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Risk and Return

State Price: Q(w)/Bi(w) (Br=1+ry, 7y
the risk free return, Bg = 1)

State Price Density:

Q(w)
(1) L(w) = Py’
w € 2, Q the risk neutral probability measure
and P(w) the objective probability measure.
L(w) is also called the state price vector or

some times state price deflator.

Remark: In statistical terms L(w) defines the likeli-
hood ratio between measures ¢ and P, and in more
general situations it is known as Radon-Nikodym deriva-

tive of () with respect to P.



Remark: The role of the objective probabilities is
that they indicate which events are possible and which
events are impossible.

The risk-neutral probabilities serve as tools for com-

puting arbitrage-free derivative prices.

Remark: The ratio

2) M(w) = BilL«u)

is called the stochastic discount factor.



For a contingent claim with pay-off X (w) the
arbitrage free price is

1
C =—EFEp|X
B, olX]

where By =1 —l—rf and IEQ denotes the ex-
pectation w.r.t the risk neutral probability @.

It is straightforward to show that
C =E[M X],

where [E is the expectation w.r.t the objective
probability P.



Return of an asset n:
_ Sa(1) = Sa(0)

(3) Ry, 5. (0)

Y



Bank account (generally)

B1 — Bg
4 R = —
(4) 0 Bo Ty

Sn>0= R, > —1.

If () is a risk neutral probability with Q(w) > 0
for all w € €2,

Rn— R
(5) Eg |— °l =0
1+ Ry
forall n=1,..., N.

In particular if Rg = ry is deterministic, (5)
becomes



Risk premium: E[Rn(1) — 7¢]

Example: For simplicity, suppose ry = 0. Assume
S(0) =100, S(1) = 120 with probability p1 = 0.6 and
S(1) = 80 with probability p» = 0.40.

The discounted expected price is then

1
1

thus markets seems to be risk averse and with 4 (=

104 — 100) units risk premium.



Recall,
CAPM: E[R] — ry = ACoV[R, Ryxt],
where R is a return of a single asset or a

portfolio, A is a constant, and Ryt iS the
return of the "market portfolio”.



It proves to be also:

(7) E[R] —r; = —Cov(R, L).

This follows easily (solution given in class
room) from the fact that expected returns
with respect to the risk neutral density @
equal the risk free rate.



Example: (Continued) In terms of returns
Ri(w1) = 100 x (120 — 100)/100 = 20%,
Ri1(ws) = 100 x (80 — 100)/100 = —20%,
and E[R] —ry = 4%.

The risk neutral measure ) can be solved from

1
100 = B—EQ[S] = 120q + 80(1 — q),
1

which gives ¢ = 1/2.

Thus,
0.6
L(w1) = 05 1.2
and
0.4
L(wp) = 05— 0.8
CoVv[R,IL] = E[(L—1)(R—4)]
(1.2—-1)x(20—-4) x 0.6
+(0.8—-1)x(-20—-4) x 0.4
= -4
i.e.,

E[R] — r; = —Cov[R, L].
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Remark: The risk premium can be characterized also
as

(8) E[R] —ry = E[R] — Eq[R],

because E[R] — Eg[R] = —Cov|[R, L].
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Example: (Continued) Suppose there is a call option
with exercise price 110.

Arbitrage free price

C = ﬁEQ[max(S —110,0)]
_ 1 _
= m(leO.S—l—OxO.S)—S

Risk premium in the arbitrage free price

E[max(S — 110,0)] — Eg[max(S — 110,0)] =6 — 5 = 1,

or 100 x 1/5 = 20%.
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Porfolio strategy: H = (Hg, Hq,...,Hy ), where
H, is the number of shares (can be negative),
n=0,1,...,N.

Value:
N
(9) Vi = HoB: + > HpSn(t)
n=1
t=20,1

Gain: G =V; — )}

N
(10) G = HoBoRo + Z HnSn(0) Rp.

n=1

Remark: H,S,(0) is the amount invested in security
n at t = 0.
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Return of the portfolio

(11) R=_—-="r;+ Y

Then again (7) holds.
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Beta of a trading strategy (portfolio):

Suppose a contingent claim with end value
Vi =a+bL, where a and b # 0 are scalars,
is attainable (denote the strategy as H').

Now R = (V] — V{)/V§, or V(1 + R') = a4 bL

/
Then Cov[R, L] = “2Cov[R, R'] and thus

(12) E[R] —r; = —V?(SCOV[R, R'].
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In particular, if we choose H = H’,

E[R] —rf = —KéVar[R’],
b
or
E[R'] — re VO’

Var[R/] b’
which gives from (12)

(13)  E[R] —ry =B (E[R]—ry),

where

_ Cov[R, R]
(14) b= Var[R/]

is called the beta of the trading strategy H
with respect to trading strategy H’ (c.f. CAPM).
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Remark: With a deterministic interest rate r and arbi-

trary scalars a andb # 0, the contingent claim V/ =
is attainable iff the state price density L is.

This is because

N
Ho(1+rs) + Y  HnSn(1) =a+bL

n=1

iff

N
1 a 1
! [Ho - +7~f] (74 3 s = L

in which case the trading strategy is H' = (H|, HY, ..

with

1
Hy="|Ho— —"
b 147y

and
, 1
H = —H,.
b

17
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Single Period Consumption and Investment*®

Here we deal with relations of optimal invest-
ments and consumption-investment to no ar-
bitrage and risk neutral probability measure.

Optimal portfolios and viability

Problem of choosing the best trading strat-
eqgy:

H = (Hg,Hq,...,Hy) 6RN+1.

Utility function; v : R x €2 — R.

w — u(w,w) differentiable, concave and strictly
increasing for each w € 2.

Remark: The utility function u can depend on the
terminal wealth w and state w. However, mostly it
suffices for u to depend only on the terminal wealth,
implying that w is a concave function with a single
argument.

*As of Feb 24, 2012
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Expected utility of terminal wealth:

(15)  Eu()]= ) u(Vi(w),w)P(w).

wel2

Objective (optimal portfolio problem)
maxHE[u(Vl)]

16
( ) s.t Vo =v,

where v is the fixed initial wealth.

Because V7 = BV and V" = Vi + G*, (16)
IS equivalent to

(17) m]?XE[u(Bl{I/—l—HlAST + .- —|—HNAS;<V})]
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Results: If there is a solution to (17) then there are
no arbitrage opportunities, or equivalently that there
exist a RNPM Q(w).

This is, because if there exist an arbitrage
strategy [ and H is a solution to (17), then
strategy 4 = H + H (prove it) would be bet-
ter than H, which is a contradiction.
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Traditional solution:

Foc:
o N
(18) 8HnE u (Bl {u—l—;HkAS};}>] =0,
foralln=1,..., N, i.e.,
(19)
N
> Plw) (Bl {y +>) HkAS,j(w)} ,w) B1AS*(w) = 0,
we? k=1
forall n=1,..., N, where
0
’U,,(CU,(,U) — u(a:,w).
Ox

In short (19) becomes
(20) E [Blu’(vl)As;j =0
forall n=1,..., N.
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Recall: For L(w) = Q(w)/P(w)
E[L ASE] =0
forall n=1,..., N.

T hus,

By P(w)u' (V1(w),w)

(2D QW) = w0

defines a RNPM.

Thus, in particular if By =1 + T IS constant,
/
v
(22) () =9 _v(hE).w)
P(w) Elu'(V1)]
i.e., the state price density is proportional to
the marginal utility of terminal wealth.
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What about the converse: If () exists, does
the optimal portfolio problem have a solu-
tion?

Answer: not for all utility functions.

We say that the model is viable if there exist a
function v : R x 2 — R and an initial wealth v
such that w — u(w,w) is concave and strictly
increasing for each w € €2 and such that the
optimal portfolio problem (16) has a solution
H.

Then:

The securities market model is viable iff there exist a
RNPM Q.
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Risk neutral computation approach:

Solving the optimal portfolio problem (16)
can be difficult.

Utilizing RNPM, @, is more efficient way.

Step 1: Define the set of contingent claims
(i.e. random variables)

(23) W, = {W : Eg[W/B1] = y}.

Then we observe that V7 € W,. The subset
W, is called the set of attainable wealths

Step 2: Find a replicating portfolio that
replicates the contingent claim that has the
same payoff as the optimal portfolio strategy.
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With this approach the optimization problem
becomes

(24) maxE[u(W)]  s.t. W € W

Lagrange multiplier (A) method:
(25)  max{E[(W)] — AEQIW/ B},

Now Eg[W/B1] = E[LW/B1], where L = Q/P.

Thus the difference in (25) becomes
(26)
E [(uw(W) — ALW/B1)]

= >weq P(w) {u(W(w)) = AL(w)W(w)/B1(w)}
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Foc:

(27) u'(W(w)) = AL(w)/B1(w)
for all w € Q2.
This gives

(28) W(w) =1 (AL(w)/B1(w)),
where I is the inverse function of /.
A must be then selected such that W € W,,

i.e.,

(29) Eg [l (AL/B1) /B1] =v

is satisfied.
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Example: (Pliska p.39)

K =3, N=2 P(w) =1/2, and P(ws) = P(w3) = 1/4.
ry=1/9, By = 10/9.

n_5,(0)  S55(1)
Wl W2 w3

1 6 6 8 4

2 10 13 9 8

Solving system of equations (n =1,2)
S, (0) = Q(w1)S,(1,w) + Q(w2)S;,(1,w2) + Q(w3)S,,(1,w3)
together with Q(w1) + Q(w2) + Q(w3) = 1 gives
Q(w1) = Q(w2) = Q(w3) = 1/3.
Thus, L(wl) = 2/3, L(wg) = L(w3) = 4/3.

Suppose u(w) = —e ¥, such that v/(w) =e ™ =14 and

w = —log(z)

Now

E[I(AL/B1)] = —log A — Eg[log(L/B1)] = —log A + 0.04873
From (29)

(—log A + 0.04873) /By = v
or (B; = 10/9)

\ = 60'04873_VX 10/9
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Thus the optimal random variable is from (28)

W = —log(AL(w)/B1(w))

= v x 10/9 — 0.04873 — log(L(w)/B1)

. (10/9)rv + 0.46209, w = wy
o (10/9)rv — 0.23105, w = wp,w3
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Consumption Investment Problem

Consumption process:

(30) C = (Cp,C1),

where Cy a non-negative constant (consump-
tion now, t = 0) and C'; non-negative random
variable (next period, ¢t = 1, consumption).

Consumption-investment plan

(31) (C, H),

where (' is a consumption process and H is
a trading strategy.
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A consumption-invest plan is admissible if (1) Co + Vo = v
(v > 0), the initial wealth at t =0, and (2) C; = V4.

How to check whether a given (C, H) is ad-
missible?

Result 2.15: Assuming v > 0 and that C is fixed. Then
there exist a trading strategy H such that (C,H) is
admissible iff

Co + Eql[C1/B1] = v

for every RNPM Q.
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Consumption investment problem:

Utility function » : R4 — R concave, strictly
increasing, and differentiable (R4 = [0, +00)).

(C, H) admissible
max {u(Cp) + E[u(C1)]}

(32) S.t. CQ —+ VO =V
C1=Vq,
CO > O,C]_ >0
Recall
N
(33) Vi = HoB:+ Z HnSn(t), t=0,1
n=1

(Bop=1)
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Using (33) in (32):

Foc
(34) u'(Cp) = E[u'(C1)Bq]
u'(Co)Sn(0) = E[u/(C1)Sn(1)],
n=1,...,N.
Again

B1u'(C1) s
L),

where S (1) = S, (1)/B; discounted price, which
implies the risk neutral probability measure

(35) Sn(0) = E[

u' (C1(w))
u/(Co)

(36) Q(w) = P(w)B1

which is a risk neutral probability measure
[>weo @(w) = 1 due to the first equation in

(34)]
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Assuming complete markets, using risk neu-
tral computation, the problem is again to
identify the contingent claim 7 that maxi-
mizes the utility and then find the replicating
portfolio, which then is the solution of (32).

That is

maxc, {u(Co) + E[u(C1)]}

s.t CO—I—EQ[Cl/Bl] = v
Co>0,C1 >0

(37)

Note that Vy = EQ[Cl/Bl].

LLagrange
(38)
mCalXu(Co) + E[u(C1)] — A {Co + E[LC71/B1]}

(recall EQ[C]_/B] = E[LC]_/B]_]).
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Foc:

W'(C)=X and 4/'(C1(w)) =L(w)/B;.

(39) Co=1(A) and C1(w) = I(AL(w)/B1),

where I(-) is the inverse of «/(-) and )\ is such
that the constraint in (37) is satisfied, i.e.,

(40)  I(\) +Eq[[(AL/B1)/By] = v.
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Example: u(c) = log(c), then u/(c¢) = 1/¢, I(i) = 1/i.
Thus, from (39)

B,

Co = 1/>\ and C’l(w) = )\L(w)

and form (40)

1 1 2
Lt Eell/L] =~

i.e.,
2 2
— =V Oor A= —
A %
and thus
Co=v/2
and

vB1  vBi1P(w)

) =50 = 200

Note that in the second equation above we have used
the fact that Eg[1/L] =E[L(1/L)] = E[1] = 1.

Remark: The problem can be easily extended to
(41) max {u(Co) + FE[u(C)]},

where 0 < 8 <1 is a discount factor of consumption

(time value of deferred consumption).
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Mean-Variance Portfolio Analysis*
Assume deterministic risk-free rate rg, NO ar-
bitrage opportunities, and a portfolio exists

such that E[R] # 7.

Mean-variance portfolio problem:

min Var|[R]

(42) s.t. E[R] =p

where p is a specified scalar and R is a port-
folio return such that

(43)  R=_ri+ Y

The feasible solutions of (42) are those of
p > Ty which is non-empty because of the as-
sumption of the existence of a portfolio with

*As of March 7, 2012
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Set Fn, = HpSn(0)/Vy, the starting period
portfolio weights with

N
n=0

Result: R is a portfolio return iff

N
(45) R=(1-Fi—...—F\)ry+ Y FuRy.

n=1

The portfolio problem becomes:

(46)
min FCF’
N
st. (1—-Fy—...—Fy)rg+ > FpE[Ry)] =p
n=1

where ' = (Fq, F5,..., Fy) and Cisthe N x N
return covariance matrix.

37




Again we apply here the risk neutral compu-
tation approach.

Consider the problem

min Var[V4]

(47)
s.t. E[V1] = Vo(1 +p)

where Vo = v > 0 is a given constant.
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Result: Vi is a solution of (47) iff R= (V1 — Vu)/Wo is
the solution of (46).

Using Lagrange, the objective function for
(47) becomes

(48) minVar[V7] — BE[V1]

where (3 is the Lagrange multiplier and

E[V1] = Vo(1 + p).
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Because for any random variable U for which
E[U] = E[V], Var[V] < Var[U] implies

E[V2] < E[U?], problem (48) can be written
as

1
(49)  maxE _§V12 + BV1| s.t. Vg =v.

Using the risk neutral computation approach,
the solution is

L
Eq[L]

B
Eq[L]

(50) V= (Eg[L] — L) + v(1 4 ry)

Remark: Eg[L] > 1.
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Because
(51)

E[V] — EQB[ ](EQ[L] — 1)+ (1 +7y)

we have E[ } =v(1l 4 p) iff

Eg [L]

v |1+ »EQIL] = (1 +rp)]

(52) = T

Thus:

Result: Portfolio problems (47) and (49) are equiva-
lent provided p and 3 are related according to (52).

It is notable that if p = r; then 3 = v(1 +ry).
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Problem (49) is the standard utility maxi-
mization problem if the investor’s utility func-
tion is quadratic,

u(w) = —%wQ + Bw.

In such a case (complete markets) using (51)
with g from (52), the return of the opti-
mal mean-variance portfolio is related to the
state price density as follows

pEQ[L]—’rf_ p—ry
EglL] -1 EglL] -1

(53) R =

That is:

Result: In complete markets the return of the optimal
mean-variance portfolio is an affine function of the

state price density.
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Finally, using this with the results of the risk-
premium section:

Result: CAPM: If R,, is a solution of the mean-variance
portfolio problem (42) for p > ry and if R is a return
of an arbitrary portfolio, then
CoV[R, R,,]
Var[R.]

(54)  E[R] —rf= (E[Rim] — 7).

This implies the two-fund separation principle
(theorem):

Mutual fund principle: Given a fixed portfolio whose

return is a solution of the mean-variance portfolio
problem (42) corresponding to some mean return p > ry.
Then the solution of (42) can be achieved for any
other mean return by a portfolio consisting of invest-
ments in just the riskless security and the fixed port-

folio.
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