n) = 1 and in CIC g(n) = (1/2)log(n/2m). Let us denote the

dimension estimated by IC,
17) k:=min{k | IC(k) < IC(m), M = ByeesK } .

We shall first show that the probability of underfitting a model vanishes
asymptotically.

In fact, if k< ko’ where k; is the right dimension of the model:

Then by definition of k we have

P(k = k) = P{ IC(k) < IC(m) m = 0,...,K} < P { IC(K) < IC(k_)}

~n

)

ko

L an) . - 1)}
=P{-(l/n)loq(L )< Splkg - KT

Now koé L eo, and by defining k8o such that
(18) W( eo,keo) = l[:lg W(Go,k 6),

we have ké P, (8, (cf- Akaike 1973: 273),



Since
LG8 p
(19) -(1/n)log (L(k§) )y T I(eo,keo) >0,
o

where 1(6 _, 6 0) denotes Kullback-L eibler's information, and since

(ko - k) g(n)/n + 0, we have

. L(,8)
P(k = k) < P{-(1/n)log (L( )2 g(n)(k, - k)/n} >~ 0 as n~ =,

k)
o
Thus we have shown that the probability of underfitting a model tends to zero as

n tends to infinity.

Next we shall show that the probability of overfitting a model disappears
asymptotically for CIC.

Let k> k0 :

In a situation where the values of the criterion function are calculated for every
alternative and the minimum of the criterion function is selected, we can assume
by the previous considerations that all the k0 - 1 parameters already existing in
the model are different from zero (i.e. they really belong into the model). Thus
for CIC, we get

Pe=k_)=P{ CIC(kg) < CIC(m); m = K+ 1,0 }

L( 8)
kO
(_8)

m

=P { -log

(L )< (l/Z)(m-kO)log(n/ZTr); M=k +1yenK ),

Now 'IOQ{L(kg )/L(mé)} > 0, and multiplied by two is asymptotically chi-
squared distributed with degrees of freedom m - ko Thus



10

L( 6)
( o
L(p8)

Pk = ky) =P {-21log

) < (m-kglog(n/2m)}

m-k0

>1- .71 as n tendsto «,
(m - k log(n/2m)

Thus we have shown that CIC gives a consistent estimate to the true order of a
model. AIC, however, overestimates the true dimension with positive probabili-

ty. To see this, it suffices to restrict into a nested case. Indeed, if k > ko, Wwe
have

L(8)
(L(ké) ) > 2(k - k)t .

P { AIC(k) < AIC(k )} = P { 2 log

(o)

Using again the chi-squared approximation and since 2(k - ko) < », we can
conclude that the probability above remains positive as n tends to infinity. Thus

AIC does not give a consistent estimate to the true dimensionality.

Using the same reasoning as above, and assuming the usual regularity conditions,
we get, l’g@ P, 60, where ':6 and k are the estimates of 60 and k0

respectively given by IC.

In fact, if 6, does not satisfy the constraints asserted to ke’ we have similarly
as in (19),

~

L(.8)
(L : )) i 16 g5y 600 > 0

0

(20) -(1/n)log

where k9o 1s defined as in (18). Hence inserting for clarity 1 in plase of k in
IC, we have P{ IC(ké) < IC(@D)} > 0 as n-> o because of (20) and the fact that
g(n)(k - ko)/n +0 as n-«, Thus we can conclude that ke P, 60.

Hence, in conclusion we have that both AIC and CIC lead to a consistent
estimate for 90, and CIC in addition gives a consistent estimate to the right

dimension of 60.
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5. Summary and conclusions

In this paper we have considered Akaike's (1973) information criterion (AIC), and
proposed a Schwarz (1978) -type information criterion, starting from Akaike's
principles. We also have investigated some asymptotic properties of these
criteria. By these considerations we have concluded that both of these criteria
yield asymptotically a consistent estimate for the true parameter value 60, In
addition to this the criterion proposed by us, yields a consistent estimate to the
true order of 0, Finally we can note that because of our asymptotic approach
in the considerations above, and the maximal dimensionality being finite, we
could just leave the divisior 27 off from log(n/2m) of CIC, and hence be led to
Schwarz criterion SBIC(k) = -log L(k@) + (1/2)k log(n).
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