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A Report on Least Absolute Deviation Regression
with Ordinary Linear Programming

In this paper it is aur purpase ta revisit the least absalute deviation estimatian in regressian
analysis, cansider same af its theoretical praperties, and cansider its implementatian from a
camputatianal mathematical programming point af view. We alsa cansider gaadness af fit sta-
tistics as well as approximate distributians af the assaciate test statistics far the parameters. Fur-
thermare, we suggest a new gaadness af fit statistic, called the LAD-caefficient af determina-
tian, that is adapted ta the metrics used in LAD-estimatian. Finally, same examples are pravided
ta illustrate the behaviar af the pracedures in data that include autliers.

Robust estimation refers to the ability of a procedure to produce highly insen-
sitive estimates to model misspecifications. Hence, robust estimates should be
»good» under wide range of possible data generating distributions. In the regres-
sion context, under normality with identically and independently distributed errors,
the least squares is the most efficient among the unbiased estimation methods.
However, when one gives up the normality assumption it is frequently possible to
find estimation methods that are more efficient than the traditionaI least squares.
Specifically this is true when the data generating process has fat tails resulting to
several outliers compared to the normal distribution. In these cases the least squares
becomes highly unstable and sample dependent because of the quadratic weighting,
which makes the procedure very sensitive to outlying observations.

For example in finance and accounting research the idea is not at all uncommon
that the underlying distributions could have infinite variances. For example, it has
been for long observed that speculative price series tend to have volatility cluster-
ings resulting to kurtic and thick tailed unconditional distributions [see e.g., Mandel-
brot (1967), Fama and Roll (1968)]. If so then the least squares approach becomes
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totally inappropriate, for it minimizes the squared deviations that heavily weight the
outlying observations, typical to thick tailed distributions. A Finnish example of the
application of the LAD estimation for growth estimation in long-run IRR assessment
is Luoma (1983). Also Luoma and Pynnönen (1993) have found the LAD method
useful in certain applications of firm' s steady state growth estimation.

The possibility of non-normal distributions, and infinite variance in particular,
has led to development of alternative estimation methods to the least squares. Pro-
vided that one knows the generating distribution, a well established procedure is the
method of maximum likelihood, which has several optimal properties. However,
this method strongly relies on the knowledge of the distributional form, and hence
by construction is not necessarily a robust method, except for the case where the
underlying distribution itself is robust.

A large number of other estimation methods aimed at achieving robustness have
been suggested and a considerable body of literature has developed. See for exam-
ple, Gonin and Money (1989), Dodge (1987) and the references therein.

Generally the robust estimators in the literature can be classified as M-estima-
tors, L-estimators, or R-estimators. Probably most attention has been paid to the L-
estimators. For other type estimators, see e.g. Judge et al. (1985).

In order to briefly introduce to the general L-estimators, consider the following
regression model

where Yi is the dependent variable, xi = (1, Xl,"" Xp)' is a (p + 1)-vector of explan-
atory variables, ~ = (~o' ~l'"'' ~p)' is the regression coefficient vector, Eiare un-
correlated constant variance disturbance terms, i = 1,... , n, with n being the sample
size, and the prime denotes transpose. Then, given a sample of observations, the
general minimization problem with L-estimators is

(1.2) min[ L 8IYi-x'i~1 + L (1-8) IYi-x'i~1 -,
~ {iIY·::>x'.~} {iIY·<x'.~}

1 1 1 1

where 8 is called the 8th regression quantile, 0 < 8 < 1.
Selecting in (1.2) 8 = 1/2 gives perhaps the best known L-estimator, called the

least absolute deviation (LAD). This method, as the name suggests, minimizes not
the sum of squared deviations but the sum of absolute values of the deviations. Con-
sequently it does not put excessive weight on highly deviating observations like the
least squares does, and hence produces more robust estimators with respect to out-
liers.

In this paper it is our purpose to revisit the least absolute deviation estimation
in regression analysis, consider some of its theoretical properties, and consider its
implementation from a computational mathematical programming point of view.
We also consider goodness of fit statistics as well as approximate distributions of



the associate test statistics for the parameters. Furthermore, we suggest a new good-
ness of fit statistic, called the LAD-coefficient of determination, that is adapted to
the metrics used in LAD-estimation. Finally some examples are provided to illus-
trate the behavior of the procedures in data that include outliers.

As noted in the previous chapter, the LAD estimator of the parameter vector ~
in (1.1) is the one that minimizes

(2.1) L IYi-x'i~1
i= 1

in contrast to the usualleast squares, where the sum of squares is minimized.
The problem here is two-fold, on one hand computational and on the other sta-

tistical. The traditionai solution on the computational side is to transform the prob-
lem into a linear programming (LP) context. Another popular approach is to turn
the problem into a generalized (iterative) least squares estimation problem [see Sec.
4.2]. Recently Soliman and Christensen (1989) suggested another at least potential-
ly very interesting solution that does not require a heavy LP-algorithm. The LP-al-
gorithm is considered more closely in Chapter 3. First we shall, however, focus on
the statistical aspects.

From the user' s view point an important question is how to evaluate the suc-
cessfulness of the estimated model. In the least squares context the most used mea-
sure of goodness of fit is the coefficient of determination, R2. It measures the close-
ness of the fit to the observed values. In the least squares sense the fit is perfect if
R2 = 1. The other end of the range is zero, meaning no explanatory power of the re-
gressors. The coefficient of determination can be defined as the square of the cor-
relation between observed and fitted values.

Using the correlation definition, R = corrYLAD' y), where YLAD is the least abso-
lute value fit, R2 can be used also in the LAD estimation as a measure of coefficient
of determination. However, in this context some arbitrariness is involved with R2,
at least for two partially interrelated reasons. First, if we look at the LAD estimation
from the robustness point of view then using R2 is against the logic because it is not
robust, Le., it is sensitive to outlying observations. The second reason is a direct
consequence of this non-robustness. It is easy to construct examples of, say, two
data sets otherwise similar except that one is contaminated with some outliers. The
same model may still fit equally well in the LAD sense (using e.g. significance of
regression coefficients as a measure), but does show almost ni! R2 with the outlier
data. We shall demonstrate this drawback by an example in Chapter 5.



We suggest to alleviate the arbitrary nature of R2 in the LAD estimation by de-
fining the coefficient of determination rather as

± IYi-X'i~1
G = 1__i =_1 _

n

-
In the definition ~ is the LAD estimator of the coefficient vector, ~, and mdy is the
median of y. Like R2, (2.2) assumes a1so va1ues between zero and one, the former
indicating no regression and the 1atter a perfect fit. These properties are due to the
following re1ation,

where the equa1ity ho1ds if x~ ~ = mdy for all i = 1, ... , n. It may be noted that (2.2)
is an ana10g to the R2, because

± (Yi-X'JY
1_ '_.=_1 _

n

L, (Yi - Y) 2

i= 1

Let X denote an n x (p + 1) matrix with row vectors x~ = (1, xil"'" Xip)' i =
1,... , n. Assume further that n > p + 1 and that X is of full rank (Le., rank (X) =
p + 1), which guarantees the existence of the inverse (X'Xr1. Then under fairly
general conditions ~ (~-~) is asymptotically normally distributed with zero
mean and covariance matrix ).,,2(X'X)-l, where Ahn is the variance of the sample
median of the residuals. Consequently individual coefficients, ~j are asymptotical-
ly normal with mean ~Jand variance ).,,2(X'X'ji, where (X'xyJ denotes the /h diag-
onal element of the inverse of X' X, j = 0, 1, ... , p.

The problem is that the parameter 'A is unknown. However, already Cramer
(1946; p. 369) has shown that asymptotically

1
'A = 21 (md) ,



where f(md) is the value of the error density funetion of the residuals, E, at the me-
dian, md. A eonsistent estimate for f(md) is

(2.6) J (md) = 2d ,
n (e Cm + d) - e Cm - d))

where e(il denotes the ordered residuals, ei = Yi - xl ~, m "" nl2 is the median point,
and d is an integer to be ehosen. The best ehoiee of d is not dear, for it depends on
the smoothness of the empirical density funetion and the number of observation.
Cox and Hinkley (1974), however, suggest that d should be kept small. Further-
more, since p + 1 of the residuals beeome zero by definition, it may be eonvenient
to exdude these observations, so that the effeetive number of observations is
n = n - p - 1. Consequently m is redefined as

n+l -m = -2- for n odd, and

n:2 + 1 for n even,

[ef. Gonin and Money (1989; p. 16)]. Integer d eould be selected equal to one or
two. For example, in the SHAZAM econometries software paekage the default
value of d is, however, set equal to integer part of n/6. In large samples this may
become too big, henee, we suggest a eompromission sueh that

It may be noted that the LAD estimator of ~ equals the maximum likelihood
(ML) estimator if the disturbanees follow a double exponential distribution with pa-
rameter ').,> 0, sueh that

(2.9) f (Et) = 2
1
').,exp( J~I).

Like the normal distribution, g(x) = (21t02)-1/2 exp{ - (x - 1l)2/202}, also distribu-
tion (2.9) is symmetric, but its kurtosis is 6, while it in the ease of normality is 3.
Henee, the double exponential distribution is more peaked than the normal distri-
bution. Consequently the tails are fatter, resulting to outlier-prone samples.

Although model (2.9) is well defined, small sample properties of the LAD esti-
mators are diffieult to derive. However, general properties of the ML-estimators
guarantee that the regression estimators are asymptotieally effieient under the dis-
tribution (2.9). This means that in large samples the estimators are unbiased and



have smallest variances in the class of unbiased estimators. It may, however, be
noted that unbiasedness does not necessarily imply the consistency of an estimator.
A necessary condition for the consistency of the LAD regression estimators under
general distribution of the error terms have been derived by Chen and Wu (1993).

Because of mathematical difficulties there are fairly few known finite sample
properties of the LAD regression estimators. One result, however, is that, if the so-
lution of the ensuing LP-problem (see Ch. 3) yields a unique solution, then the re-
sulting estimator is unbiased [Taylor (1974)]. This holds also for more general error
distributions than just (2.9), provided that the distribution is symmetrical about
zero [see Taylor (1974)]. Moreover, in the case of multiple solutions, but symmet-
rical error distribution, unbiasedness can be gained by applying the algorithm sug-
gested by Sielken and Hartley (1973). It may be noted that this result holds even
when the variance of the error distribution is infinite. The variance of (2.9) is, how-
ever, ')...2, and hence finite.

Smith and Hall (1972) have confirmed by Monte Carlo simulation study that the
LAD regression estimator is superior to OLS estimator in small samples under the
error model (2.9). Hence superiority of LAD over OLS does not necessarily require
an infinite variance, which theoretically makes OLS useless. An extensive review
of Monte Carlo studies performed for investigating small sample properties of the
LAD regression estimators are reported in Dielman and Pfaffenger (1982). The
main results of the studies are that:

(1) The LAD estimator have significantly smaller variances than the OLS
estimator for a regression with high kurtosis.

(2) The LAD estimators are closely normally distributed in the high kurtosis
disturbances.

The second property suggests that the normal theory inference can be fairly
safely applied in moderate sample sizes. In large samples the normal theory infer-
ence is fully applicable, because the important results due to Basset and Koenker
(1978) show that the sampling distribution of the LAD regression estimators are
asymptotically normal. These results hold under the assumptions that the error
terms are independent and identically distributed, and hence is not necessary to as-
sume the finiteness of the variance! As a consequence this result impIies that for
any error distribution the LAD estimators should be superior to OLS estimators if
the median of the distribution is superior to the mean as an estimator of the location.

In this chapter we turn to the question of LAD estimation on computers. In par-
ticular we use »IBM compatible» personaI computers (PCs) for this purpose. Here
we shift our emphasis to the practitioner's point of view, because much of what fol-



lows is based on the authors' computational experience with PCs, and with solving
linear programming and linear goal programming problems.

The reason why we select PCs as our computational tools is prompted by their
prevalence. There are no reliable figures in existence, but some estimates of the
number of MsDos based systems go even as high as to a hundred million PCs
worldwide. Even with the recent drastic developments in the speed in the PCs,
with the advent of the 486 processors (and beyond), and fast capacity hard disks,
our solutions will conform even to the 8086 XT standards. In technical terms we
adhere to real mode MsDos programming with the 640Kb conventional memory
limit.

We have developed a user-friendly computer program based on linear program-
ming to solve LAD estimation problems with up to 25 explaining variables and 100
observations. This 25 x 100 limit is a consequence of the conventional memory
limit. The capacity could be increased with a use of virtual techniques (arrays ex-
tending to the hard disk or RAM disk), but the current capacity is sufficient for the
purposes of this paper.

Using linear programming and PCs is natural also because there has been a ten-
dency to PC based linear programming packages from the mid-1980's. See for ex-
ample Jennergren (1985), Dowsland (1987), Stadler & Groeneveld & Hermannsen
(1988), Ashford & Daniel (1988), Llewellyn & Sharda (1990), Orchard-Hays
(1990). At the same time, according to our own experience, there has been steady
development towards more user-friendly interfaces both in statistical and opera-
tions research (and more narrowly linear programming) computer packages.

In actual computer practice the LAD estimation procedures are prone to break-
downs because of round-offs aggravated by degeneracy problems characteristic in
LAD estimation. This dilemma can occur even in well-established fully commer-
cial statistical packages. This may be an indication of insufficient consideration for
the numerical aspects in writing the computer code. To tackle this problem, we em-
ploy our own version of the round-off tolerance to reset small absolute values to
zero. Per se, this is not a novel idea. It has been suggested e.g. in Orchard-Hays
(1968).

In mathematical terms an accurate solution (barring the extremely rare cyclical
problems) is always guaranteed for a correctly formulated LAD problem. But in a
computer programming environment this need not be the case. Consequently, we
also tackle the problem of the reliability of the results by incorporating our own ver-
sion of a solution accuracy measure. In connection with linear programming the
idea of the numerical accuracy confirmation of the solution is fairly common, and
can occur in several alternative formats.

The LAD estimation problem was presented earlier in this paper in vector no-
tation. To recount, in an ordinary index format better suitable for computer pro-



gramming, we can express (omitting the residual) the least absolute deviation
(LAD) multiple regression analysis task as finding the estimates for the coefficients
of

Let x(j, i) be the jth observation of variable XCi). Then with n observations the
LAD t-ask leads to the following linear programming (LP) problem

(3.2) min L, (P (j) + N (j))
j = 1

p
(3.3) a+ L,x(j,i)b(i)+P(j)-N(j) =y(j) (j=I, ... ,n)

i = 1

In the above the P(j) denote positive deviations while the N(j) denote the abso-
lute values of the negative deviations between the observed values and the fitted
values (i.e. they are the residuals), x(j, i) den ote the explaining variables, and y(j)
dependent variables.

This problem is basically an ordinary linear programming. The parameters of
the LAD estimation problem are, in tum, variables of the ensuing linear program-
ming problem. These LP-variables, the intercept, a, and the coefficients, b(i), are
unrestricted in sign.

The customary substitution in a linear programming problem with variables un-
restricted in sign is (c.f. Hadley (1972, p. 169) and Gass (1975, p. 317))

where b' (i) ~ 0 and b" (i) ~ O.
As a sideline the following can be observed. The above problem is an ordinary

linear programming task. The format, however, could also be regarded as a linear
goal programming problem with a single priority level. (See, for example, Ignizio
(1976; p. 31), and Schniederjans (1984; pp. 67-71).) The basic formulation of a
goal programming problem involves minimization of the deviational variables, ex-
actly as in (3.2)-(3.4). If the estimation task would warrant it, it would be relatively
easy to assign different priorities to the observations.


