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TIMO SALMI
D. Sc. (Econ.)

Multiperiod Production and
Financial Planning with Two-Stage
Linear Programming*

Abstract

This paper suggests a two-stage linear programming approach to multiperiod
joint production and financial decisions of the firm under a probabilistic
future. It is demonstrated that it is not necessary to increase the size of the
model exponentally in the multiperiod case. The two-stage nature of the
model is retained even with the introduction of multiple time periods. The
application of a mult-stage structure is avoided by defining only a single
revelation of the future state of the world instead of the several successive
revelations conventionally defined in similar multi-period problems. Also the
preparation of predictions is made easier with the application of the present
approach. Hence the pragmatic applicability of the model for joint produc-
tion and financial planning under risk is enhanced with the smaller model
size and the relaxation of the requirements on the forecasts needed.

1. Introduction

It is the purpose of this paper to present a multiperiod model for planning
production and short-term financing in a firm facing probabilistic demand
for its products as well as probabilistic costs and revenues by applying the two-
stage linear programming approach to a multiperiod planning situation
under risk. The model solves the production, inventory, subcontracting and

*I am indebted to Associate Professors Markku Kallio and Jouko Manninen for
their helpfull comments. I also wish to acknowledge the contribution made by Kaija
Korolainen, M.Sc. (Econ.) in the preparation of the elucidating numerical example
utilized in this paper. Any errors and inadequacies are, however, my sole responsi-
bility.
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sales policy of the firm together with the selection between the on-going
operations from current earnings and loan raising from different sources.
The solution can be used for preparing flexible budgets for the firm. Thus an
extension of the application of the linear programming approach to
budgeting is made in this paper.’ A numerical example illustrates the
appproach to be presented.

The conventional linear programming approaches to managerial decision-
making problems presuppose that the parameters of the model must be
estimated as if they were known under conditions of certainty. There are, for
example, many production and financial planning situations where ignoring
the stochastic nature of the parameters may lead to poor solutions. Two-stage
linear programming® has been introduced as one remedy to provide for the
probabilistic nature (risk) in the technology matrix, the right-band side, and
the objective, when discrete probability distributions are assumed for the
parameters. The pioneering application to managerial allocation problems
was presented by Ferguson and Dantzig [10] in 1956, and to production
planning by Elmaghraby [9] in 1959. The relevant mathematical foundations
have been laid especially by Dantzig [6], Dantzig and Madansky [7], and later
by El Agizy [8], and Walkup and Wets [29].

The fundamental idea of two-stage linear programming is to divide the
decision variables into two distinct categories, viz. the first-stage decision
variables to indicate the choice of current action,® and the second-stage
decision variables for each considered potential state of the world to indicate
the relevant future action or to reflect the consequences which result from the
revelation of the true state of the world.

Only a single time period, which is subdivided into two stages, is usually
covered in the two-stage linear programming applicatons. Examples of such
one-period applications are given e.g. by the bank asset and liability
management models, developed to account for the uncertainties of the
money market, presented by Thore [25], [26] in 1968 and 1971, Cohen and
Thore [5] in 1970, and Aghili, Cramer and Thompson [2] in 1975. Examples
of one-period production planning models are given by the models presented

' For a comprehensive discussion on the linear programming approach to
budgeting see [14] or [15].

% In this paper I use the term ’two-stage linear programming’’ rather than *’linear
programming under uncertainty”’, since the former more accurately specifies the
method under discussion. See [21] and [23] for a discussion on different kinds of linear
programming under uncertainty (risk).

® To be precise: the first-stage variables indicate action which is by definition unchanged
for the different states of the world. Usually, but not necessarily, this will mean the current
action in managerial applications. The first-stage variables can actually also relate to
actions after the revelation, as demonstrated in [24, Ch. 5].
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by Wagner [28] in 1969 and Jadskeldinen [13] in 1971. The two-stage linear
programming approach for one-period problems has also been applied by
Jaaskeldinen and Salmi [16], [24] in 1974 and 1975 to joint trade, production,
and short-term financial planning in the multinational firm in order to tackle
the potential changes in currency exhange rates.

In order to rectify the simplification caused by the application of the one-
period approach to decision-making problems under risk, multi-stage linear
programming has been suggested. Wagner [27] presents a multiperiod
production scheduling example in his well-known textbook. Booth [3]
presented in 1972 a two-period model for programming bank portfolios
under risk. His approach is based on the formulation by Walkup and Wets
[29] and it can actually be regarded as a reduced three-stage linear
programming model. Kallio and Zambruno [17] presented in 1976 a
probabilistic investment and financing model for a T-period problem. After
assuming a penalty cost on short-term cash shortage and surplus, they utilize
a reformulation to scale problem down to a manageable size.

The multi-stage linear programming approach entails several successive
revelations of the state of the world instead of the single revelation of the two-
stage approach. The model size grows prohibitively with the increased
number of revelations. On the other hand, if only a single revelation from an
assumed set of potential multiperiod futures were postulated, the two-stage
linear programming approach would be fully applicable and legitimate for
multiperiod problems also. To my knowledge this fact was first utilized by
Lane [19] in his two-stage linear programming model for short-term money
management for bank portfolios under risk. This paper elaborates the
approach and present a new application of the principle discussed.

2. Review of Relevant Two-Stage Linear Programming
Features

In this chapter the statement of the two-stage linear programming problem
is reviewed. The correspondence between the stages of two- and multi-stage
linear programming and the periods of the planning horizon is discussed and
illustrated.

21. Statement of the Two-Stage Linear Programming Problem
As an introduction to two-stage linear programming consider a decision-
making situation delineated by the following two-stage linear programming
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model.* This formulation retains the linearity of a linear programming model

in the face of a risky planning situation providing discrete probability
distributions for the risky parameters.

k Q n
max E(w) = X E(c)x; + 2 pe2  dgppgy

j=1 g=j j=k+1

subject to
l (first-stage
2 oayxg = by 1=1,... .
i1 R SRR constraints)

k n
2 agiyxy + X hqipygy = ba
j=1

j=k+1

(second-stage
constraints)

i=g+1,...,mq=1,...,0Q
0.
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5 In matrix-notation this can be written as

S5 a9
max E(w) = E('x + d'y)

subject to
- -1
Ax =}
25 - 2
Ax+ Hy=15%
5 o
x =0
5> o
=z 0

At the beginning of the planning horizon the values of the firsi-stage variables
X must be decided. This decision is made in the light of subsequent
knowledge. The constants a; (i=1,...,g; j=l,... k) and b; (i=],...,g) are
known with certainty. It is assumed that there are Q possible outcomes (d,
ag; bg) for which the probability of occurrence is P{dy; az; bt = p,. The
existence of these Q potential states of the world is the source of risk in the
model. After the first-stage variables X have been fixed, the true state of the

* The formulation is adapted from [28].
5 If continuous probability distributions were assumed, a quadratic programming
problem would result.
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world is revealed (revelation). After this the values of the proper elements of
the second-stage variable vector ¥ reflect the further action. (These elements
are y,; (j=k+1,...,n), if the q:th state of the world occurs.) Since the true state
of the world is not known until the revelation, the economic consequences of
all potential y values have to be reflected in the objective function. (The
values of the second-stage variables for the different potential states of the
world are based on the first-stage decisions.) The economic consequences of
the recourse actions (contingency plans) y,; (j= k+1,...,n) are given by

(1 2 dg1yes
j=k+1

in the case of the occurrence of the q:th state of the world. This expression
has to be weighed by the concomitant probability of occurrence, i.e. by p,
because the expected value of the objective functional is to be maximized. —
Thus the economic consequeices of the current decisions are appropriately
reflected in the model.

Expression (1) reflects the economic consequences of the risk related to
recourse actions in the model. It was assumed that only Q different states of
the world are accounted for in the planning situation. The second-stage
variables can behave in accordance only. The question naturally arises what
happens if none of the predicted states of the world occur. This is not
essential, however, because in two-stage linear programming the decision
maker is actually interested in the current decision, i.e. in assessing the X
values. They values are not strictly designated as decisions on true future
actions. Their basic function is to reflect the economic impact of manage-
ment’s current decision on the objective functional in accordance with the
decision makers’ subjective estimates of the future.

The two-stage linear programming formulation which was presented above
is called the slack formulation of two-stage linear programming. In applying the
slack formulation the model is conventionally formulated in a way which
technically preserves feasibility for all considered states of the world.®
Another formulation, called the fat formulation of two-stage linear programming,
can be used.” In the fat formulation the possibility of infeasibility in the
problem is not deliberately avoided.

® The application to be presented will illustrate this fact.
7 See [22, pp. 104—106] for a discussion on the two formulations.
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22. The Stages and the Periods

This section illustrates the correspondence between the lenght of the
planning horizon and the structure of two- and multiperiod linear program-
ming approaches.

Figure 2—1 delineates the conventional correspondence between the stages
of the two-stage linear programming approach and a one-period planning
horizon. As indicated earlier in this paper, this usage has been customary in
applying the two-stage linear programming technique to managerial
decision-making problems.

Figure 2-1
revelation
first second
stage stage

the one-period planhing horizon

different
states of
the world y
X y
first-
stage y

decisions
second-stage

decisions

Figure 2—2 delineates the correspondence between the stages of the
multiperiod linear programming approach and a multiperiod planning
horizon. It is obvious from the figure that the number of variables will grow
so rapidly with the number of periods that the approach is not applicable as
such in practice.

Figure 2—3 delineates an alternative correspondence between the stages of
the two-stage linear programming approach and a multiperiod planning
horizon. Only a single revelation of the assumed set of potential multi-period
futures is postulated. A decision-making model constructed along this line of
thought clearly does not exhibit an exponential growth with an increased
number of periods of the planning horizon.
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Figure 2-2
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It can also be argued in favor of the approach depicted by Figure 2—3 that
it is compatible with the common practice of predicting a few alternative
futures rather than predicting the combinatorial structure of futures indi-
cated by Figure 2—2. The economic benefits from constructing and utilizing
in actual practice an accurate combinatorial prognosis are often more than
lost by the increase in information processing costs as compared with using
the "’single-revelation’’ approach. Furthermore, the limited ability to predict
the future may also render the combinatorial approach impractical. Conse-
quently, for example the common procedure of preparing a pessimistic, a
neutral, and an optimistic estimate of future conditions seems one relevant
possibility for the single-revelation approach. Naturally, other similar sche-
mes can be relevant, too.

The production and short-term financing model to be presented for a risky
planning situation utilizes the single-revelation approach depicted by Figure
2—3.

Mathematically the combinatorial approach represented by Figure 2—2
and the single-revelation approach represented by Figure 2—3 can be
considered interchangeable, if the necessary number of states of the world is
defined for the single revelation approach.® For real-life decision-making
applications the lines of thought represented by the two figures differ in a
fundamental way, nevertheless.

3. Expositionofthe Planning Model
31. General Description of the Hypothetical Planning Situation

Consider a firm producing and storing I different products for sales to its
customers. It is the aim of the model to maximize the undiscounted expected
net income to the firm over a planning horizon of T periods. Taxation is
omitted for convenience.’

The demand for the firm’s products as well as the costs and revenues are
assumed to be probabilistic (i.e. 2 planning situation under risk is assumed). Q
different combinations of these risky parameters are considered by the
decision maker. It is assumed that the decision maker can assess a subjective
probability of occurrence, denoted by p(q), for each outcome, i.e. for each
state of the world considered. Because of the probabilistic nature of the
demand for the products, either shortages or overproduction may occur. In

8 See e.g. [30] and [17].
For the inclusion of taxation into two-stage linear programming models for
decision making see [24, Ch. 4].
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the case of shortages, the required units have to be purchased from the
competitors at a high price to ensure customer satisfaction, which is
considered to be of overriding importance in the firm’s line of business.'’ In
the case of overproduction either sales at a reduced price (dumping) or
inventory-carrying can be resorted to.

The production, purchase, sales, and inventory policy causes the firm both
cash inflows and outflows. Sufficient cash inflows must be generated by the
current operations and the financial activities of the firm to cover the cash
outflows. In the planning situation under observation it is assumed that cash
inflows are generated from the operations and from loan making; and that
cash outﬂows are caused by the operations, repayment of loans and interest
payments.'' Both the physical and the financial operations are to be planned
simultaneously in order to attain the goal of (expected) net income maximiza-
tion over the planning horizon.

The probabilistic nature of the parameters of the planning situation also
affects the potential cash flows. It is even possible that for some alternative
futures no feasible solution generating adequate cash inflows over cash
outflows can be found. If even one such state of the world exists for the
planning situation, no feasible solution is found for the legitimate states of the
world, either, when the two-stage linear programming approach is applied
without defining proper recourse actions to provide for the infeasibilities. In
the planning situation under observation, this contingency can be circumven-
ted by defining a distress loan, with a high penalty cost, which can be raised in
the case of an emergency.

This fact indicates that the slack formulation of two-stage linear program-
ming is used in constructing the model.

The probabilistic nature of the parameters of the planning situation is
accounted for by assessing separate purchase, inventory, sales and distress
borrowing strategies for each considered state of the world in order to be able
to maximize the expected value of the net income. The decisions which are
made conditional on the occurring state of the world will be defined as
second-stage variables in the decision-making model. The second-stage
decisions are interrelated through the first-stage decisions, which must be
fixed before the revelation of the true state of the world.”? In the planning

19 Although a particular planning situation is thus specified for expository purposes,
the formulation can be easily modifield to accomodate also different multi-period-
planning situations under risk.

' The cash flows related to other factors are treated as predetermined.
'2 Note that the application of a separate model for each state of the world would not
ensure a global optimum because of the interaction.
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situation under observation the first-stage decisions cover the production and
the normal borrowing policy over the planning horizon.?

The rest of this chapter presents the two-stage linear programming model
for solving the optimal production, purchase, sales, inventory, and borrowing
policy for the depicted firm. The detailed discussion of the model has to be
confined to selected items only, because of space limitations. Thus a host of
the assumptions made have to be deduced directly from the mathematical
presentation of the model.

82. Decision Variables of the Two-Stage Linear Programming Model

The decision variables indicated by the description of the planning
situation in the previous section are defined below. The input data consti-
tuting the constants of the model are listed in the appendix at the end of the
paper.- All the decision variables are required to be non-negative.

The first-stage decision variables are:

PROD; = the number of units of product i produced in period t.
- LOAN, = the normal borrowing in period t. This loan is to be paid back in
period t+1.

The second-stage decision variables are:

INVE,, = the inventory of product i at the end of period t if the q:th state
of the world occurs.

PURC;, = the number of units of product i purchased from competitors
in period t in order to fulfil the customers’ demands if the q:th
state of the world occurs.

SALE;, = the number of units of productisold in period t if the q:th state
of the world occurs.

DUMP;, = the number of units of product i sold at a reduced price
(dumping) if the q:th state of the world occurs.

DIST,, = the distress loan raised in period t if the q:th state of the world
occurs. It is to be paid back in period t+1.

CLCA,; = the closing cash in period t if the q:th state of the world occurs.

To demonstrate the growth of the model if the combinatorial approach (cf.
Figure 2—2) were applied, consider for example the closing inventory. To
simplify, assume that exactly q, different states of the world were possible for
each period. In that case the number of variables needed for the closing

. . T . . .
inventories would be I - 1 q, in the combinatorial approach compared

*Nothing would be changed, in principle, if only the current production and/or
borrowing decision were to be determined prior to the revelation.



